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We show the equivalence of the convergence of Picard and Krasnoselskij, Mann, and Ishikawa
iterations for the quasi-contraction mappings in convex metric spaces.

1. Introduction

Let (E, d) be a complete metric space and I = [0, 1]. Denote E? = ExE, I? = [ xI. A continuous
mapping W : E? x I> — E is said to be a convex structure on E [1] if for all u,zy,z, €
E, M, A elIwith A+, =1such that

d(u, W(z1,z2; M1, A2)) < lid(u, z1) + Xod(u, z2); (1.1)

W(Z1, Z2, 1,0) =z, W(Zl,Zz,‘ 0,1) = Zy. (12)

If (E, d) satisfies the conditions of convex structure, then (E, d) is called convex metric space
that is denoted as (E,d, W).

In the following part, we will consider a few iteration sequences in convex metric space
(E,d,W).Suppose that T is a self-map of E.

Picard iteration is as follows:

Vpo € E, pn=Tp,= T"+1p0, n>0. (1.3)
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Krasnoselskij iteration is as follows:

Yoy € E, vy1=W(v,, To,;1-4,1), n>0, (1.4)

where A € [0,1].
Mann iteration is as follows:

Yupo € E, up1 =W(u,, Tuy,;1-a,,a,), n>0, (1.5)

where a, € [0,1].
Ishikawa iteration is as follows:

Vxo € E,
Xpi1 = W (xn, Tyn; 1 = an,an), n20, (1.6)
Yn = W(xn/ Tx,;1-by, bn)/ n>0,

where a,, b, € [0,1] for all n > 0.
A mapping T : E — E is called contractive if there exists L € (0,1) such that

d(Tx,Ty) < Ld(x,y), (1.7)

forall x,y € E.
The map T is called Kannan mapping [2] if there exists b € (0,1/2) such that

d(Tx,Ty) <bld(x,Tx) +d(y,Ty)], (1.8)

forall x,y € E.
A similar definition of mapping is due to the work Chatterjea [3] (that is called
Chatterjea mapping), if there exists ¢ € (0,1/2) such that

d(Tx,Ty) <c[d(x,Ty) +d(y, Tx)], (1.9)

forall x,y € E.
Combining above three definitions, Zamfirescu [4] showed the following result.

Theorem 1.1. Let (E, d) be a complete metric space and T : E — E a mapping for which there exist
the real numbers a, b, and c satisfying a € (0,1), b,c € (0,1/2) such that, for any pair x,y € E,
at least one of the following conditions holds:

(z1) d(Tx,Ty) < ad(x,y);
(z2) d(Tx,Ty) <bld(x,Tx) +d(y,Ty)];
(z3) d(Tx,Ty) < cld(x,Ty) +d(y, Tx)].

Then T has a unique fixed point, and the Picard iteration converges to fixed point. This class mapping
is called Zamfirescu mapping.
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In 1974, Ciri¢ [5] introduced one of the most general contraction mappings and
obtained that the unique fixed point can be approximated by Picard iteration. This mapping
is called quasi-contractive if there exists 6 € (0, 1) such that

d(Tx,Ty) <6-max{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y, Tx)}, (1.10)

forany x,y € E.
Clearly, every quasi-contraction mapping is the most general of above mappings.
Later on, in 1992, Xu [6] proved that Ishikawa iteration can also be used to
approximate the fixed points of quasi-contraction mappings in real Banach spaces.

Theorem 1.2. Let C be any nonempty closed convex subset of a Banach space X and T : C — Ca
quasi-contraction mapping. Suppose that a, > 0 for all n and 3, a,, = oo. Then the Ishikawa iteration
sequence {x,} defined by (1)~(3) converges strongly to the unique fixed point x* of T.

In this paper, we will show the equivalence of the convergence of Picard and
Krasnoselskij, Mann, and Ishikawa iterations for the quasi-contraction mappings in convex
metric spaces.

Lemma 1.3. Let {p,};, be a nonnegative sequence which satisfies the following inequality

P < (1 - 6n),Dn +0n, n20, (1.11)
where 6, € (0,1), > On = 00, and 0,/6, — 0asn — oo. Then p, — 0asn — oo, (see [7]).

