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We introduce a new iterative method for finding a common element of the set of solutions of a
generalized equilibrium problem with a relaxed monotone mapping and the set of common fixed
points of a countable family of nonexpansive mappings in a Hilbert space and then prove that
the sequence converges strongly to a common element of the two sets. Using this result, we prove
several new strong convergence theorems in fixed point problems, variational inequalities, and
equilibrium problems.

1. Introduction

Throughout this paper, let R denote the set of all real numbers, let N denote the set of all
positive integer numbers, let H be a real Hilbert space, and let C be a nonempty closed convex
subset of H. Let S: C — C be a mapping. We call S nonexpansive if

|Sx-Sy|| <||x-v|, Vx,yeC. (1.1)

The set of fixed points of S is denoted by Fix(S). We know that the set Fix(S) is closed and
convex. Let ® : C x C — R be a bifunction. The equilibrium problem for @ is to find z € C
such that

®(z,y) >0, VyeC. (1.2)



2 Fixed Point Theory and Applications

The set of all solutions of the equilibrium problem is denoted by EP(®), that is,
EP(®)={zeC:®(z,y) >0, Vy e C}. (1.3)

Some iterative methods have been proposed to find an element of EP(®) N Fix(S); see [1, 2].
A mapping A : C — H is called inverse-strongly monotone if there exists A > 0 such
that

(x -y, Ax - Ay) > | Ax - Ay||2, Vx,y € C. (1.4)

Such a mapping A is also called A-inverse-strongly monotone. It is known that each nonex-
pansive mapping is 1/2-inverse-strongly monotone and each x-strictly pseudocontraction is
(1 - x) /2-inverse-strongly monotone; see [3, 4]. If there exists u € C such that

(v-u,Au) >0, Vve(, (1.5)

then u is called a solution of the variational inequality. The set of all solutions of the
variational inequality is denoted by VI(C, A). It is known that VI(C, A) is closed and convex.
Recently Takahashi and Toyoda [5] introduced an iterative method for finding an element of
Fix(S)NVI(C, A); see also [6]. On the other hand, Plubtieng and Punpaeng [7] introduced an
iterative method for finding an element of Fix(S) N EP(®) N VI(C, A); see also [8].

Consider a general equilibrium problem:

Find z € C such that ®(z,y) + (Az,y-z) >0, VyeC. (1.6)

The set of all solutions of the equilibrium problem is denoted by EP, that is,
EP={zeC:D(z,y) +(Az,y-z) >0, Vy e C}. (1.7)

In the case of A =0, EP coincides with EP(®). In the case @ = 0, EP coincides with VI(C, A).
Recently, S. Takahashi and W. Takahashi [9] introduced an iterative method to find an element
of EP N Fix(S). More precisely, they introduced the following iterative scheme: u € C, x; € C,
and

DO(zn, ) + (Axp, Y — Zn) + An{Y — 20, 20 — x4) 20, Vy eC,
(1.8)
Xnt+1 = ﬂnxn + (1 _ﬂn)s[anu +(1-an)zn], mneN,

where {a,,} C [0,1], {B.} C [0,1], and {A,} C [0,21] are three control sequences. They proved
that {x,} converges strongly to z = Prix(s)nEpit.

A mapping T : C — H is said to be relaxed 7-a monotone if there exist a mapping
71 : CxC — H and a function « : H — R positively homogeneous of degree p, that is,
a(tz) =tPa(z) for all t > 0 and z € H such that

(Tx-Ty,n(x,y)) >a(x-y), VYx,yeC, (1.9)
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where p > 1 is a constant; see [10]. In the case of 77(x,y) = x —y forall x,y € C, T is said
to be relaxed a-monotone. In the case of 7(x,y) = x —y for all x,y € C and a(z) = k|z|?,
where p > 1 and k > 0, T is said to be p-monotone; see [11-13]. In fact, in this case, if p = 2,
then T is a k-strongly monotone mapping. Moreover, every monotone mapping is relaxed
77-a monotone with 7(x,y) = x —y forall x,y € Cand a = 0.

In this paper, we consider a new general equilibrium problem with a relaxed monotone

mapping:

Find z € C such that ®(z,y) + (Tz,1(y,z)) + (Az,y —z) >0, VYyeC. (1.10)
The set of all solutions of the equilibrium problem is denoted by GEP(®, T), that is,

GEP(®,T) = {ze€ C: ®(z,y) +(Tz,n(y,z)) + (Az,y —z) >0, Yy € C}. (1.11)
In the case of A =0, (1.10) is deduced to

Find z € C such that ®(z,y) +(Tz,1(y,z)) >0, VYyeC. (1.12)

The set of all solutions of (1.12) is denoted by EP(®, T), that is,
EP(®,T) = {z€ C:®(z,v) +(Tz,n(y,z)) >0, Vy € C}. (1.13)

In the case of T = 0, GEP(®, T) coincides with EP. In the case of T =0 and A =0, GEP(®, T)
coincides with EP(®d).

