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We provide a positive answer to a question raised by Al-Thagafi and Shahzad (Nonlinear Analysis,
70 (2009), 3665-3671) about best proximity points of cyclic ¢-contractions on reflexive Banach
spaces.

1. Introduction

As a generalization of Banach contraction principle, Kirk et al. proved, in 2003, the following
fixed point result; see [1].

Theorem 1.1. Let A and B be nonempty closed subsets of a complete metric space (X, d). Suppose
that T : AUB — AU B is a map satisfying T(A) C B, T(B) C A and there exists k € (0,1) such
that d(Tx, Ty) < kd(x,y) forall x € Aand y € B. Then, T has a unique fixed point in AN B.

Let A and B be nonempty closed subsets of a metric space (X,d) and ¢ : [0,00) —
[0, o0) a strictly increasing map. We say that T : AUB — AU B is a cyclic ¢-contraction map
[2] whenever T(A) C B, T(B) C A and

d(Tx,Ty) <d(x,y) - ¢(d(x,y)) +¢(d(A,B)) (1.1)

for all x € Aand y € B, where d(A, B) :=inf{d(x,y) : x € A,y € B}. Also, x € AU B is called
a best proximity point if d(x, Tx) = d(A, B). As a special case, when ¢(t) = (1 — a)t, in which
a € (0,1) is a constant, T is called cyclic contraction.

In 2005, Petrusel proved some periodic point results for cyclic contraction maps
[3]. Then, Eldered and Veeramani proved some results on best proximity points of cyclic
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contraction maps in 2006 [4]. They raised a question about the existence of a best proximity
point for a cyclic contraction map in a reflexive Banach space. In 2009, Al-Thagafi and
Shahzad gave a positive answer to the question [2]. More precisely, they proved some results
on the existence and convergence of best proximity points of cyclic contraction maps defined
on reflexive (and strictly convex) Banach spaces [2, Theorems 9, 10, 11, and 12]. They also
introduced cyclic ¢-contraction maps and raised the following question in [2].

Question 1. It is interesting to ask whether Theorems 9 and 10 (resp., Theorems 11 and 12)
hold for cyclic ¢-contraction maps where the space is only reflexive (resp., reflexive and
strictly convex) Banach space.

In this paper, we provide a positive answer to the above question. For obtaining the

answer, we use some results of [2].

2. Main Results

First, we give the following extension of [4, Proposition 3.3] for cyclic ¢-contraction maps,
where ¢ is unbounded.

Theorem 2.1. Lef ¢ : [0,00) — [0, o0) be a strictly increasing unbounded map. Also, let A and B be
nonempty subsets of a metric space (X,d), T : AUB — AUB a cyclic ¢-contraction map, xo € AUB
and xps1 = Txy, for all n > 0. Then, the sequences {x2,} and {x2,41} are bounded.

Proof. Suppose that xo € A (the proof when xo € B is similar). By [2, Theorem 3],
d(x2n, Xone1) — d(A, B). Hence, it is sufficient to prove that {x2,.1} is bounded. Since ¢ is
unbounded, there exists M > 0 such that

¢(M) > d(xo, Txo) + ¢(d(A, B)). (2.1)
If {x2,41} is not bounded, then there exists a natural number n, such that

d(TZxO, T2"°+1x0) > M, d(szg,Tz"O‘lxo) <M. (2.2)

Then, we have
M < d(TZxO,T2"0+1x0) < d(Txo, T2"°x0> - (p(d(Txo,T2"°x0>> +¢(d(A, B))
< d(xo,TZ”O’lx()) - [(p(d(Txo, T2"°x0>> + (p(d (xO,T2"°*1x0>>] +2¢p(d(A, B))

< d(xO,sz()) + d(szo,TZ"O_lx()) - [(p(d <Tx0,T2”°x0>> + (p(d <x0, T2"°‘1x0>>]

+2¢(d(A, B))

(2.3)

< d(xo, Txp) + d(TxO,T2x0> +M - [q)(d <Tx0, T2"°x0>> + (p<d<xo,T2"°‘1x0>>]

+2¢(d(A,B)).
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Since d(Tx,Ty) < d(x,y) for all x € A and y € B, we obtain
M < 2d(x, Txo) + M — [(p(d (TxO,T2”°x0>> + (p<d (xo,T2"0-1x0)>] +2¢p(d(A,B)).  (24)
Since d(Txy, T xg) < d(xg, T? 'x,), we have
(p(d (Txo,T2"°x0>) < (p<d<x0,T2”°*1x0>). (2.5)
Thus, we obtain ¢(d(Tx, T*"xy)) < d(xo, Txo) + ¢(d(A, B)). Since

M < d(szo, T2"0+1x0) < d(TxO,TZ"Ux()), (2.6)

p(M) < ¢(d(Txo, T*xp)). Hence, (M) < d(xo,Txp) + ¢(d(A,B)). This contradiction
completes the proof. O

Since the proof of last result was classic, we presented it separately. Here, we provide
our key result via a special proof which is a general case of Theorem 2.1.