2. Results for Quasi-Contraction Mappings

Theorem 2.1. Let (E,d, W) be a convex metric space, T : E — E a quasi-contraction mapping
with F(T) #0. Suppose that {p,};.,, {Vn} ey are defined by the iterative processes (1.3) and (1.4),
respectively. Then, the following two assertions are equivalent:

(i) Picard iteration (1.3) converges strongly to the unique fixed point q € F(T);
(ii) Krasnoselskij iteration (1.4) converges strongly to the unique fixed point q € F(T).
Proof. First, we show (i) = (ii), thatis, d(pn,q) — 0asn — o = d(v,,q) — asn — oo.
From (1.3), (1.4), and (1.1), we can get
A(Vni1,pu1) = A(W (0n, Tog; 1= A4, 1), Tpa)
< (1-N)d(vy, Tpn) + Ad(Tvy,, Tp,)

< (1=-Nd(vn,pu) + (1= V)d(py, Tpa) + Ad(Tv,, Tpa) (21)

< (1-Nd(vy,pa) + %d(pn,q) +Ad(Tv,, Tpy).
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Next, we consider d(Tv,, Tp,). Using (1.10) with x = p,, vy = v, to obtain
d(Tvy, Tpy) < 6 - max{d(vn,pn), d(©n, TOn), d(Pn, Tpn), d(0n, Tpu), d(pn, Ton) ). (2.2)
Set
An= (0l VP VTP U T, 1 = diam{A). (23)
Then {A,} is bounded. Without loss of generality, we let y,, > 0 for each n. Indeed, we will

show this conclusion from the some following cases.

Case 1. Let y, = d(Tp;, Tv;) for some 0 < i,j < n. Then, from (1.10) and the above y,, we have

Yn = d(Tpi, Tv;)
<6 - max{d(pi, v;),d(vj, Tv;),d(pi, Tpi),d(v;, Tpi), d(pi, Toj) } (24)
< 6Yn < Yn,
and it leads to a contradiction. Thus, y, # d(Tp;, Tv;). Similarity to y, = d(Tp;, Tp;) or y, =
d(Tv;, Tv;) is also impossible.
Case 2. Lety, = d(p;,vj) forsome 0 <i,j <n.

(i) If j = 0, then y,, = d(pi, vo).
(ii) If j > 1, i=0, then, from (1.4) and (1.1)

Y = d(po, vj)
=d(po, W (vj-1, Tvj1;1 - 1, 1))
< (1-1)d(po,vj-1) + Ad(po, Tvj-1)
< (1-1)d(po,vj-1) + Ay,

(2.5)

that is, y, = d(po, vj-1). By induction on j, we can obtain y, = d(po, o).
(iii) If j > 1, i>1, from (1.4) and (1.1)

Yo = d(pi, vj)
=d(pi, W (vj1,Tvj-1;1 -1, 1))
< (1-XV)d(pi,vj1) + Ad(pi, Tvj1)
< (1= Vd(pi,vj-1) + Ay,

(2.6)

it implies that y,, = d(p;, vj-1). By induction on j, we can get y,, = d(p;, vo).
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Case 3. Let y, = d(v;, vj) for some 0 < i,j < n. Without loss of generality, weset 0 <i < j <n.
Then, from (1.4), (1.1)
Y = d(vi,v))
< d(‘()i, W(Uj,l,T’U]',l,' 1- )L, )L))
(2.7)
< (1 - )L)d(Ul‘, U]',l) + )wl(v,-, TU]‘,l)
< (1-X)d(vi,vj1) + Ay,

it implies that y,, = d(v;, vj-1), and by induction on j, we may get y,, = d(v;, v;) = 0, whichis a
contradiction.

Case 4. Lety, = d(v;, Tp;j) forsome 0 <i,j < n.

(i) Ifi = 0, then y,, = d(vo, Tp;j).
(ii) If i > 1, from (1.4), (1.1), then

Yo = d(vi, Tp;)
< d(W(vi1, Tvi;1- A, 4), Tpj)
< (1-MN)d(vi1, Tpj) + Ad(Tvi, Tp;)
< (1-1)d(vi1, Tp;)) (2.8)
+16 - max{d(vi-1,pj), d(vi, Tvinr), d(pj, Tp;), d(viet, Tp;), d(pj, Tvir) |
< (1-X)d(viz1, Tpj) + A6y
< (1-X)d(vi1, Tpj) + My,

it implies that y,, = d(v;-1, Tp;) and by induction on i, then y, = d(vo, Tp;).
Case 5. Let y, = d(p;, Tv;) for some 0 <i,j < n.

