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ABSTRACT. Suppose B is a bounded linear operator in a Banach space. If the
differential operator En_ - B has a Bohr-Neugebauer type property for Bochner
almost periodic functions, then, for any Stepanov almost periodic continuous
function g(t) and any Stepanov-bounded solution of the differential equation

?d:n— u(t) - Bu(t) = g(t), u(n_l),...,u',u are all almost periodic.
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1. INTRODUCTION.
Suppose X is a Banach space and J is the interval - « < t < », A function
stl (J;X) with 1 < p<°o1ssa.1dtobestepanov-borundedorsp -bounded on J if

1/p
lell g = sup [{ctﬂ liE (s) IF’dS] < @, (1.1)

For the definitions of almost periodicity, weak almost periodicity and
sP-almost periodicity, we refer the reader to pp. 3, 39 and 77, Amerio-Prouse [1].
Suppose that B is a bounded linear operator having domain and range in X. We
say that the differential operator ——— - B has Bohr-Neugebauer property if, for
any almost periodic X-valued functlon f(t) and any bounded (on J) solution of the
equation
—d-l u(t) - Bu(t) = £(t) on J, (1.2)
gt

w® 1) ', uare all almost periodic.

Our main result is as follows.

THEOREM 1. For a bounded linear operator B with domain D(B) and range R(B) in
a Banach space X, let the differential operator dt_“ - B be such that, for any
almost periodic X-valued function f(t) and any sP—bounded solution u: J - D(B)
of the equation (1.2), ™), ... u', u are all s'-almost periodic. If p > 1, then,
for any SP-bounded solution u: J + D(B) of the equation

g

;t-h_ u(t) - Bu(t) = g(t) on J, (1.3)
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(n-1) ' Lo
u y.-+,u',u are all almost periodic.
REMARK 1. Theorem 1 is a generalization of a result of Zaidman [6].
2. PROCF OF THEOREM 1.
By (1.3), we have the representation
) =u® Vo) + Frusras + Faelas ona. (21
If0<t,-t <landp ' +q =1, then, by the
HSlder's inequality,
2
s [Bll. £.° i) || as

t
J{,_zBu(s) ds
1 l

-
t2 W p_l q
< [Bll - £ s IP as ey - b))

- .1 -1
t, +1 P _ q
sl |t kel 275

L -1 4
< Bl -lhlge - e, - £ . (2.2)

Hence Ot Bu(s) ds is tmlfornﬂ.y continuous on J. Further, by Theorem 8, p. 79,

Arerio-Prouse [1], / g(S) ds is uniformly continuous on J. Consequently, Lo B
uniformly contmums on J.

Now consider a sequence {p, (t) };l of non-negative continuous functions on J
such that

P (0) =0 for |t] 2k, fk-_llpk(t)dt =1. (2.3)
'Iheoonvolutimbetweenuandpkisdefinedby

(u * p) () = Lult-s)p (s)ds = {Iu(s)ok(t-s)ds. (2.4)
From (1.3), it follows that

i—n;(u *p)(t) ~Bl* ) (E) = (g*p)(t) on . . (2.5)
Again by HSlder's inequality,
ltwro) (0] = Il £ uit - s)py (s) ds]|

-1 -1

< [f}l - ) |P as p. l[}l [t @ ds]q
e, [tﬂ b P dc]
s cpk llullsp forall t¢J and k =1,2,... . (2.6)

Similarly, the Sl-alm:)st periodicity of g(t) implies the almost periodicity of
(g*pk) (t) for all k= 1,2,... . e

Consequently, it follows from our assumption on the operator —— - B that
w@* o) @ ie), ., o) ®), @ * ) (®) are all s'-almost peiidic from 3 to X
for all k 2 1.

Further, since u™) (t) is uniformly continuous on J, given € > o, there
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exists 6 > o such that
”J(n—l) (t1) - o@D (k)] € € for |t - to] < 6. (2.7)

Consequently, we have, for |t - t,| < §,

I @0 (n-1)

P (E1) - (u P (E2) |l

-1 -
< f.];-l [a®D () - g) - u®D (¢, - 9 P () ds

-1
<e Ji—l b (5) ds =€, by (2.3). (2.8)

Hence (u * py) (n-1) ® = ™D x5) @ is uniformly continuous on J. So, by

Theorem 7, p. 78, Amerio-Prouse [1], (u(n-l) * o,?) (t) is almost periodic.
n—

Furthermore, by the uniform continuity of u
(n-1)

b (t) on J, the sequence of
convolutions (u fc) (t) converges to W™D 4 ask -+ », uniformly on J.
fence u™™) (t) is almost periodic from J to X, and so is bounded on J. Therefore
w2 (t) is uniformly continuous on J. Consequently, @® 2 & p) () is almost
periodic and P2 ) (&) > u®2) () as k » «, uniformly on J. Hence w2 )
is almost periodic.
Thus we conclude successively that w1 ... u',u are all almost periodic from
J to X, which campletes the proof of the theorem.

REMARK 2. The conclusion of Theorem 1 remains valid for any S'-bounded and
uniformly continuous solution of the equation (1.3).

PROCF. By the Lemma of Rao [5], such a solution is bounded on J. Consequently,
by the representation (2.1), u(n—l) is uniformly continuous on J.

REMARK 3. If B =0, then Theorem 1 holds for p 2 1.
3. NOTES.

