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ABSTRACT. Shalika’s unipotent regular germs were found by the authors in the case of G = Spy(F).
Next, subregular germs are also desirable, for at least f(1) is constructible in another form for any
smooth function fby using Shalika germs. Some of them were not so hard as expected although to
find all of them is still not done explicitly.
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0. INTRODUCTION

Suppose that G is the set of F-points of a connected semi-simple algebraic group defined over
a p-adic field F, that T is a Cartan subgroup of G, and that T’ designate the set of regular elements
inT. Letdg be a G-invariant measure on the quotient space T\G, and let C.(G) be the set of smooth
functions. Then it is known that for any f € C(G) and ¢t € T" the orbital integral fr; f(g ' tg)dg is
convergent.

Next, let S, be the set of unipotent conjugacy classes in G and let dx, be a G-invariant measure
on 0 €S,. Itis also known that Ay(f) = [, f dx, converges for any f € C(G).

Shalika, J. A. (see [14], p. 236) says that for any ¢ € T" sufficiently close to 1, there exist germs
To(2) satisfying

j flettgMdg = 3 TALN .
G ;

0€ES,
Shalika, J. A., Howe, R., Harish Chandra, Rogawski, J., and others contributed to the establishment
of the germ associated to the trivial unipotent class. Recently Repka J. has found regular and
subregualr germs for p-adic GL,(F) and SL,(F). The authors also found the regular germs for p-adic
Sp(F)in 1987. In this paper, the authors intend to find some subregular germs associated to some
subregular conjugacy classes in Sp,(F).

Our result may in principle be seen elsewhere, but this paper gives an explicit formula in a
special case.

1. NOTATIONS RELATED TO SYMPLECTIC GROUPS
Let G =Sp,(F) = (g ESL(F):‘glg =J), where F is any p-adic field and

0 I
(2 o
-, 0

with 2 x 2 identity matrix I,.
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Let o be the involution on SL(F) defined by o(g) =J'(g)"J with g ESL(F). G may be
interpreted as SL(F)°. G may also be expressed as the subgroup of SL(F) generated by all the
symplectic transvections whose most general forms are of the type
l+caf, caf, Y N

caP, l+caf, -oac -0
Cﬁf B, 1-cof, -cap,
BB, ¢ -caf, l-cap,

where ¢ =0, and a,, f; are arbitrary variables in a ground field F. So any symplectic element should

MS(C’al’(’Q’ﬁl’ﬁz)- (10)

be of the form

M“ M, . o
- (sz M, with M;; € M,(F) satisfying

'Manz‘leMlz"'MzzMn"lMlezl' 1} (1.1)

‘Manx "szMu = ‘MzzMu“‘Manz =0

Hereafter, we let F be a p-adic field of odd residual characteristic with ring of integers A; let P be
the maximal ideal of A. Let K =Sp,(A), K, = {k €K : k = id mod P}, and let diag(a,b,a™,b™") be
denoted d(a, b) for brevity. If a = b, denote diag(a,b,a,b™) simply by d(a). Write char(s) for
the characteristic polynomial of a matrix s, c(s) for the pair consisting of the 2nd and 3rd coefficients
of the characteristic polynomial of s - id, ignoring the signs that occur in the characteristic poly-
nomial. Conjugating a matrix s by a matrix 7 means to produce r'sr = s” unless otherwise stated.
Other symbols shall follow the standard convention.

2. UNIPOTENT ORBITS
G acts on itself by conjugation, so in particular on the set of all unipotent elements.
Referring to [5] §3, we may obtain the following.
PROPOSITION (2.0). Any unipotent orbit meets the set of all elements of the form

1 x a §)
01 B-w ¥
00 o0 O @
00 -x 1

where a, B, yandx EF.
If x = 0 in (2.1), we may calculate directly to see that the associated unipotent orbits meet the

set of non-regular unipotent matrices or the set of regular unipotent matrices which as a G-set has
representatives of the form

11 0 o

O l 0 6 . X 23 2

00 1 0 with d EF*(F*) . (2:2)
00 -11

If x = 0, however, in (2.1), it is not GL-conjugate to the element with all diagonal and super-
diagonal entries equal to 1 and with all other entries equal to zero, i.e., not a regular unipotent element
in short. Due to proposition (3.4) in [5] §3, (2.2) represents the orbits of the G-set consisting of all
the regular unipotent elements of G.
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On the other hand every subregular unipotent matrix, i.e., the matrix which is GL(F)-conjugate
to the element with all diagonal entries equal to 1, with superdiagonal entries (1,0,1), and with all

other entries equal to zero, must be conjugate to the matrix of the form

1 0 a O
01 0 vy . .
00 1 0 with a,y EF*.
00 0 1

By (1.1), we see easily that for (a;,) € G and for two subregular unipotent matrices

