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ABSTRACT. In this paper coupled systems of second order differential-difference
equations are considered. By means of the concept of co-solution of certain algebraic
equations associated to the problem, an analytical solution of initial value problems

for coupled systems of second order differential-difference equations is constructed.
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1.  INTRODUCTION.

Coupled systems of differential-difference equations are frequent in physics,
engineering, economics and biology [1] . In this paper we consider second order sys-
tems of differential-difference equations of the type

X7(t)+A, X" (t)+A X' (t-w)+B X(t)=F(t), t>w
1 2 ° (1.1)

X(t)=G(t), Ostsw
where AI'AZ and B are matrices in ann’ G(t) is a continuously differentiable c"

valued function in [0,w] , F(t) is a continuous €" valued function in [w, ») and the

unknown X(t) takes values in c",
Systems of the type (1.1) have been studied using the Laplace transform [1] ,

however such an approach has some computational drawbacks. First of all, it involves an

X .
increase of the problem dimension derived from the change Z=[X'] and the considera-

tion of the transformed equivalent problem
AZ(£)+BZ(£)+CZ(e-w)=F(t), tow
Z(t)=[G(t) , Ostsw
)

’

where

Lt o] .0 -I o 0] s [0
A=[o 1}’ B=[Bo Al]’ C‘[o AJ’ Fe) [F(t)]’

see [1] ,p.164. The main inconvenience of the Laplace transform approach is that
the expression of the solution is given in terms of the exact roots of the trans-

cendental equation
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det( (sﬁ+ﬁ)+exp(-sw)é)=0

see [1],p.166 and Theorem 6.5 of [1] . Since the exact computation of these rootsis
not available in practice, the Laplace transform method is not interesting from the
computational point of view, and it motivates the search of an alternative.

The aim of this paper is to construct the exact solution of problem (1.1) in an
explicit way, avoiding the increase of the problem dimension and the determination of
roots of transcendental equations. The method proposed here is based on the concept

of co-solution of the associated algebraic matrix equation

2
Z°4A,24B =0 (1.2)

recently given in [2] . The paper is organized as follows. In Section 2, and for the
sake of clarity in the presentation, we adapt some results of [2] related to problem
(1.1). We introduce an integral operator and we prove some of its properties that
will be used in Section 3 in order to construct the solution of problem (1.1).

If A is a matrix in €™ we denote by AT the transpose matrix of A. The set of
all repeated variations of two elements taken of r elements in r elements will be de-

noted by Q2 e

2. ALGEBRAIC PRELIMINARIES AND PROPERTIES OF AN INTEGRAL OPERATOR.

We begin this section by introducing the concept of co-solution of the equation
(1.2), recently given in [2] , which allows us to solve initial value problems for
second order differential equations without considering an extended first order system.

DEFINITION 2.1 ( [2] ). We say that (X,T) is a (n,q) co-solution of the algebraic
equation (1.2) if Xe€™9, x£0, Tet™d and XT2+A XT+B_X=0.

DEFINITION 2.2 ([2]). Let (X;,T;) be a (n,m;) co-solution of equation (1.2).
We say that {(Xi,Ti), lsisk)} is a k-complete set of co-solutions of (1.2) if m1+m2+
+...+mk=2n and the block matrix W defined by

W-[Xl X2 Xk ] 2.1)
}(lT1 )(2T2 oo Xka
is invertible in €2nx2n.

The next result shows the existence of k-complete sets of co-solutions of (1.2),
for some appropriated value of k, and it permits the construction of such sets of co-
solutions.

THEOREM 1 ([2]). Let C=[_g "{1] and let M=(Mij) an invertible matrix in &
o

such that M; ¢™Mj, 1sis2, lsjsk, m1+m2+...+mk=2n, such that for some block diagonal

matrix J=diag(J1,...,Jk), one satisfies MJ=CM. Then equation (1.2) admits a k-com-

13 ’Jj)’ for 1sjsk.

COROLLARY 1 ( [2] ). Let (Mlj’Jj)’ 1sjsk be a k-complete set of co-solutions
of equation (1.2), then the general solution of the system

plete set of co-solutions given by (M

X“(£)+A X" (£)+B X(£)=0
is given by Kk

= 2.2
X(t) jil l‘iljexp(t:Jj)D:j , (2.2)
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where Dj is an arbitrary vector in €"J, for 1s jsk.