(i) Suppose X is a separable Hilbert space, and consider the differential
equation

a

—— u(t) - Bu(t) = £(t) onJ, (3.1)
n
dat
where f : J + X is an almost periodic function, and B : X +~ X is a campletely
continuous normal operator. Then, if u is a bounded solution of (3.1) ,u(n) is almost
periodic (as shown in the proof of Theorem 1 of Cooke [3]). Therefore, by the
Corollary to Lemma 5 of Cocke [3], u(n-l),...,u',u are all almost periodic. That is,

the operator —ﬁn_ - B has Bohr-Neugebauer property.
at
Now assume that u is an SP-bounded solution (1 < p < ©) of the equation (3.1),

If we replace g by f in the proof of our Theorem 1, then, by the Bohr-Neugebauer

property of the operator f:? - B, it follows that u(n-l),...,u',u are all almost
periodic. Hence the operator in - B satisfies the assumption of Theorem 1 for p > 1.
at

(ii) Finally, suppose X is a reflexive space and B = 0. Given an almost
periodic X-valued function f(t), assume u(t) is a bounded solution of the differential
equation

a

F u(t) = £(t) onJd. (3.2)
t
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Then it follows from Lemma 2 of Cocke [3] that u(n’l),...,u' are all bounded on J.

Hence we conclude successively that u‘n—l),...,u',u are all almost periodic (see
Amerio-Prouse [1], p. 55 gnd Authors' Remark on p. 82).

Therefore the operator Ln— has Bohr-Neugebauer property.
at
Now, given an Sl—alm)st periodic continuous X-valued function g(t), suppose u(t)

is an SP-bounded solution (1 < p < @) of the differential equation

—dn; u(t) = g(t) on J. (3.3)
dt

From (3.3), it follows that
in-(u * o) (8) = (g * ) (t) on J, (3.4)
at

where {p, (t)},_; is the sequence defined in the proof of our Theorem 1. Then

(u * pk)(t) is bounded on J and (g * pk)(t) is almost periodic from J to X. So, by
the Bohr-Neugebauer property of the operator ——, (u * g ) (n-1) (£)eees(u * p) ' (E),
(u * pk) (t) are all almost periodic. at

By (3.3), it follows from Theorem 8, p. 79, Amerio-Prouse [1] that u ™) (¢) is
uniformly continuous on J. Consequently, we conclude successively that
u(n‘l) (t),...,u"(t),u(t) are all almost periodic. Hence the operator -—din satisfies
the assumption of Theorem 1 for p 2 1. de
4. CONSEQUENCES OF THEOREM 1.

Let L(X,X) be the Banach space of all bounded linear operators on X into itself,
with the uniform operator topology. As consequences of ocur Theorem 1, we demonstrate
the following results.

THEOREM 2. In a reflexive space X, suppose £ : J +~ X is an sP-alnost periodic
continuous function (1 £ p <), and B : J »~ L(X,X) is almost periodic with respect
to the norm of L(X,X). Ifu : J~+ X is any SP-almost periodic solution of the
differential equation

- u(t) = B(t)u(t) + £(t) onJ, (4.1)
n
dat
then u(n-l),...,u',u are all almost periodic from J to X.
PROOF. Since B(t) is almost periodic from J to L(X,X), and u(t) is sP-almost
periodic from J to X, we can show that B(t)u(t) is SP-almost periodic from J to X

(see Rao [4]). Hence B(t)u(t) + f(t) is sP-almost periodic from J to X. If we write

v(t) = B(t)ult) + £(t) on J, (4.2)
then (4.1) becomes
in u(t) = v(t) onJ. (4.3)
at £
By our Note (ii), the operator - satisfies the assumption of our Theorem 1 for

p 2 1. Since u is sP-almost periodig,t it is SP-bounded on J. So, by Theorem 1,

u® D uru are all almost periodic.

THEOREM 3. In a reflexive space X, suppose £ : J + X is an SP-almost periodic
continuous function (1 £ p <), and B : X » X is a camwpletely continuous linear
operator. If u : J » X is a weakly almost periodic (strong) solution of the
differential equation
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&

—— uf(t) = Bu(t) + £(t) on J, (4.4)
n
dat
then u®™1) ,e..,u',u are all almost periodic.
PROOF. Since B is a bounded linear operator, Bu is also weakly almost periodic.
Further, B being a completely continuous operator, the range of Bu is relatively
compact. Hence, by Theorem 10, p. 45, Amerio-Prouse [1], Bu is almost periodic.

Consequently, Bu + f is sP-almost periodic. Now, if we write
w(t) = Bu(t) + f£(t) on J, (4.5)

then (4.4) becomes
in u(t) = w(t) on J. (4.6)
dt
Since u is weakly almost periodic, it is bounded on J. Therefore, by Theorem 1,
u(n-l),...,u',u are all almost periodic.
REMARK 4. Suppose X is a Hilbert space and B € L(X,X) with B 2 0. Consider the
differential equation
d—22 u(t) - Bu(t) = £(t) on J, (4.7)
dat
where £ : J > X is an almost periodic function. Then any bounded solution u : J + X
of the equation (4.7) is almost periodic (see Zaidman [7]). By (4.7), u'(t) is
uniformly continuous on J. Hence, by Theorem 6, p. 6, Amerio-Prouse [1], u'(t) is
almost periodic. Therefore the operator —d% - B has Bohr-Neugebauer property, and
so satisfies the assumption of Theorem 1 fctfr p> 1.
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