@,)

1 0 a0 1 0ad O
01 0 vy 01 0 ¥vy| . .
0010 ~loo 1 o if and only if
00 01 00 0 1
o o
Eafﬁ?a;-l
iaa +laa 0 (2.3)
o udizty duln -

Yoo ¥ o
aa,2+Ya22 1

9 "%

holds. Without loss of generality, we may put a,, = 0; substituting azz--i'T— into the last
1

equation in (2.3), we have

L X
o a; + Y a =1
S R
‘({_xalzz+ﬁ2. 11 g 12_.1
a
From this we know that
1 0 a O
010 vy
0010
00 01
is G-conjugate to the following analogous form
10—t 0
axy +Yx;
ay 2
01 0 .
00 1 0
00 0 1

1 0 ax? 0
01 0
00 1 0
00 O 1

and
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1 0 w2 0
01 0 ox
00 1 0
00 0 1

. 12 . . .
where x,’s are nonzero. Hence there exist at most 4 + 5 = 10 representatives for this form in any

case of F. In fact, a trivial computation shows that there are six, seven or eight classes.

Let
1 0 a 0
——- (01 0 ¥
“(a’Y)0010
00 01

with representative pairs (o, ).

Now let S(a,y) = (g EK : g = u(a,Y)mod P). We may choose representative pairs (a,y) with
|a| =|y| = 1. By making use of S(a, ), we intend to compute the Shalika’s germs associated to the
unipotent classes of u(a,y). Any element of S(a,y) should be of the form

1+py  Pp a"’Pn P

X1 1+py Xy ? + D2 2.4)
X3 X3, 1+py;  py
Py X42 X43 1+p,

where p;; are arbitrary in P and x;; € P are rational functions of p;; with coefficients in A uniquely
determined by (1.1). From this we obviously see thatS(ct, y) ~ p'°. We shall deal with the relationship
between u(a, y) and S(c, y) in the upcoming proposition.

Here we shall practice conjugating by a succession of matrices in Sp,(F) to simplify S(x). Let
s €S(x). Any matrix of the form (2.4) may be changed into the analogous form with (1,4) entry
and (2,3) entry equal by using some matrix of the form (2.1) with |a|, |B|, |¥] and |x] =1. Over
any p-adic field with odd residual characteristic, the Jacobian of these conjugation maps has modulus
1. Conjugating this by the matrix of the form

100 O
a1l 0 0
0 01 -a
0 00 1

with some a € P yields the form with (1,4) entry = (2,3) entry = 0. Next conjugating this form by

the matrix of the form

1 000
0100
0b 10
b 0 01
with some b € P yields the form
* * * 0
* % 0 *
* k% 0
* k% *
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with *’s as in (2.4), since the Jacobian of each of these conjugation maps has modulus 1. This form
is then conjugate to the analogous form with (3,3) entry = 1 and with (1,4) entry = (2,3) entry = (3,4)
entry = 0 by the matrix

1 0 0O
0100
c 010
0 0 01

with some ¢ € P, which may be transformed into the analogous form with (3,3) entry = (4,4) entry
=1 and with zeros as before by a matrix of the form
1 00
010

0 01
0d 01

(= ==]

with some d € P. Lastly it may be transformed into the form

1+z;, 2z, a 0

Lz, l+z, 0 ¥y

a

1 1 2.5)
=2z 4 1 0

a 11 a 12

1 1
=4 =2Z. 01

o 12 Y 2

. . . . P13 Pu
with some z; € Iibic_?njugatmg by d(e,f) withe = \/ l+=f= \/ 1+ 5 for some p3, poy € P. For
later use, we let S;(c,y) be the set of all matrices of the form (2.5), and let P be the composite map

of the conjugations which take the form (2.4) to the form (2.5).

3. INTEGRAND FOR SHALIKA’S UNIPOTENT SUBREGULAR GERMS
If any of the form (2.5) may be a unipotent element, either z,, = 0 or z;, = —z,, is obtained. The

former result z,, = 0 implies z,; = 0, which again yields z, = 0. The latter implies a.z3 + vz =0, so
% E(F ‘)2. Recall that an n x # matrix u is unipotent if and only if (¢ — 1)" = 0 for some m €Z". So,
we get the following considering (2.4) and the proof of [5] Proposition (3.8).