Now we are looking for the general solution of the system
X“(£)+A X" (£)+B_X(t)=P(t), (2.3)

where P(t) is a continuous function. Let us consider the k-complete set of co-solu-
tions given by corollary 1, and let us denote

[V Vi e Vg T msxn
V=W "= , vijecJ , lsis2, 1lsik (2.4)

V21 V22 e V2k

From [2] it follows that the general solution of (2.3) is given by

K

X(t)= J_)ilMljexp(tJj)DJ-(t:). (2.5)
t

Dy(e)=D, +Iwexp(-qu)V2jP(u)du (2.6)

m;
where D, is an arbitrary vector in C J for 1sjsk. For fixed initial conditions X(w)

=C°, X'(w)=C1, with CO,C1 vectors in Cn, the vectors Dj’ lsjsk, are determined by the

equations
k k
Co=jleljexP(WJj)Dj’ Cl= EJMlijexp(ij)Dj, (2.7)
J_
and since M2j=Mlij’ see [2] , from (2.7) it follows that
D, [
. | =Diag(exp(-wJ.); lsjsk) M (2.8)
. i c
Dy

REMARK 1. It is interesting to recall that the Jordan canonical form of any
matrix may be efficiently computed using MACSYMA [3] ,so taking into account Theorem
1, the construction of a k-complete set of co-solutions for equation (1.2) is an easy
matter. On the other hand, we recall that the exponential exp(tJ.) of a Jordan block

Jj,hasa well known expression in terms of Jj’ see [4],p.66.

Now we introduce an integral operator that will play an important role in the
following.

DEFINITION 2.3. Let {(Mlj,Jj); 1sjsk} be the k-complete set of co-solutions of
(1.2) provided by Theorem 1. Let h and p be positive integers with hsp, and tzpw,

where w is a positive real number. If H is continuous €™ valued and defined on [w,w)

we define the operator ¢ by the expression

o[p,h,t, 3, H(u, ~w(d+n))] =
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t
J exp(—th.)Vz‘H(uh-nw)duh , if p=h

(2.9)
t
I a(p(-u J W. s z L L. eeal, H(um(i—w(dm))du if p>h
j . X p-l i ,,p- »h
™ (lp-l’lp-Z'""]h)eQZ,p-h p—l’ p-2’ ]'h
where n=0,1; hsqsp-1; lsiq52,
k “q+1+<i'(d+1)w
Ll,q =Ay ’Z Mlj JJ. exp((uq+l+d-(d+l)w)JJ. ) exp(—uqJJ. )VZJ' duq
i=l "“q -q 9 Jqu q
q q
k (2.10)
L, =A I M.V,
2 . 15 "2
2,q qul Jq Jq

and d is the number of factors of the type L2 which appear on the left of each factor
of the type L1 or H(uh+d—w(d+n)) before the appearance of a new factor Ll'
EXAMPLES

H(u dw)du

t
a) 0[3,2,t,j,H(u2"d—dw)]=J3 exp(-u3Jj)V 24d
W

23 (1 )eQz 12:

t B
|, eatugty e | : E M3, eal(ugly )] emicugly oy Bk b +

t k
+I exp(-u,J.)V, A I M.V, . Hu,-w)du
. 3777252 j2=1 1_]2 2j, 3 3

t
b) (b[l,l,t,j,H(ul*d-dw)]=Jwexp(—ule)szH(ul)dul

Sw
¢) 0 [3,1,5w, 3, Ky, (@41 )] =J3dexp(«:31j)v

. z L, L . HQu, —~(d+l)w) d
2j (5'11)5(32,212'2 i1 I 3

Uy kL
=J g oy z Lt 3, oo, N Wl e Ty

Uy~
J 2 exp(-ule1)szIH(ul--w)dulduzdu3 +
w

k Uy k
J a(p(-ugJJ) JAZ z MlJ J. exv((u3-'d)l )I atp(-uzlJ) Z=1M1j1‘12j1ﬂ(u2-2w) duydug +

Su K K g
I watp(ﬂij)szAz J'zy;l MljzvzjzAz j12=1 Mllejla(p«%—zmjl)j w e(p(-ulel)sz'lﬂ(ul.w)dul