In this paper, we introduce a new iterative scheme for finding a common element of
the set of solutions of a general equilibrium problem with a relaxed monotone mapping and
the set of common fixed points of a countable family of nonexpansive mappings and then
obtain a strong convergence theorem. More precisely, we introduce the following iterative
scheme:

x1 € C chosen arbitrarily,

O(un, y) + (Tun, Ny, tn) ) + (Axy, y — uy) + %(y — U, Up—Xn) 20, Yy eC,

Yn = ApXy + Z(ai—l - ai)ﬁnsixn + (1 - LXn)(l - ﬂn)u”/
i=1 (1.14)
Cu={z€C:|lyn—2z| < llxu—zl},

n
D, =(\Cj,

j=1
Xpe1 = Pp,x1, n>1,

where T : C — H is a relaxed 7-a monotone mapping, A : C — H is a A-inverse-strongly
monotone mapping, and {S,},-; : C — C is a countable family of nonexpansive mappings
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such that F = (2, Fix(S,) NGEP(®,T) #0, ag = 1, and {a, }5q, {Pn} e, and {A,};2; are three
control sequences. We prove that {x,} defined by (1.14) converges strongly to x* = Prx;.
Using the main result in this paper, we also prove several new strong convergence theorems
for finding the elements of Fix(S)NEP, Fix(S)NEP(®), Fix(S)NEP(®, T'), and Fix(S)NVI(C, A),
respectively, where S : C — C is a nonexpansive mapping.

2. Preliminaries

Let A : C — H be a Minverse-strongly monotone mapping and let I denote the identity
mapping of H. For all x,y € C and k > 0, one has [6]

(I = kA)x = (I - kA)y|* < ||x - y||* + k(k - 2) || Ax - Ay]|>. (2.1)

Hence, if k € (0,21], then I — kA is a nonexpansive mapping of C into H.

For each point x € H, there exists a unique nearest point of C, denoted by Pcx, such
that ||x — Pcx|| < ||x —y|| for all y € C. Such a Pc is called the metric projection from H onto C.
The well-known Browder’s characterization of Pc ensures that Pc is a firmly nonexpansive
mapping from H onto C, that is,

| Pcx - Pey||” < (Pex - Pey,x - y), x,y € H. (2.2)
Further, we know that for any x € H and z € C, z = Pcx if and only if
(x-z,z-y)>0, VyeC (2.3)
Let S be a nonexpansive mapping of C into itself such that Fix(S) #@. Then we have
% € Fix(S) & ||ISx - x||* <2(x - Sx,x -x), VxeC, (2.4)
which is obtained directly from the following:

x = %|* > [|Sx - SX|I* = [|Sx - Z||* = [|Sx — x + (x = %)||’
(2.5)
= ||Sx — x|]* + ||x - X||* + 2(Sx — x, x — X).

This inequality is a very useful characterization of Fix(S). Observe what is more that it
immediately yields that Fix(S) is a convex closed set.
Let @ be a bifunction of C x C into R satisfying the following conditions:
(A1) (x,x) =0forall x € C;
(A2) @ is monotone, that is, ®(x,y) + D(y,x) <O forall x,y € C;
(A3) for each x,y,z € C, lim; gD (tz + (1 - t)x,y) < D(x,y);

(A4) for each x € C, y — ®(x, y) is convex and lower semicontinuous.



Fixed Point Theory and Applications 5

Definition 2.1 (see [10]). Let E be a Banach space with the dual space E* and let K be a
nonempty subset of E. Let T : K — E*and 7 : K x K — E be two mappings. The
mapping T : K — E* is said to be 7-hemicontinuous if, for any fixed x,y € K, the function
f:10,1] — (-0, 0) defined by f(t) = (T((1 - t)x + ty), n(x,y)) is continuous at 0*.

Lemma 2.2. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let T :
C — H be an n-hemicontinuous and relaxed n- a monotone mapping. Let @ be a bifunction from
C x C to R satisfying (A1) and (A4). Let r > 0 and z € C. Assume that

(i) n(x,x) =0 forall x € C;

(ii) for any fixed u,v € C, the mapping x — (Tv,n(x,u)) is convex.

Then the following problems (2.6) and (2.7) are equivalent:

Find x € C such that ®(x,y) + (Tx,n(y,x)) + %(y -x,x-2)>0, YyeC; (2.6)

1
Find x € C such that ®(x,y) + (Ty,n(y, x)) + ;(y -x,x-z)>a(y-x), VyeC. (27)
Proof. Let x € C be a solution of the problem (2.6). Since T is relaxed #-a monotone, we have

(x,y) + (Ty,n(y,%)) + 1 (y %1 - 2)

1 2.8
> ®(x,y) +aly - x) + Ly - x,x - 2) + (Tx,0(y, %)) 28)
>a(y-x), VyeC.
Thus x € C is a solution of the problem (2.7).
Conversely, let x € C be a solution of the problem (2.7). Letting
yi=1-tHx+ty, Vte(0,1), (2.9)
then y; € C. Since x € C is a solution of the problem (2.7), it follows that
1
D(x,ye) + Ty, (e, %)) + ~(ye = x,x = 2) 2 ays - x) = Fa(y - x). (210)