PROPOSITION (3.0). Let x = (o, y) be representative pairs with -g ¢ (F*)’. Then the only
unipotent orbit intersecting S(x) is the class of (x).
Now assume © to be a nonsquare in F* and write E® = F(V®). Then E? being analogous to
the unit circle in C, it becomes a compact group under multiplication. More precisely
E?=~{a+bVO:a,b EF and a’-©b*=1}.

Supposing that T be the set of all matrices of the form

a 0 b O

0 a 0 B ) .
b®, 0 a O with ©,,0,EF\(FY), ie.
0 pE, 0 o
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squarefree elements and with a” - ©,b = a® - ©,8% = 1, we may see easily thatT as a subgroup of G

is isomporphic to EP' x EP? both algebraically and topologically, and that T becomes an elliptic torus
as a Cartan subgroup.

According to the Shalika’s theorem (see [14] p. 236) as we have mentioned earlier, we have a
kind of expansion

[ g = Srwf g 3.1
nNG j=1 l(",m

where {u;} is a finite set of representatives of the unipotent orbits, f € C(G), and ¢ is any regular

element sufficiently close to the identity, although "how close" depends on f. Here the functions T
called Shalika’s germs do not depend on f, but depend on a maximal torus T.

We intend to compute the functions I';z(f) corresponding to the element u(x) of §2 by letting

f =Xz be the characteristic function of the set S(x) defined in §2. Thanks to proposition (3.0), the
integrals on the right hand side of (3.1) all vanish in the case of f = X5, with X =(a,y)and -? & (F ")2
except for that corresponding to u(x). This facilitates for us to compute the germs sought, but it
may not be easy to calculate the others, i.e., those for the pairs with —g € (F*Y.. This note deals with
the former cases only.

4. CHANGE OF VARIABLES AND JACOBIANS

Let t be aregular element of T sufficiently close to the identity; write ¢ = x +d, and assume that
t is an element such that the nontrivial coefficients of the characteristic polynomial of ¢ - id are
in P, i.e., c(t)EP? according to our convention. By the way char(t®)=char(t)=
det(t -\ 1) =A* = 2(a + a)A® + 2(1 + 2aa)A? - 2(a + @)\ + 1, where a and a refer to the entries in the
matrix in §3.

On the other hand, the characteristic polynomial of a matrix s in the form (2.6) turns out to be

char(s) =\ +AX(-4 -z, -zn)+x2(6 +22, 422 42,20 -2, 0 L
a

+M-4-2,,-2,)+1.
So we obviously see that c(s) € P2 In case that s and ¢ are conjugate, the corresponding coefficients
of char(s) and char(t) must be the same, thus the following must hold:
Zp=2a+a)-4-z,
Y 4.0
z,,zzz——l-zf2+6—2(1+2a0.)+4(a+a)—8-0 (40)
a

Zp=2a +a)-4-z,

<« Y 2
zuzn——é-zn-4(a -1)(a-1)=0

Zp=2a+a)-4-z,

= i -2{(a-1)+(a- 1D}z, +Ma-1)(a— 1)+%i.—zf2 =0.

The last equations are solvable if and only if (@ - a)* - %zfz EF ")2 U(0).

For any given matrix s of the form (2.5) subject to (4.0), we are going to determine whether
we may find g € G satisfying 1* =s. But we see easily by trivial computation that: in case that
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s €55(a,y) is any element with the property z,, =0, and with (a - @)’ - £z}, square, there exists

gEG st _ _
*#=5s€ESKX) for Xx=(a,y)

(4.1)

2Ba e .

and =2P% ENf z((Ee?) )

For a fixed regular t €T, let ¢': T\G — G be the continuous map given by c'(g)=¢*. Put

G(t)= (c‘)'l (S(x)). The orbital integral of f = Xs@ over the conjugacy class of ¢ is just the measure

of G(¢). Defineamapping P’ : S, x P’ — P x P"viaP'((z,1, 212, 2), ---) = ((,2), .- -), which is obviously
a projection. Now we construct the following composite map:

¢ ) P
(T\G D)G(t) > S(x) = S,xp’ — P xP’.
Fig. 1

Here the middle arrow P in Fig. 1 arises as a homeomorphism which has shown up in §2. Due to
the above description, if (2.5) satisfies (4.1), this composite map is bijective except at z;, = 0 and at
2,, which does not make (a - o)’ -%zfz square. We want to find out the composite map’s Jacobian
so that we may compute the measure of G(t).