5w k k
exp(uJ)V I M.V . A I M,. V,. H(u,-3w)du
J3w 25™2 3,1 10 23,2 o1 13,25, (%3 3
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Now we prove two lemmas that will be used in the following section to construct

the solution of problem (1.1).
LEMMA 1. If t2(m+l)w and hspsm, then for n=0,1, it follows that

¢[p+l,h,t,] ,H(uh+d-(d+n)w)]= o[p+1,h, (m+l)w, j ,H(uh+d—(d+n)w)] +

k
+J(m+1) =l [Jm-1M1 J; ez )“’[P oz By (0] + 210
k
+ T M el )—(¢[pht3m.u<um-<d+n)w>]> ]z
Jm-1 t=z-w

PROOF. From definition 2.3 it follows that
¢ [p+l,h,t,] ,H(uh+d—(d+n)W)]

t

= exp(u )V z L L. veals H(u.m_d—(d-m)w) du
P+1 J p i1 ’
J(p+1)w 4G prip1 s i®Q 1P P e
[(m'rl)w
exp(—u_,J. V. z L. N H(u.h_'d—(d+n)w) du , +
pHIT 2 (g : i.,p ,h pHl
(P"l)"’ (lp'"' 'lh)GQZ,pi-l—h P
i ( (d+n)w)
+ exp(~u ) L. ..L H —(d+n)w) du
f(m}-l)w pHT37 2] G ’""]'h)EQZ pth P’P ,h Yhtd p+l
(oL ( (d4n)w)
= exp(-u_ ,J V. L.  ...L  H@u  ~(dn)w) du_ . +
J(p+1)w i 25 (1 .. ’lh)€02 otich 1P i sh Yd ptl

[t k 2-W
IV, A T M. .)I (ca d. W,
+; (Ml)watp( J) 23A2 P MlJm exp((z—w)JJm o exp(-u; 25,

t k
( T . ...L. . H(u , ~(d#n)w)du )dz+ exp(-2J Wy by T My exp((zw)_ )
G5y oo 5% o L1p_1,p—1 i b hd 4z J( wine 3 25 In

t
d
= J. L .. 1 HC —(d+n)w))du) dz
dt(J a!p(-up Jm) 2j, G e ’lh)esz-h i p-1 ]h Ut P g

Hence we obtain the right hand side of (2.11) and the proof of the lemma is concluded.

LEMMA 2. Ift2(m+l)w, hspsm and n=0,1, it follows that

m+l

1 (1P o[p.h,t, 3, HCu g—(d+n)w)] (2.12)
p=h
m p 1 t v
= ¢ (-1H)PF ofp,h, (m+l)w H -(d - —2J )V,
RASS o, (m 1w, HCuy g =(d4n)w)] [(mﬂ):xm 23 Wy
(D H<z~nw>+A2[ z gy e T 2 (P 0 [phia, i Mg (W ]+ (2.13)

K
+ I M exp((z); ) £ (Pt (0 [pht, gy Hly (@) )t=H]1 dz
i In Jn p=h de



390 L. JODAR AND J.A.M. ALUSTIZA

PROOF. From definition 2.3 and lemma 1, it follows that

£ (1)"1‘1’ h,t,j,H(u,  —(d+n)w)]=
p=h [p J uh+d ( +n)w]

NS ) p p-1 )
DT Ohhut, 5, Hy, a0 ] + I D o[p,h, €, 3, HCuy 4~ (d4n)w)] +

+ (-D)" o[m+1,h,t,,H(u, - (d+n)w) =
hel (m+l )w t
1Y I eIy oy, + I -~ exp(-2 NV Hem)dz ) +

+ Z (-l)p‘l’[P +1h(m+1)W,J.H(u —(d+n)w)] +
p’=h

m-1 t
-1)P .
+I (1) J (ml)wacp(-zlj)VZJAz { 2 MlJm acp((z-wlem) o[pshizv, i, By ~(den)w)] +

k

+ z Ml a(p((z—w)JJm) (@[p,h t,j ,H(uh+d—(d+n)w)] Yeagoy } 42 +

t
+(-1)m[ (n*l)wexp(-e.l V. ZJAZ [ M1 J. exp((z—w)J ) ¢[mh z-w, j ,H(uh+d—(d+n)w)] +
+_]:..M1 ecp((z—w)JJm) (@[m h,t J H(uh+d—(d+n)w)] )t z—w] dz=
h-1 Jt
(m1)w