The conditions (i), (ii), (Al), and (A4) imply that

(Tye,n(ye,x)) < (1= (Tye, n(x, %)) + Ty, 1(y, x))
=T (x+t(y - x)),n(y,x)), (211)
O(x,y1) < (1-HD(x, x) +1D(x,y) = tO(x,y).
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It follows from (2.10)-(2.11) that
D(x,y) +(T(x+t(y —x)),n(y,x)) + %(y —x,x-z)2ta(y-x), YyeC (212
Since T is #-hemicontinuous and p > 1, letting t — 01in (2.12), we get
O(x,y) +(Tx,n(y,x)) + %(y—x,x—z) >0 (2.13)

for all y € C. Therefore, x € C is also a solution of the problem (2.6). This completes the
proof. O

Definition 2.3 (see [14]). Let E be a Banach space with the dual space E* and let K be a
nonempty subset of E. A mapping F : K — 2F is called a KKM mapping if, for any
{x1,...,x,} CK,c0O{x1,...,x,} CUL; F(xi), where 2F denotes the family of all the nonempty
subsets of E.

Lemma 2.4 (see [14]). Let M be a nonempty subset of a Hausdorff topological vector space X and
let F: M — 2X be a KKM mapping. If F(x) is closed in X for all x € X in K and compact for some
x € K, then (Nyep F(x) #0.

Next we use the concept of KKM mapping to prove two basic lemmas for our main
result. The idea of the proof of the next lemma is contained in the paper of Fang and Huang
[10].

Lemma 2.5. Let H be a real Hilbert space and C be a nonempty bounded closed convex subset of
H.Let T : C — H be an n-hemicontinuous and relaxed 1n-a monotone mapping, and let @ be a
bifunction from C x C to R satisfying (A1) and (A4). Let r > 0. Assume that

(i) n(x,y) +n(y,x) =0forall x,y € C;

(ii) for any fixed w,v € C, the mapping x — (Tv,n(x,u)) is convex and lower
semicontinuous;

(iii) a : H — R is weakly lower semicontinuous; that is, for any net {xp}, xp converges to x in
o(H, H) which implies that a(x) < liminf a(xp).

Then problem (2.6) is solvable.

Proof. Let z € C. Define two set-valued mappings F,,G. : C — 2H as follows:

F.(y) = {x eC:0(x,y) +(Tx,n(y,x)) + %(y—x,x—z) > 0}, Vy eC,
(2.14)

G:(y) = {x €C:0(x,y) +(Ty,n(y,x)) + %(y—x,x—z} > zx(y—x)}, Vy eC.



Fixed Point Theory and Applications 7

We claim that F. is a KKM mapping. If F, is not a KKM mapping, then there exist
{y1,...,yn} CCandt; >0,i=1,...,n, such that

Sti=1,  y=>tyi¢|JF:-(vi). (2.15)
i i=1 i=1
By the definition of F, we have

1 .
Oy, yi) + Ty, (v y)) + (yi-y,y-2z) <0, Vi=1l...n. (2.16)

It follows from (A1), (A4), and (ii) that
0=0(y,y)

(o) (ma(09)
i=1 i=1

< 20y i) + LTy v y) (217)

1
< 2ty -viy-z)

which is a contradiction. This implies that F is a KKM mapping.
Now, we prove that

F.(y) cG:(y), VyeC (2.18)

For any given y € C, taking x € F.(y), then
1
O(x,y) +(Tx,n(y,x)) +;(y—x,x—z> >0. (2.19)
Since T is relaxed 77-a& monotone, we have

®(x,y) + (Ty,n(y, ) + 1 {y - xx =)

>O(x,y) +(Tx,n(y,x)) +a(y —x) + %(V —x,x - 2) (2.20)

>a(y - x).
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It follows that x € G.(y) and so
F.(y) cG:(y), VyeC (2.21)

This implies that G is also a KKM mapping. Now, since x — (Ty, 1(x, y)) is a convex lower-
semicontinuous function, we know that it is weakly lower semicontinuous. Thus from the
definition of G, and the weak lower semicontinuity of «, it follows that G (y) is weakly closed
for all y € C. Since C is bounded closed and convex, we know that C is weakly compact, and
so G;(y) is weakly compact in C for each y € C. It follows from Lemmas 2.2 and 2.4 that

(F:(y) = (G:(v) #90. (2.22)

yeC yeC
Hence there exists x € C such that

O(x,y) +(Tx,n(y,x)) + %(y -x,x-z)>0, VYyeC. (2.23)

This completes the proof. O

Lemma 2.6. Let H be a real Hilbert space and let C be a nonempty bounded closed convex subset of H.
LetT : C — H bean n-hemicontinuous and relaxed 1-a monotone mapping and let ® be a bifunction
from C x C to R satisfying (A1), (A2), and (A4). Let r > 0 and define a mapping T, : H — C as
follows:

T,(x) = {z €eC:D(z,y)+(Tz,n(y,z)) + %(y—z,z—x) >0, Vy € C} (2.24)

forall x € H. Assume that

(i) n(x,y) +n(y,x) =0, forall x,y € C;
(ii) for any fixed u,v € C, the mapping x — (Tv,n(x,u)) is convex and lower semicontinuous
and the mapping x — (Tu,n(v, x)) is lower semicontinuous;

(iii) @ : H — R is weakly lower semicontinuous;
(iv) forany x,y € C, a(x - y) + a(y — x) > 0.
Then, the following holds:
(1) T, is single-valued;
(2) T, is a firmly nonexpansive mapping, that is, for all x,y € H,

|| T - Try”2 <(T,x-T,y,x-y); (2.25)

(3) F(T;) = EP(D,T);
(4) EP(®,T) is closed and convex.
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Proof. The fact that T, is nonempty is exactly the thesis of the previous lemma. We claim that
T, is single-valued. Indeed, for x € H and r > 0, let z1, z, € T,x. Then,

1
®(z1,22) + (Tz1,1(22,21) ) + ;(Zz -z1,z21-x) 20,

! (2.26)
D(z2,21) + (Tz2,7(21,22) ) + ;(zl - 2zp,25 —x) > 0.
Adding the two inequalities, from (i) we have
1
D(21,22) + D(22, 21) + (Tz1 — Tz2, (22, 21)) + —(z1-22,2-21) 20. (2.27)
From (A2), we have
1
(Tz1 - Tz, 1(22,21)) + ;(Zl -2z2,22-21) 20, (2.28)
that is,
1
;(zl - 25,20 —z1) > (Tzp — Tz1,1(22, 21) ). (2.29)
Since T is relaxed 77-a monotone and r > 0, one has
(z1— 22,20 — z1) > ra(zy — z1). (2.30)
In (2.29) exchanging the position of z; and z,, we get
1
;(Zz —z1,z1 - 22) 2 (Tz1 - Tzp,1(21,22)) > a(z1 — 22), (2.31)
that is,
(z1— 22,20 — z1) > ra(z1 — zp). (2.32)
Now, adding the inequalities (2.30) and (2.32), by using (iv) we have
2||z1 = 2o||* = 2(z1 — 22,20 — 21) > 0. (2.33)

Hence, z1 = z5.
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Next we show that T, is firmly nonexpansive. Indeed, for x, y € H, we have

O(T,x, T,y) + (TT,x,n(T,y, T;x)) + %(Try -Tx,Trx —x) >0,

O(T,y, T,x) + (TT,y,n(Trx, T,y) ) + %(Trx -T.y,T,y-y) >0. -
Adding the two inequalities and by (i) and (A2), we get
(TT,x - TT,y,n(T,y, T;x)) + %(Try ~T,x,T,x =T,y —x+y) >0, (2.35)
that is,
%(T,y -Tx,Trx-T,y-x+y) > (TT,y - TT,x,n(T,y, T;x)) (236)
> a(T,y - Tyx).
In (2.36) exchanging the position of T,x and T, y, we get
%(Trx -Ty, Ty -T,x-y+x)>a(T.x-Ty). (2.37)
Adding the inequalities (2.36) and (2.37), we have
2T x-Ty, Ty -Tx—y+x) >r(a(Tx - T,y) + a(T,y — Trx)). (2.38)
It follows from (iv) that
(Tix-T,y,T,y-Trx -y +x) >0, (2.39)
that is,
ITox - Toy|)* < (Tox - Ty, x - y). (2.40)

This shows that T, is firmly nonexpansive.
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Next, we claim that F(T,) = EP(®, T). Indeed, we have the following;:
ue F(T,) = u=T,u

= O(u,y) +(Tu,n(y,u)) + 1(y—u,u— u)>0, VYyeC
r (2.41)

= O(u,y)+(Tu,n(y,u)) >0, VyeC

& u € EP(®,T).

Finally, we prove that EP(®,T) is closed and convex. Indeed, Since every firm
nonexpansive mapping is nonexpansive, we see that T, is nonexpansive from (2). On the
other hand, since the set of fixed points of every nonexpansive mapping is closed and
convex, we have that EP(®,T) is closed and convex from (2) and (3). This completes
the proof. O

3. Main Results
In this section, we prove a strong convergence theorem which is our main result.

Theorem 3.1. Let C be a nonempty bounded closed convex subset of a real Hilbert space H and
let ® : CxC — R bea bifunction satisfying (A1), (A2), (A3), and (A4). Let T : C — H be
an n-hemicontinuous and relaxed 1-a monotone mapping, let A : C — H be a A-inverse-strongly
monotone mapping, and let {S,};eq : C — C be a countable family of nonexpansive mappings
such that F = (- Fix(S,) N GEP(®,T) #0. Assume that the conditions (i)—(iv) of Lemma 2.6 are
satisfied. Let ag = 1 and assume that {a,},.1 C (0,1) is a strictly decreasing sequence. Assume that
{Bn}eq1 C (c,d) with some ¢, d € (0,1) and {A,},;2; C [a,b] with some a,b € (0,21). Then, for any
x1 € C, the sequence {x,} generated by (1.14) converges strongly to x* = Prx1. In particular, if C
contains the origin 0, taking x, = 0, then the sequence {x, } generated by (1.14) converges strongly to
the minimum norm element in F.