Let Ube aneighborhood of afixed ¢t € T’ N K, chosen so that no two elements of U are conjugate.
LetA CT'xT\G be an openset A = {(t,g):t EU,t* €5(x)}. Construct the following commuting
diagram.

e’ P
T'xT\G DA SG)~ P ——— S (a,y)xP’
cx id © cx P'oP © P
l idxP'oPoc l
(PH)xT\G DB P2x(P xP7)

Fig. 2

The upper left mapping c” is just the conjugation map taking (t,g) ET' x T\G to t® = g™ tg and
B =c xid(A). The middle vertical map ¢ x P’ o P denotes ¢ x P’ o P(s) = (c(s), P' o P(s))Vs eSk).
Specifically c(s)=(c,,c,), where ¢, =trace(s —1) and c,~ the coefficients of A? appearing in
[s=1-A-1]. For (s3py...,p7) €8;xP’, the opposite diagonal map P" is defined as
P"(s3, P15 - P7) = (c(83), 213 P15 -+ P7)-

Next we shall discuss the Jacobians of these maps. The Jacobian of the map c” is just
D(t) = det(id - Ad(t)), where G and t are the associated Lie algebras of G and T respectively (see
[14] p. 231). It is not hard to know |J(c)| = I(a —aWVai -1V -1 l Moreover, since
|J(B)| =|J(P")| =1, we have
D)

(@a-ayVa’-1va?-1

|[J@P'oPoch) = (4.2)
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As in [5] §5, we have | D(1)] = |[VaZ-1VoZ = 1(a —(1){2 and |J(c x P’ P)| = 1. Hence
[J(P'oPoc") = D(eya - aVa®-1VaZ- 1| = | D) *

5. ORBITAL INTEGRALS WITH NORMALIZATION OF MEASURES

We take the natural additive measure dx on F so that A has measure 1. As T = Ele ! xEle *and
(E 9’)J‘/F" DEle ’/{1}, choices of measures on (Ee’)x and F* determine a choice of measure on Ele’.
On(E e’)x we may take the corresponding measure d*x = ;':—:—l ,andon F* v d*s = I&TI . Now select the
measure on G whose restriction to K is an extension of the standard measure of S(x) ~ P*°. Since

|[J(coP'e f’)| = 1, Haar measure of S(x) must be the same as that of P!°. A choice of measure on
T\G depends on that of G and T which also gives the natural measure on K and S(x).
Now recall
P=2-2a+2,, Q=2-20+z,,
i.e., explicitly

P-=a-a= (a-a)z—%zfz

O=a-az+ (a-a)z—Y=zlzz.
a
We put

X@.%0) =1z, eP:a-a+\[ (@-ap-Lz}ent ’((Eel)x) K
L

A

X'@,0a)={; €P:a-a-\f (a-af-Lz3ENE ((E")) L

Y@,0,00) =1z, eP:a-a+\[ (@-ap-Lient 2((592)") i

I
1 eI~

Ky

~N

3

' o O, x
Y(a,a,a»Y)"leGP:a —a-1/ (@a-a)? Lz ENF z((EG’) ) '’
a

},
)}
},

I
|
N

, =
X@oa9={; eP:a-a+\[ @-ap-LzieFwE

!
a

((=")
X'(a,a,a,y)= 1'112 €EP:a-a-\/(a —a)z—%-zfz EF’erl((Ee')
=)

A3

2

)

] Zervv,f"((s"z)‘)}.

a

=
|
|
N
s

7(‘1’“’0_9?)'{2126P:a-a+ (@-a Y2 € F\WE
a

|

|
N
)

7'(a,a,a,§)'{zlzef’:a—a— (@a-ay

Let m be the Haar measure function on these sets. We have then the following orbital integrals.
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PROPOSITION 5.0. (i) If 2% € NE ‘((E"') ) and 2 € NE 2((15"2) ) then

[ Fo@a()dg =A@ OV)UE YY) xg” x| D] 2.

(i) 122 € Nﬁe‘((se*)‘) and Z ¢ Nﬁe’((E"’)‘), then

Jm Xsei(t* Mg = m(X NYUX NY)xq ™ x| D(e) .

(iii) 1622 ¢ N£°'( (E")) and 22 eNis’((E"’)'), then

fm Xeap(t* Mg =m(ENY)UX NY)xq” x|D(e) ™.

(iv) £ 22 eszvf‘((s"‘)”) and 22 ¢N£°’((E°’)‘) , then

fm Xs@p(t*Mg =m(XNV)UX' NT)xq ™ x| D) .