(1)

t k
(-2 )V fi(z-m)iz J(ml)f‘pwiwzf’? SRV

m k
£ (P Lo [phzwHu ¢+ I M. exp((zw), )
p=h [ Y ] jm=lMlJm In

t=z-w

m
p-)ih P oot Hluy, = (de)0] ), ) d2

Hence the proof of lemma 2 is established.

3.  CONSTRUCTION OF THE SOLUTION.
In this section we provide an analytical expression for the solution of problem

(1.1) by means of a constructive way. Note that for t>w the system (1.1) may be
written in the form

x"(t)+A1x'(t)+B°x(t)=F(t)—A2x’(t—w), t>w (3.1)

where X(t)=G(t) for Ostsw. From (2.5)-(2.8), the solution of (3.1) on the interval
[w,Zw] is given by (2.5) where D (t) takes the form

t
D, (£)=D,(w) +I exp(-2J )V, (F(2)-A,X ()} dz

w
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In general, for te[mw,(m+l)w] , the solution of (3.1) may be written in the form (2.5)

where Dj(t) is given by

t

DJ.(t)=DJ.(mw)+J

exp(-zJ )V, . { F(z)-A X' (z-w)} dz, tE[mw,(m+1)w] (3.2)
- i’ 23 2

Taking into account that X(u)=G(u) for uE[O,w], it follows that
t t
Dj(t)= Dj(w)+J . acp(—zlj)VZjF(z)dz —J wexp(-z..Ij)VzJAZG (z-w)dz, te [w,Zw] (3.3)

and from (2.5) and (3.3), we have

k
=2 =
X(t) J_=1?'11jexl>(tJJ.)DJ.(t)
k t t ’
jil Mlj acp(tJj){ Dj(w) +Iw@(P(%Jj)V2j F(z)dz —I weXI)(—zJJ.)VZJ. A G’ (z-w)dz} (3.4)

If te [2w,3w], one gets

t t
Dj(t)=Dj(2w)+JZwexp(—zJj)szF(z)dz -j exp(-23 )V, A X" (2-w)dz

2w
and from (3.3)-(3.4), it follows that

2w 2w
DJ.(:)=1)J.(W)+]w exp(-2J )V, F(2)dz -j exp(-23 )V, A,0" (z-w)dz +

w

t t k v
- ) [p, )+ expawl, W Fu)d
;{ 2wacp(—’z'.lj)szl"(z)dz szacp(—zlj)szAz {jilMlJ.lel@CP((Z—w)JJl)[ i) w Jw exp 3 2j1 u)du
1
zZ—wW k
- - “(u- . - WV, . F(z-w
)[w exp(-uly W, A6 Cu wdu| o+ j21=1M1jle)(p((z-w)JJl)[e>(p( (@) Wy Flamw) +

—exp(~(z)d 5 My leZG%z-zw)]}dz -

k

=D.(w) -It exp(-zJ )V, .A I M. J.
J 2w 372372 J

. exp((z-w)J, )D_. (w) dz +
i=1 191 I

1

t t k z-w
+{ op(ead Ny e - J eI oy Jﬁzlullejlm((z-mjl) J _exp(-udy IV Fluddudz +

t

k
-1 exp(-zJ )V, .A I M .V, . F(z-w)dz (3.5)
sz N

t k Z-W
_ My Js z-w)J exp(-uJ. )V, . A.G"(u-w)dudz
+f exp(-za vy 8y T My J5 expl(em) JI>I xp(-udy )y 5 A6 (um)
2w J 1

w
2w

t Kk
-zJ . . M. . A.G’(2z-2w)dz -| exp(-zJ,)V,.A. G (z-w)dz
+szeXP( zJJ)VzJAz j:il 15,2 (z-2w)dz Jw p( J) 2542 (z-w)