(i) If i = 0, then v, = d(po, Tv;).
(ii) If i > 1, then, from (1.3) and (1.10)

Yn = d(pi, Tv;)
< d(Tpi-1, Toy)
< A6 - max{d(pi-1,v;),d(pi1, Tpi1), d(vj, Tv;), d(piaa, Toj), d(0, Tp,; ) }
S -/\6Yn/

(2.9)

this is a contradiction.
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Case 6. let y, = d(v;, Tv;) for some 0 <i,j < n.
(i) If i = 0, then y,, = d(vo, Tvj).
(ii) If i > 1, then, from (1.4) and (1.10)
Yn = d(v;, Tv))
<d(W(vi1, Tvie;1 -4, 1), To))
< (1-1)d(vi1, Tvj) + Ad(Tvi1, To;)
(2.10)
< (1-1)d(vi1, To))
+16 - max{d(vi-1,v;),d(vie1, Tvi1),d (v, Tvj), d(viz1, Tv;),d(vj, Tvi) }
< (1-1)d(vi1, Tvj) + Abyn,

it implies that y, = d(vo, Tv;).
Case 7. Let y, = d(pi, pj) for some 0 <i,j < n.

(i) Ifi=0, j>0,theny,=d(po,p))
(ii) If i, j > 1, then, from (1.3), (1.10)

Yn = d(pip;)
< d(Tpi-1, Tpj-1)
<6- max{d(Pi—LP]‘—l), d(pi1, Tpi1), d(Pj—erPj—l)/d(Pi—lrij—l)rd<pj_1eri—l> }

< 6Yn/
(2.11)

it is a contradiction.
Case 8. let y, = d(p;, Tp;) for some 0 <i,j < n.

(i) If i = 0, then y,, = d(po, Tp;)-
(ii) If i > 1, then, from (1.3) and (1.10)

Yn = d(Pier]')
<d(Tpia, Tpj)
< 6 -max{d(pi,p;), d(pi-1, Tpi-1), d(p;, Tp;), d(pi-1, Tp;), d(pj, Tpi-1) }
< 6)’71/

(2.12)

which is a contradiction.
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Set

1n = max{max{d(p;,v9) : 0 <i < n},max{d(vo, Tp;) : 0<i<n},
max{d(vo, Tv;) : 0 <i<n},max{d(po,pi) : 0<i<n}, (2.13)
max{d(po, Tv;) : 0 <i < n},max{d(po, Tp;) : 0 <i < n}, M},

where M = max{d(po, vo), d(vo, Tpo), d(vo, Tvy), d(po, Tvo), d(po, Tpo) }-

In view of the above cases, then y,, = 77, and we obtain that {y,} is bounded.
Indeed, suppose that y,, = d(pi, vo) for some 0 < i < n. Then,

¥u = d(pi, v0)
< d(pi, Tvy) + d(Tvg, vg)
= d(Tpi-1, Tvg) + d(Tvg, vg)
< d(Tpi-1, Tvg) + d(Tvo, vo) (2.14)
< 6 -max{d(pi-1,v0),d(vo, Tvo), d(pi-1, Tpi-1), d(vo, Tpi-1), d(pi-1, Tvo) }
+ d(Tvo, vy)

S 6YT’I + d(TUOI UO)/

which implies that y, < (1/(1 - 6))d(Tvo, v). Similarly, if y,, = d(vo, Tp;) or y» = d(vo, Tv;),

we also obtain y, < (1/(1 - 6))d(Tvy, vo).

On the other hand, suppose that y,, = d(po, pi) for some 0 <i < n. Then,

Yn = d(po, pi)
<d(po, Tpo) +d(Tpo, Tpi-1)
< d(po, Tpo) (2.15)
+6 - max{d(po, pi-1),d(po, Tpo), d(pi-1, Tpi-1),d(po, Tpi-1), d(pi1, Tpo) |
<d(po, Tpo) + 6Yn,

which implies that y, < (1/(1 - 6))d(Tpo, po)- Similarly, if y,, = d(po, Tv;) or y, = d(po, Tpi),
we also obtain y, < (1/(1 — 6))d(Tpo, po). Therefore, from the above results, we obtain that
¥n < (1/(1 - 06))M, thatis, { A,} is bounded.

For each n € N, define

B, = {v}is, U {pi}iZn U {Tpi}izn UA{T;}isps R, = diam(B,,). (2.16)
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Then, using the same proof above, it can be shown that
R, = diam(B,) = max{sup{d(p;,v,) : i > n},sup{d(v,, Tp;) : i >n},
sup{d(pn, Tv;) : i > n},sup{d(v,, Tv;) : i > n}, (2.17)

sup{d(pn,pi) :i>n},sup{d(pn, Tp;) : i > n}}.