PROOF. We have already seen the Jacobian of P’ o P o ¢’ is just | D(¢)| ' and that the measure
of P is fixed to be g™'. So we have our result considering the above remark and (4.1).
Now we must look for the orbital integral over the conjugacy class of #(a,y). To see this we

need to specify the measure on the centralizer Z(z(c,Y)). Any element of Z(z(1, 1)) should be of
the form:

an xVl-a; a3 a
xVl-ay an an

Apdy £a,a,,

a -_—
® Vi-ah | ifa,=+1 and yI-aL€EF,
0 0 a, sy/1-aj
0 0 +\/1-dZ Fa,,
or
1 0 a5 %Fay
0 *1 ay ay, .
if @, ==+1.
0 0 +1

0 0 0 71
By the way u(o,y) =d (ﬁ,\ﬁ)ﬂl, 1Md(va™, vy) implies that
Z@(@y) - Z(d(Va,vy) * #(1,1)  d(va Vi)
-d(Va,Vy)  Z@(1,1) « d(Va vy

We decompose G into the form
G =Bg; K=Z@u(ay) P -K, where Bg;=Z(u(a,y)-P

and P ={d(b,):Vb,EF*}.
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Hence the integral over Z(u(c,y)\G may be replaced by an integral over
{Z(u(0,Y))Z (0, y)) * P} + K, and this coset space may be represented by a subset of PK, the
measure of P being just d*b,;, and dz being an appropriate Haar measure of Z (a(a, y)). Next, consider
the following integral. For any f € C*(G),

[rexg=] [ flguedg
G ZW(@YNG JZ(@u(ay)
dpdk

_Iff fizpk)~dz + c
k)P J2a@qy B o)

where ¢ arises because Z(u(a,y))x P xK — G given by (z,p,k) =z  p « k is not a topological

isomorphism. We may figure out the constant ¢ by calculating the measure of K. The modular
function being trivial on P NK,

j flg)dg = j N  flzg)dzdg
K ZE(@)NKK JZ@(@y)NK

-J’f I f@pk)C + dzdpdk .
K JPNK Jz@@nK

The inner integrals must be the same after setting f = %, the characteristic function of K; so deleting

these, we obtain

J' 1-dg-J'J Cdpdk = f Cdpdzdg .
Z@(@)NKK k JPnk Z@E)NKK Jz@@mnk JPnk

Sowehavec = ( 1- :—)'l - m(Z(u(o,y))NK)™". Hence the quotient measure of Z ((a, y))\G is obtained
by writing g = pk with p € P, k €K and putting dg = (1 ~£)_l x m(Z((a,V)) NK) " /As7(p)dpdk

since B(a,Y) is not unimodular although G, K, P and Z(u(a,Y)) are unimodular.
PROPOSITION 5.1. With the assumption of measures normalized as above, we have

o S
—-(u =
L - Xsa#(y))dg =q

PROOF. The decomposition G =B « K assures that any element conjugate to u(a,y) is

determined by g = pk with p € P and k EK. So, we have
dpak_
Ay (P)

By the way p™'u(0,y)p = ksk™ for k €K, s €S(a,y) implies that p € P NK. Hence it is not
difficult to see that k = p~k’ with k' € (Z(@(a,y)) NK) + K, if and only if #(e,y)"* €S(at,y). Since
the modular function is 1 for p € K, we obtain

R —_— 1\* _ — - -1
[ X5 @@ DM = [ [ 4@V (1-2) - FEG@@DNKY*

[ (1-2) meagmnk .

Xsan®@ @0 g = | .

Iz(:(ama @EGEINNK)-K,

Since the measure of PNK is 1-2 and the measure of (Z(u(a,y))NK)<K, is just
q'm(Z(u(a,y)) NK), we have

Xs‘(aﬁ(i(.&y ?)‘ )dg =-q9 7

.IZ(F(M))\G

as required.
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Finally, we combine everything, in particular propositions (5.0) and (5.1) to yield our main

result. Notice that ©, may belong to three nontrivial residue classes mod (F")z.

THEOREM 5.2. Suppose that we are given an elliptic torus T as in §3. Then the Shalika’s

unipotent subregular germs for G in the case of —? & (F*)’ are obtained case by case as follows:

0) f2e Nfe‘((E"')‘) and & € Nﬁe’((E"’)’), then

Thas = WX NY)UX' NY)) x| D) 2.
i) f 22 e Nﬁe'((Ee')') and 2 ¢ Nfsz((E 9’)')  then
ILo=m((X NP)UX' NT) x| D) 2.

u(ay)

(i) 22 ¢ N,’;‘s‘((E"')‘) and Z € N,‘E((Ee)) then

(iv) Ifgeezvf'((f')‘) and

(1]
(2]

(3]
(4]
(5]

(6]

Foo =m((XNY)UX NY) x| D) ™.

u(ay)

ﬁ ¢ Nﬁoz((E e’)x) , then

Taq=m(@NY)UX NY) x| D) ™.
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