Now by using the induction principle we are going to prove that the solution of
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(1.1) for te[mw,(m+l)w] , is given by (2.5) where Dj(t) is expressed in terms of the
operator ¢ in the form

m k
_13\P-1 .
D,(6)=D () ;2( 177 ¢[p,2,t,5, 4, j)::lMlJ.IJJ.le(p((uz (041 )w)le)DJ.l(w)] +

cE (1P oo, €43 F(ugyy-dw)] +(-1™ ¢, 1,t,5,A,6u

-(d+1)w )] +
p=1

1+d

43 ()P o[p-1,1,pw, 3, A6 (uy, ;~(d+1)w)] + (3.6)
p=2

m
v L DT ofr,pie,i, z J. acp(( oY ) ¢[p-1, L,pv, 30807 Cuy 4= (d41) MR
rptl [ A2 MlJ p Y14d v ]

It is easy to prove that in (3.3)-(3.5), DJ.(t) coincides with (3.6) for m=1,2, Letus
suppose that for te[mw,(m+l)w] , DJ.(t) is given by (3.6), and let te[(m+l)w,(m+2)w].
Then from (2.5),(3.2), it follows that

t t
Dj (t)=Dj ((m+l )w)+I(m+l)wexp(-—zJj )szF(z)dz —I (mﬂ)wexp(-zJj )szAZX (z-w)dz (3.7)

If we apply the induction hypothesis and we take into account the expression of X(z-w)
for z€[(m+1)w,t] ,and (3.7), it follows that

(6D () + 2 P ofp2,@n, J,Az : My ) ey, (@13 D) (] -
p=2

t
(—J)V {A ): M,. J. exp((z-w)J, )D, (w) +
I(MI)wexP Z ) J'm,1 lJm in xp((z AR w

[Z MlJm acp((z—w)JJm) p)iz(—l)p_ ¢[p, ,z—w,J A Z M J exp((u2+d—(d+1)w)J )D (w)]

t=z—w-|

.z g @) T £ Pt ¢[p.2chA2 3 “13 Sy G, 0, )
Jm—l

m t
z (-DP 0,1, (m+l)w,3,F(u,  ~dw)] - (-0 V5 { (-1)F(2) +
+ x [p w,3,F(uy 4 w)] I(mﬂ)wexp z

exp((z03, ) T (DPL ofp 1w, . Py -] +

k
T M. J.
A2[ IJ Jm In p=1

Jp=!

iz Z Ml. exp((z-w)JJm) pEl( -1)P” -1 -(L( ¢[p 1,t,j ’F(ul+d dw)] )t—z w] }dz +
m

t
m+l
1) J(m)wap(-dj)v [ 5 M exp((z—w)JJm) 8[m, 1,2, 34,6 (), ~(d+1w)] +
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K
+J~Z=1M1J' ey ) g T COlmL,e,5000,6" (up (D0 ], ] e +
m

m
DR @[, L AS" Cuy @) ] + (D" 8[m, 1, (mel)w, 3,A,6" Cup (1)) +

T @ ofrpn, sy : Mgty oy ) 8L e, 3y Ay (@sD0)] -
P

r=ptl il e
p-1 k . P
I(Ml)waq;(-uj)vzj [(-1) Azj My J5 exp((z)d, ) o[p-1,1,pw, j_,A,G (), ~(d+1)w)] +
m
[ k r-1 k
A z M J exp((z-w)J. ) Z (-1) &[r,ptl,z~v,]j , I M.J. exp((u_,,-w)J. )
2 -1 I I r=ptl L ks jp=1 MlJp I p+l Ip

] [p—l ,1 ,pw,jp,AZG'(ul+d—(d+1 )w)] +

k 1 d
I M .exp((z-w)J ) T -7 o«
Jp=! Im r=p+l

o[r,p+l,t,j A2 : MIJJ exp( (a4 ) Ofp-LLpv, 30 A Cuy g(as10] D, ez

Now taking into account the lemma 2 and the proof of lemma 1, we may write

k
1 )
o[p,2,t,5.4, zIMIjIleexp((uM-(du)w)JJ.l)Djl(w)] +

m+1
D(t)D.w)+ L (-1)P”
3 i

p=2
ml 1 m+l
p§1 P e [Pt gFuy, —dw)] +(-D™ o [mtl, 1,8, 5,856 (up o~ (d+1)w] +

m+1 -1
EAGDPT o[p-1,1,pw, 5, A6 (ug 4-(d+DW)] +

p=2

k
b (l)rl o[r.ptlt, 3ty T M exp(Cup )35 ) 0 [pLLpw, 3, 006" (uy (@] ]}
r=ptl J'p=1 P Ip