Theorem 2.2. Let ¢ : [0,00) — [0, o0) be a strictly increasing map. Also, let A and B be nonempty
subsets of a metric space (X,d), T : AUB — AU B a cyclic -contraction map, xo € AU B, and
Xn+1 = Txy for all n > 0. Then, the sequences {x,} and {xz,+1} are bounded.

Proof. Suppose that xp € A (the proof when xy € B is similar). By [2, Theorem 3],
d(xon, X2n41) — d(A, B). Hence, either {x5,,1} and {x,,} are bounded or both are unbounded.
Suppose that both sequences are unbounded. Fix n; € N and define

en = d(Tx), T2 x)) 2.7)

for all n,k > 1. Since {x2,41} is unbounded, limsup, , e,x = oo for all n > 1. Thus,
we can choose a strictly increasing subsequence {e;i} _  of the sequence {eyx},,. Since

d(T%xp, T2m+kD+ 50y < d(T2x0, T*x0) + d(T*x, T2m+D+1x0), we have

limsup ey 1 = 0. (2.8)

i— oo

Again, we can choose a strictly increasing subsequence {e, ;2 }i21 of the sequence {e; ;1 }i21
such that lim sup; , e;r: = oo. By continuing this process, for each natural number n,

we can choose a strictly increasing subsequence {ey i}, , of the sequence {e, 1}, such
7 1

i>1
that limsup; , enkr = oo. By the construction, if we consider the sequence {kf}m, then

lim; _, .k} = o, { € i }i21 is a strictly increasing subsequence of {e; kr }i21 and limsup;_, e, =
oo foralln > 1. Now, define n, = nmy +k§—k}. Also, by induction define the sequence {7,,},,5; by
Ny =m + ki — k%. Note that, the sequence {n,,},,; is strictly increasing and limsup,, , 1, =

. Since T is a cyclic g-contraction map, {d(T¥xo, T2+ )*1x0)}, ., is a decreasing
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sequence. Hence by the construction of the sequence {1, },,51, {d(T*"mxq, T2k xg)}
is a decreasing sequence. Let m > 1 be given. Since e,, 11 < ey, kz, we have

d <T2”mxo, TZ("”"D“xo) <d <T2"'"xor Tz("”kzmx‘))' 29)

Thus,

d <T2nm xo, TZ(n1+k%)+1xO> <d <T2nlx0/ TZ("1+k%)+1x0> (2.10)

for all m > 1. Hence, we have

d<T2(n1+k’,;l’)+le,TZ(n1+k})+1x0> < d<T2nmx0’T2(n1+k]1)+1x0> +d<T2"'"xo, Tz(n1+k;:)+1xo>

d <T2n,,, X0, Tz(n1+k%)+1 X()> +d <T2nm Xo, Tz(nm+k%)+1x0> (2.11)

< d<T2n1 xO/Tz(n1+k})+1 xO) + d<T2nm xOITz(nm+k})+1 xO)

for all m > 1. Since d(Tx,Ty) < d(x,y) for all x € A and y € B, we obtain

d<T2(n1+k$)+1x0/TZ(n1+k})+1x0> < d(Tz’”xo, Tz(n1+k})+1x0> +d<T2nm—1x0,T2(nm+k})x0
(2.12)
< d(Tz’”xo, Tz(n1+k})+1xO> " d(xo, Tzk}nxO)

for all m > 1. Consequently
d<T2(n1+k$)+leI Tz(n1+k})x0> < d<T2(n1+k,':,‘)+1xO’ Tz(n1+k})+1x0> +d<T2(n1+k})+1xO,Tz(n1+k})x0>
< d<T2n1xO’T2(n1+k})+1x0> +d<xo,T2k}+1x0>

+d <Tz(n1+k})+1 xp, T2m+k1) xo>

(2.13)
for all m > 1. This implies that
(my+kl) e S M (2.14)
for all m > 1, where
= d<T2n1x0/Tz(nl+k§)+1x0> + d<x0/T2k}+1x0> + d<T2(n1+k})+1xO/Tz(n1+k})x0> (2.15)

is a constant. But, limsup;_, e, i = oo for all n > 1. This contradiction completes the proof.
O
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Now by using this key result, we provide our main results which give positive answer
to the question. Their proofs are basically due to Al-Thagafi and Shahzad [2]. However, the
crucial role is played by our key result. Weak convergence of {x,} to x is denoted by x,, — x.