If R, = sup{d(pi,v,) : i 2 n}, and using (1.1) and (1.4), then
R, = supd(pi, vn)
i>n

sup d(pi, W (vp-1, Tou-1;1 - A, 1))

i>n

sup{(1 - V)d(pi,vn-1) + Ad(pi, TOn-1) }

i>n

IN

<sup{(1-A)Ru1 + Ad(Tpi-1, Tvp-1) )

i>n

<sup{(1- AR,y + A5

izn
-max{d(pi-1,vn-1),d(On-1, T0s-1), d(pic1, TPiz1), d(Vn-1, Tpia), A(Pi1, TUs1) })
< (1= V)R q +A6R, 4
=(1-A(1-06))Rp
<.
<(1-1(1-86))"Ro

—0

(2.18)

asn — oo. Since d(Tv,, Tp,) < Ry, hence d(Tv,, Tp,) — 0asn — oo. Similarly, if R,
sup{d(v,, Tpi) : i 2 n} or R, = sup{d(v,,Tv;) : i > n}, R, = sup{d(pn,Tvi) : i > n},R,
sup{d(v,, Tv;) : i > n},R, = sup{d(pn, pi) : i > n},R, = sup{d(p,, Tpi) : i > n}, we may
obtain the similar results. Therefore, from (2.1), we get

d(vn+1/ Pn+1) <(1- -)t)d(vn/ Pn) + On, (2.19)

where 0, = (1 - 1)/ (1 -06))d(pn, q) + Ad(Tv,, Tpy,).
In (2.19), set p, = d(vy, pn). Then (2.19) is as follows:

Pni1 < 1- )l)pn + 0y (2.20)

By Lemma 1.3, we have d(v,,p,) — 0asn — oo. From the inequality 0 < d(v,,q) <
A(vn, pn) + d(pn, q), we have lim,,_, .d(vy, g) = 0.

Conversely, we will prove that (ii) = (i). If A = 1, then v,.1 = W(v,,, Tv,;0,1) = To,
is Picard iteration. O



Fixed Point Theory and Applications 9

Theorem 2.2. Let (E,d, W), T, F(T) be as in Theorem 2.1. Suppose that {1, } ey, { Xn }peo are defined
by the iterative processes (1.5) and (1.6), respectively, and {ay },—o, {bn } g are real sequences in [0,1]
such that 3,7° a, = oo. Then, the following two assertions are equivalent:

(i) Mann iteration (1.5) converges strongly to the unique fixed point q € F(T);
(ii) Ishikawa iteration (1.6) converges strongly to the unique fixed point q € F(T).

Proof. If the Ishikawa iteration (1.6) converges strongly to g, then setting b,, = 0, for all n > 0,
in (1.6), we can get the convergence of Mann iteration (1.5). Conversely, we will show that
(i) = (ii). Letting lim,, _, ,od(un, g) = 0, we want to prove lim, _, . d(x,,q) = 0.

From (1.5) and (1.6),

d(xps1, Uns1)

=d(W (xn, TYn; 1 = an, an), W (uy, Tun; 1 — ay, ay))

< (- an)d(on, W (un, Tun; 1 = an, an)) + and(Tyn, W (un, Tun; 1 — an, an))

< (1= an)*d(xn, ttn) + @n(1 = an)d(xu, Tuty)
+ (1= ap)and(Tyn, uy) + ard(Tyn, Tuy)

< (1= an)?d(xn, ) + an(1 = an)d(xn, Un) + an(1 = @n)d(tn, Tity) (2.21)
+ (1 - an)and(Tyn, Tuy) + (1 - ay)and(Tu,, u,) + aid(Tyn,Tun)

= (1 - an)d(xp, un) + 20, (1 — an)d(uy, Tuy) + and(Tyy,, Tuy,)

< (1= an)d(xn, up) +2a,(1 - ay)d(un, q)
+2a,(1 - an)d(Tun, Tq) + and(Tyn, Tu,)

< (1-ay)d(xn, uy) + 2an11__—‘j5"d(un,q) + apd(Tyn, Tuy).

Using (1.10) with x = y,, vy = u,, to obtain

A(Tyn, Tu,) <6 -max{d(Yn, un), d(Wn, Tn), A(Yn, Tyn), d(Yn, Tun),d(u,, Ty,)},  (2.22)

set

Ann = {ui}ig U {yi}?:o U {xi}ito U {Tui}igU {Tyi}io U {Tx;}iso,
(2.23)
Ynn = diam(Apy).

Applying the similar proof methods of Theorem 2.1, we obtain that {A,,} is also
bounded. The other proof is the same as that of Theorem 2.1 and is here omitted. O
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