Note that this expression coincides with (3.6) replacing m by m+l. Thus the

following result has been established:

THEOREM 2. Let us consider the notation of Theorem 2 and let {(Mlj.JJ-); 1gjsk} be
a k-complete set of co-solutions of equation (1.2). Let F(t) be a continuous function
in [w,w) and let G(t) be a continuously differentiable function in [0 w] Then the
solution of problem (1.1) is given by (2.5), where DJ.(t) is defined by (3.6) for 1sjsk

te [mw, (m+l)w], m2l.
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In the following we illustrate with an example in Cz the previous results and

we show the availability of the construction of the solution of the problem (1.1).

EXAMPLE. Let us consider the coupled differential-difference system

. -1 1], 1 1., 0 0 ~ [exp(t) o
X(t)+[o _Z]X(t)+ [0 1]X(t-w)+ [0 1]X(t)-[ . ] , tOw>

. (3.8)
X(t)= [l ] , Ostsw

The companion matrix C defined in Theorem 1 takes the form

0 1 0

0 0o 0 1
C=

0 0 1 -1

o -1 0 2

Straightforward computations yield that the matrices J and M of Theorem 1 as well

as the k-complete set of co-solutions of the associated algebraic matrix equation

2 [-1 1 0 0]_
Z+[0 _2]Z+[0 1]-0

are given by

1 10
=diag(J,,J,), J,=(0) J=1/0 1 1
1°72 1 ’ 2 00 1
1 -1 1 -1
M, .= ' M. .= oA =0 O 1 -1
uwlolr M, o, 4|7 0o -1 0 0
0 0 1 0

From Theorem 2, the solution of problem (3.8) is given by

)((t:)=Mllexp(1:J1 )Dl(t)+M12exp(tJ2)D2(t)

1 t t%9
=M, D, (£)+M, exp(t)|0 1 t
1171 12 0 0 1

where Dj(t) for j=1,2, are defined by (3.6) and Dl(w), Dz(w), are determined by the so-

lution of the corresponding system (2.7):

2 /r -
-1 1 - 1 w w/2

[w] = [1] Dl(w) +[ 1] exp(w) [0 w Dz(w)
1 0 o 1 -1 o o 1 |

—

A 1 ot 1w )
=" l+lo 11 exp(w){|0 1 w Dz(w)
0 0 1 -1
0O 0 1 0 0 )
Solving this system it follows that
2
-1-w"/2

Dl(w)=w-2 , Dz(w)=exp(—w) Y
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If te[w,2w], then from (3.6) it follows that

Dl (t)=exp(w)-exp(t)+t-2
and

w=t-(14t2/2)exp(-t)
Dz(t)= texP('t)
—exp(-t)

Hence from (2.5),(3.6), the solution of (3.8) in [w,Zw] is given by

t-w-1 t
X(t)=exp(t)|: J +[ ]
0 1

If te [2w,3w] ,then from (3.6) it follows that

Dl (t)=(t-2w-1)exp(t-w)-exp(t)+2exp(w)-2+t

and

w—t+(t2/2 - 2wt )exp(~w)-( l+t2/2)exp(—t)
D, (t)= texp(-t)

-exp(-t)

395

From (2.5),(3.6), it follows that the solution X(t) of (3.8) in [2w,3w] is given by

t-2w-1 -1 2exp(w)-2+t
X(t)= exp(t-w) + exp(t) + +
0 Lo 0
a1 -1 1t t22] [ w-tsexp(-w)(t2/2- 242/ 2exp(-t)
+exp(t) 0 1 t texp(-t)
0o 1 -1 0 o0 1 -exp(-t)
t-w-1 t+2wt-2w—1—t2/2 2exp(w)+t
= [ ]exp(t) + o exp(t-w) + )
0

In an analogous way using (2.5) and (3.6) we may obtain the expression of the solu-

tion of the problem in any interval [mw,(m+1)w] .
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