Proof. We split the proof into following steps.

Step 1. F is closed and convex, the sequence {x,} generated by (1.14) is well defined, and
FcD,foralln>1.

First, we prove that F is closed and convex. It suffices to prove that GEP(®, T') is closed
and convex. Indeed, it is easy to prove the conclusion by the following fact:

1
Vp € GEP(®,T) < ®(p,y) + (Tp,n(y,p)) + J\—<y -p,lAp) >0, VyeC

1
= 0(p,y) +(Tp,n(y,p)) + yn<y—P,P— (p-AnAp)) 20, YyeC

S p=T,,I-1A)p.
(3.1)
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This implies that GEP(®,T) = Fix[Ty,(I — A,A)]. Noting that T), (I — 1,A) is a nonexpansive
mapping for 1, < 21 and the set of fixed points of a nonexpansive mapping is closed and
convex, we have that GEP(®, T) is closed and convex.

Next we prove that the sequence {x,} generated by (1.14) is well defined and F ¢ D,,
for all n > 1. It is easy to see that C,, is closed and convex for all n € N from the construction
of C,. Hence, D,, is closed and convex for all n € N. For any p € F, since u,, = T}, (X, — AnAXy)
and I — 1, A is nonexpansive, we have (note that {a,} is strictly decreasing)

lyn —pll =

(5 =) + 3t = ) (S~ ) + (L= ) (1= i) (0 = ) H
i=1

n

< anloen = pll + 2 (@i = a)Bul| Sizcn = pll + (1 = ) (1= ) [lun = p|

i=1

< ay|xn = pll + D (@i — @)l %0 p|
i=1
(3.2)
+ (1= ) (1= B) | Ta, (0 = AnAxy) = T, (p = LnAp) ||

< an | = pl| + (1= @n) Bl = |

+ (1= an) (1= fn) || on = LnAx) = (p = L Ap) |
< dty|xn = p| + (1= @) Bu|xn = pl| + (1 = @) (1= fun) |20 = |
= [l - pI-

So, F c C, for alln € N. Hence F C ﬂ;?:l C;, thatis, F C D, for all n € N. Since D, is closed,
convex, and nonempty, the sequence {x,} is well defined.

Step 2. limy,_ || Xns1 — Xn|| = 0 and there exists x* € C such that x, — x*asn — oo.
From the definition of D,,, we see that D,,,; C D,, for all n € N and hence

Xpi2 = Pp x1 € Dy C Dy, (3.3)

n+1
Noting that x,.1 = Pp,x1, we get
llxni1 = 21l < |xns2 = x1]] (3.4)

for all n > 1. This shows that {||x, — x1]|} is increasing. Since C is bounded, {||x,, — x1]|} is
bounded. So, we have that lim,, _, .. ||x, — x1|| exists.
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Noting that x,.1 = Pp,x1 and x,,.1 = Pp,,x1 € Dy, C Dy, for all m > n, we have
(Xp+1 = X1, Xma1 — Xne1) 2 0. (3.5)
It follows from (3.5) that

||xm+1 - xn+1”2
= [|%ms1 = X1 = (Xps1 — x1)|°

= |%ms1 = X1 |* + 1 Xns1 = X1 P = 2(2Xms1 — X1, X1 — X1)

3.6
. . (3.6)
= |xme1 = 217 + (1001 = X1 [I7 = 2{Xns1 = X1, Xms1 = Xng1 + Xpg1 — X1)
= {21 = 21 |* = |Xns1 = 21]* = 22 e1 = X1, Xms1 = Xna1)
2 2
< Jxmer = 217 = f|2na1 — 21|
By taking m = n +11in (3.6), we get
2
15742 = Xna1ll < [[2ns2 = x1||2 = |lxns1 = 21" (3.7)
Since the limits of ||x, — x1|| exists we get
lim [|xp42 — X441 = 0, (3.8)
n— oo
that is, x,,11 —x, — 0asn — oo. Moreover, from (3.6) we also have
im ||x;41 — Xp41]| = 0. (3.9)
mmn— oo
This shows that {x,} is a Cauchy sequence. Hence, there exists x* € C such that
x, —x*€C, asn— co. (3.10)
Step 3. limy, o ||xy — uu|| = 0.
Since x,41 € C, and x, — x,,1 — O0asn — oo, we have
lyn = xni]| < llxn = Xpsa| — 0 as n — oo, (3.11)

and hence

”yn - xn” < ”yn - xn+1” + ”xn - xn+1|| —0 asn-— co. (312)
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Note that u, can be rewritten as u, = Ty, (x, — \,Ax,) for all n > 1. Take p € F. Since
p = Ty, (p — \uAp), A is A-inverse-strongly monotone, and 0 < A, < 21, we know that, for all
neN,
s = pII” = ITs, (2~ 1nAxa) = T, (p ~ AuAp) |