Theorem 2.3. Let ¢ : [0,00) — [0, 00) be a strictly increasing map. Also, let A and B be nonempty
weakly closed subsets of a reflexive Banach space and T : AUB — AU B a cyclic p-contraction map.
Then there exists (x,y) € A x B such that

l|x -~y = d(A, B). (2.16)

Proof. 1f d(A, B) = 0, the result follows from [2, Theorem 1]. So, we assume that d(A, B) >
0. For xy € A, define x,,1 = Tx, for all n > 1. By Theorem 2.2, the sequences {x;,} and
{x2441} are bounded. Since X is reflexive and A is weakly closed, the sequence {x;,} has a

subsequence {x2,, } such that xp,, L xe A As {x24,+1} is bounded and B is weakly closed,

we can say, without loss of generality, that 5,41 — y € Bask — 0. Since Xa,, — Xon1 —
x—y#0ask — oo, there exists a bounded linear functional f : X — [0, c0) such that ||f|| =1
and f(x - y) = ||x — y||. For each k > 1, we have

| f (x2m, = X2m1) | < || f %2 = X2mest | = [1%2m, = X2mes |- (2.17)
Since imy —, oo f (X204, — X21,41) = f(x = y) = ||x — y||, by using [2, Theorem 3] we obtain

[lx -yl = klgr;Jf(xan = Xons1)| < Jim [[ozm, = Xomoall = llx2m, = Xl = d(A, B). (2.18)

Hence, ||x — y|| = d(A, B). O

Definition 2.4. (see [2]) Let A and B be nonempty subsets of a normed space X, T : AUB —
AUB,T(A) CB,and T(B) C A. We say that T satisfies the proximal property if

Xn 5 x€AUB, |xp—Txnll — d(A, B) = ||x - Tx| = d(A, B). (2.19)

Theorem 2.5. Let ¢ : [0,00) — [0, o0) be a strictly increasing map. Also, let A and B be nonempty
subsets of a reflexive Banach space X such that A is weakly closed and T : AUB — AU B a cyclic
-contraction map. Then, there exists x € A such that ||x — Tx|| = d(A, B) provided that one of the
following conditions is satisfied

(a) T is weakly continuous on A.

(b) T satisfies the proximal property.

Proof. 1f d(A, B) = 0, the result follows from [2, Theorem 1]. So, we assume that d(A, B) > 0.
For x¢ € A, define x,.1 = Tx,, for all n > 1. By Theorem 2.2, the sequence {x,} is bounded.
Since X is reflexive and A is weakly closed, the sequence {x;,} has a subsequence {x2,, } such

that xo,,, X xeAask — co.

(a) Since T is weakly continuous on A and T(A) C B, we have xp,, 41 % Tx € Bas

k — 00.50 X2, — Xon+1 L x-Tx #0as k — oo. The rest of the proof is similar to
that of Theorem 2.3.
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(b) By [2, Theorem 3], we have

2, = TXom || = [1X2n, = X211l — d(A, B) (2.20)

as k — oo. Since T satisfies the proximal property, we have ||x — Tx|| = d(A, B). O

Theorem 2.6. Let ¢ : [0,00) — [0, 00) be a strictly increasing map. Also, let A and B be nonempty
closed and convex subsets of a reflexive and strictly convex Banach spaceand T : AUB — AUB
a cyclic @-contraction map. If (A — A) N (B — B) = {0}, then there exists a unique x € A such that
T?x = x and ||x — Tx|| = d(A, B).

Proof. 1f d(A, B) = 0, the result follows from [2, Theorem 1]. So, we assume that d(A, B) > 0.
Since A is closed and convex, it is weakly closed. By Theorem 2.3, there exists (x,y) € Ax B
with ||x — y|| = d(A, B). To show the uniqueness of (x,y), suppose that there exists another
(x',y") € A x Bwith ||x' - y'|| = d(A, B). Since (A - A) n (B - B) = {0}, we conclude that
x -y #x' —y'. Asboth A and B are convex, by the strict convexity of X, we have

!

x-y x-y
_— F — 2.21
7 + 7 H <d(A,B), ( )

x+x y+y'|
2 2 |

which is a contradiction. Since |Ty — Tx|| = ||Tx - Ty|| = ||x — y|| = d(A, B), we obtain, from
the uniqueness of (x, ), that (Ty, Tx) = (x,y). Hence Tx = y, Ty = x and T?x = x. O

Theorem 2.7. Let ¢ : [0,00) — [0, 00) be a strictly increasing map. Also, let A and B be nonempty
subsets of a reflexive and strictly convex Banach space X such that A is closed and convex and T :
AUB — AUB a cyclic ¢-contraction map. Then, there exists a unique x € A such that T?>x = x and
|lx — Tx|| = d(A, B) provided that one of the following conditions is satisfied

(a) T is weakly continuous on A.

(b) T satisfies the proximal property.

Proof. 1f d(A, B) = 0, the result follows from [2, Theorem 1]. So, we assume that d(A, B) > 0.
Since A is closed and convex, it is weakly closed. By Theorem 2.5 that there exists x € A with
lx — Tx|| = d(A, B). Thus, T?x = x. Indeed, if we assume that T?x — Tx # x — Tx. Then from
the convexity of A and the strict convexity of X, we have

sz—Tx_'_x—Tx
2 2

T?x + x

> -Tx

<d(A,B), (2.22)

which is a contradiction. The uniqueness of x follows as in the proof of [2, Theorem 8]. [
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