< [l2n = 1nAxa = p = Ln Ap||*

= [|(xa = p) = Aa(Axs = Ap)

= [|2n = p|I” = 240 (0 — p, Ax,, — Ap) + \2|| Ax,, — Ap)||° (3.13)

< [lxen = pII” = 22A[[ Axw = Ap||* + 47| Ax, — Ap]|”

= [l = pII* + L = 20) | Ax, — Ap]|®

< [lxn = pI"

Using (1.14) and (3.13), we have (note that {a,} is strictly decreasing)

2

2
lyn-pl" =

an (xy —P) + Z(“l’—l - “i)ﬂn(sixn —P) +(1-a,)(1 _ﬂn)(un —P)
i=1

<l = pI* + X (@1 = @)l Sioen = pII” + (1= @) (1= Bu) [n = pII”

i=1

- ) (3.14)

<anllxn—p||”+ D (@i — @) ]| xn —p|

i=1
+ (1= an) (1= Bu) ([|n = pII* + Al = 20)[| A, - Ap]|*)

= [lxn = pII* + (1 = @) (1= ) A (A = 21)[| Az - Ap|[%,

and hence
(1-a,)(1-d)a@\ -b)||Ax, - Ap||> < (1 = ) (1 = B) La(2A = 1) || Ax, — Ap]|?
<l =pl” = llyn -l (3.15)

< lxn = yull (llxn = Pl + [lya = pID)-
Since {x,} and {y,} are both bounded, a, — 0, and x, -y, — 0, we have

Ax,—Ap —0 asn— co. (3.16)
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Using Lemma 2.6, we get

lltn = || = || Ta, (tn = AnAx) = To, (0 = Lu Ap) [P
< <xn - .)LnAxn - (p - -)LnAp)run - P>

1
= 5 (s = 1Az = (p = u AP+ 1w~ p||”

_”xn - )‘nAxn - (P - )‘TLAP) - (un - p) ”2) (317)
1
<5 (=l + llun = pII* = 1 = e = A (A = Ap)|)
1
= 5 (llza =PI+ Nl = pI1* = Il = 10l

24, (% = 1y, Axy = Ap) = A3 [| Ax, - Ap|1®).
So, we have
1t =PI < 1% =PI = 110 = 4al? + 200 (X — 11, Aty — Ap) — 12| Axy — Ap’. (318
From (3.18), we have

2
lya —pll

2

1

a, (x, — P) + (a1 — ai),ﬁn(sixn - P) +(1-a,)(1- ,Bn)(un - P)
=1

< gl =l + X (@t = @)l =l + (L= ) (1= ) o = pII
i=1
< aty ||t = p||I* + (1= )l = p|I* + (1 = ) (1= )
x (”x” - p”2 - ”x‘rl - un”2 + 2~’ln<xn = Up, AXy — AP) - )»fl”Axn - Ap||2>

< ”Xn - p”2 -(1-ay) (1 - ﬁn)”xn - un”2 +2(1- an)(l - ﬁn))ln<xn = Up, AXy = AP>/
(3.19)

and hence

(1= d) (1 = an)llxn — wall* < (1= Bn) (1 — @) |30 — |

< [loen = yall| Clloen = I + |l =PI (3.20)
+2(1- lxn)(l - ﬁn))tnnxn = Un|| ”Axn - AP”
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By using ||x, — y»|| — 0and (3.16), we have

|%n — un|| — 0 as n— oo. (3.21)

Step 4. limy,_, o ||xy — Sixyl| =0, foralli =0,1,....
It follows from the definition of scheme (1.14) that

Ynt En:(“i—l = ;) Pn(xn = Sixn) = (1 = an)fnxn = anx, + (1 - an)(l - ﬁn)un/ (3.22)
i=1

that is,

znl(ai—l - “i)ﬂn(xn - Sixn) =Xn—Yn—Xn + XXy + (1 - fxn)ﬂnxn + (1 - an) (]— - ﬁn)un
i=1
=Xp—Yn+t (1_“n)(ﬂn_1)xn+ (1_“71)(1 _ﬁn)un (323)
=Xp—Yn+t (1- “n)(l _,Bn)(un - Xp).
Hence, for any p € F, one has
> (@1 = i) fu(xn = Sixtn, Xn = p) = (1= @) (1 = Bp) (thn = X, X = p) + (X0 = Y, Xn = ).
i=1
(3.24)

Since each S; is nonexpansive, by (2.4) we have
1Six, — xul* < 2(xy = Sixn, Xn — p). (3.25)

Hence, combining this inequality with (3.24), we get
1 n
EZ(“H — ;) BullSixn — xall* < (1= ) (1 = B) (thn — X, X = P) + (X — Y, Xu — p), (3.26)
i=1

that is (noting that {a,} is strictly decreasing),

2(1-ay)(1-pBn) 2
(lxi_l — (Xi)ﬁn (un —Xn, Xn — p> + m<xn —Yn, Xn — p>

||Sixn - xn“2 <

( (1o p) (3.27)
2(1 —ay)(1 -y 2
< (@ —a)py l[stn = xull]| 0 = | +mllxn—ynllllxn—pll-

Since ||u, — x,|| — 0and ||x, — y,|| — 0, we have

lim ||Six, —x4]| =0, Vi=1,2,.... (3.28)
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Step 5. X, — X" = prl.

First we prove x* € (2, Fix(S;). Indeed, since x, — x* and S;x, — x, — 0, we have
x* € Fix(S;) foreachi=1,2,.... Hence, x* € N, Fix(S).

Next, we show that x* € GEP(®, T'). Noting that u, = Ty, (x, — A, Ax,), one obtains

O(un, y) + (Tun, Ny, Un) ) + (Axy, y — up) + %(y —Up, Uy —X,) 20, YyeC. (3.29)

Putu; =ty + (1-t)x* forallt € (0,1) and y € C. Then, we have u; € C. So, from (A2), (i), and
(3.29) we have

+ q)(ut/ un) + <Tun, T’Z(Mn, ut)>
= <ut ~ Un, Aut - Au"> + <ut — Upn, Aun - Axn> - <ut — Uy,

+ O (1, Un) + (T, 7 (Un, 1r) ).

Since x, — u, — 0, we have ||Au, — Ax,|| — 0. Further, from monotonicity of A, we have
(ur — uy, Auy — Auy,) > 0. So, from (A4), (ii), and 7-hemicontinuity of T we have

(up — x*, Aug) > D (g, x*) + (Tx*, 1(x*, uy)). (3.31)
From (A1), (A4), (ii), and (3.31) we also have

0 = @(up, uy) + (Tx*, m(ug, ur) )

< HO(us, y) + (Tx", (v, w))]
+ (1= 1) [Duy, x*) +(Tx*, n(x*, uy) )] (3.32)

<t®(ur, y) + (Tx*, n(y, u) )] + (1 - 1) (ue — x*, Auy)
=t[@(u, y) +(Tx*, n(y, u)] + (1 - Ht{y — x*, Auy),

and hence
0<O(up,y) +(Tx*, n(y, ) + (1 -t){y — x*, Auy). (3.33)
Letting t — 0, from (A3) and (ii) we have, for each y € C,
0<O(x*,y) + (Tx*,n(y, x*) + (y — x*, Ax*). (3.34)

This implies that x* € GEP(®, T). Hence, we get x* € F = 2, Fix(S,) N GEP(®,T).
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Finally, we show that x* = Prx. Indeed, from x,.; = Pp,x and F C D,,, we have

(x —Xp41,Xp41—0) 20, YveF. (3.35)

Taking the limit in (3.35) and noting that x, — x*asn — oo, we get

(x=x",x*-v)>0, VveF (3.36)

In view of (2.3), one sees that x* = Prx. This completes the proof. O

Corollary 3.2. Let C be a nonempty bounded closed convex subset of a Hilbert space H and let
@ : CxC — R bea bifunction satisfying (A1), (A2), (A3), and (A4). Let T : C — H be an -
hemicontinuous and relaxed n-a monotone mapping and let S : C — C be a nonexpansive mapping
such that Fix(S) N EP(®D,T) #0. Assume that the conditions (i)—(iv) of Lemma 2.6 are satisfied.
Assume that {a,},;2; C (0,1) with limsup, | _a, <1, {B.};2; C (c,d) with some c,d € (0,1)
and {A, }52; C (a,00) with a € (0,00). Let x1 € C and let {x,} be generated by

O (un, y) + (Tun, n(y, un)) + %(y —Up, Un—Xn) 20, YyeC,

Yn = anXp + (1= an) PuSxn + (1 - an) (1 - ﬁ")u"’
Co={z€C:|lyn—z| < llxn—zll}, (3.37)

D,=(Cj

n
=1

Xps1 = Pp,x1, n>1.

Then the sequence {x,} converges strongly to x* = Prixs)nep@,r)X1. In particular, if C contains
the origin 0, taking x1 = 0, the sequence {x,} converges strongly to the minimum norm element in
Fix(S) NEP(®,T).

Proof. In Theorem 3.1, put A=0,51=---=5, =--- = S. Then, we have

Yn = ApXy + i(“i—l - “i)ﬂnsixn + (1 - “n) (1 - ﬂn)un

i=1
= ayXp + (1= ) BuSxn + (1= ) (1 = B U, (3.38)

2(1—0(”)(1 —ﬂn) 2
”an_xn”2 < (1 - ) ”un_xn“”xn_p” +m”xn_yn””xn_p”'

On the other hand, for all A € (0, o0), we have that

(x-y, Ax - Ay) > /\||Ax—Ay||2, Vx,y € C. (3.39)
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So, taking a,b € (0,00) with 0 < a < b < oo and choosing a sequence {1,} of real numbers
with a < A, < b, we obtain the desired result by Theorem 3.1. O

Corollary 3.3. Let C be a nonempty bounded closed convex subset of a Hilbert space H and let
@ : CxC — R be a bifunction satisfying (A1), (A2), (A3), and (A4). Let T : C — H be a
monotone mapping and let S : C — C be a nonexpansive mapping such that Fix(S) N EP(®, T) # 0.
Assume that {a,};~; C (0,1) with limsup, | a, <1, {Bn};-; C (c,d) with some c,d € (0,1) and
{Aa}ozs C (a,00) with a € (0,00). Let x1 € C and let {x,} be generated by

O(un, y) + (Tthn, y — ty) + %(y —Up, Uy —Xxn) 20, YyeC,

Yn = Xy + (1= an)fpSxn + (1 — ) (1 = B) y,
Co={z€C:|lyn—z| <llxn—2zll}, (3.40)

n
D, =(\Cj,
=1

Xpi1 =Pp,x, n>1

Then the sequence {x,} converges strongly to x* = Prixs)nep@,r)X1. In particular, if C contains
the origin 0, taking x1 = 0, the sequence {x,} converges strongly to the minimum norm element in
Fix(S) N EP(®, T).

Proof. In Corollary 3.2, puta = 0 and 7(x,y) = x -y forallx,y € C. ThenT : C — Hisa
monotone mapping and we obtain the desired result by Theorem 3.1. O

Corollary 3.4. Let C be a closed convex subset of a Hilbert space H and let @ : C x C — R
be a bifunction satisfying (A1), (A2), (A3), and (A4). Let A : C — H be a \-inverse-strongly
monotone mapping and let S : C — C be a nonexpansive mapping such that Fix(S) N EP #0.
Assume that {a,};2, C (0,1) with limsup, ,_a, <1, {Ba};2; C (¢, d) with some c,d € (0,1) and

n=1

{An}oeq C (a,b) with 0 < a,b < 2\. Let x1 € C and let {x,} be generated by

O(up, y) + (Atty, y — un) + %(y U, Up—Xy) 20, VyeC,

Yn = OyXy + (1- “n)ﬂnsxn +(1-an) (1 - ﬁ")u"’
Co={z€C:|lyn—2z| <llxn-2ll}, (3.41)
D, =(\Cj,
j=1

Xp1=Ppx, n>1.

n

Then the sequence {x,} converges strongly to x* = Priy(s)nepX1. In particular, if C contains the origin
0, taking x1 = O, the sequence {x, } converges strongly to the minimum norm element in Fix(S) NEP.
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Proof. In Theorem 3.1, put T =0, =0,a=0,and S; = --- = S, = --- = S. We obtain the
desired result by Theorem 3.1. O

Corollary 3.5. Let C be a closed convex subset of a Hilbert space H and let ® : C x C — R bea
bifunction satisfying (A1), (A2), (A3), and (A4). Let S : C — C be a nonexpansive mapping such
that Fix(S) N EP(®) # 0. Assume that {a,};~; C (0,1) with limsup, , a, <1, {f.};2; C (c,d)
with some c,d € (0,1), and {A,};-; C (a,00) with 0 < a < co. Let x1 € C and let {x,} be generated
by

O(un, y) + %(y— U, U —Xn) >0, Yy eC,

Yn = anXy + (1 —ay)fuSxy, + (1 - an)(l - ﬁ")u"’

Co=1{z€C:|lyn—z| < llxu—zll}, (3.42)

Dn = C]/

n
j=1

Xpn+1 = Pp,x, n2>1.

Then the sequence {x,} converges strongly to x* = Prixs)nep@)X1. In particular, if C contains the
origin 0, taking x1 = 0, the sequence {x,} converges strongly to the minimum norm element in
Fix(5) N EP(D).

Proof. In Corollary 3.4, by putting A = 0 we obtain the desired result. O

Corollary 3.6. Let C be a closed convex subset of a Hilbert space H and let A : C — H be a )-
inverse-strongly monotone mapping. Let S : C — C be a nonexpansive mapping such that Fix(S) N
VI(C, A) #0. Assume that {a,};2; C (0,1) with limsup, _ _a, < 1, {B.};2; C (c,d) with some
¢, de€(0,1), and {A,};2; C (a,b) with 0 < a,b < 2\. Let x1 € C and let {x,} be generated by

u, = Pc(x, — L\, Axy),
Yn = OpXy + (1 - an)ﬂnsxn + (1 - “n)(l - ﬂn)un/

Co={z€C:|lyn—z| <llxn—2zl}, (3.43)

D,=(Cj

n
j=1
Xn1 =Pp,x, n>1
Then the sequence {x,} converges strongly to x* = Prixs)nvi(c,a)X1. In particular, if C contains the

origin 0, taking x; = 0, the sequence {x,} converges strongly to the minimum norm element in
Fix(S) N VI(C, A).
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Proof. In Theorem 3.1, put®=0,T=0,7=0,a=0,and S; =--- =S, = --- = S. Then, we
have

u, = Pe(x, — \yAxy), VYx>1. (3.44)
Then, we obtain the desired result by Theorem 3.1. O

Remark 3.7. The novelty of this paper lies in the following aspects.

(i) A new general equilibrium problem with a relaxed monotone mapping is
considered.

(ii) The definition of D, is of independent interest.
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