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Let X be a real reflexive Banach space, let C be a closed convex subset of X, and let A
be an m-accretive operator with a zero. Consider the iterative method that generates the
sequence {x,} by the algorithm x,1 = a, f (x,,) + (1 — )], X4, Where a, and y, are two
sequences satisfying certain conditions, J, denotes the resolvent (I +rA)~" for r >0, and
let f:C — C be a fixed contractive mapping. The strong convergence of the algorithm
{x,} is proved assuming that X has a weakly continuous duality map.
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1. Introduction

Let X be a real Banach space, let C be a nonempty closed convex subset of X, and let
T : C — C be a nonexpansive mapping if for all x, y € C, such that

[Tx—Tyll <llx- yll. (1.1)

We use F(T) to denote the set of fixed points of T, that is, F(T) = {x € C:x = Tx}. And
— denotes weak convergence, — denotes strong convergence. Recall that a self-mapping
f:C— Cisa contraction on C if there exists a constant 5 € (0, 1) such that

Ifx) = fWIl <Blx=yll, xyeC (1.2)

Browder [2] considered an iteration in a Hilbert space as follows. Fix u € C and define
a contraction T; : C — C by

Tix=tu+(1-t)Tx, x€C, (1.3)

where t € (0,1). Banach’s contraction mapping principle guarantees that T; has a unique
fixed point x; in C.

Xu [7] defined the following one viscosity iteration for nonexpansive mappings in
uniformly smooth Banach space.
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2 Nonexpansive mappings

THEOREM 1.1 [2, Theorem 4.1, page 287]. Let X be a uniformly smooth Banach space,
let C be a closed convex subset of X, T : C — C is a nonexpansive mapping with F(T) # ¢,
and f € I, where Il¢ denotes the set of all contractions on C. Then {x;} defined by the
following:

x=tf(x)+(1-0Tx;, x€C, (1.4)
converges strongly to a point in F (T). Define Q : I1c — F(T) by

Q(f):=limx, fe]], (1.5)

C

then Q(f) solves the variational inequality

(- HANJQUH-p)y =0, fe]], peFD. (1.6)
C

Xu [8] proved the strong convergence of {x;} defined by (1.3) in a reflexive Banach
space with a weakly continuous duality map ], with gauge ¢.

Recall that an operator A with D(A) and range R(A) in X is said to be accretive, if for
each x; € D(A) and y; € Ax;, (i = 1,2) such that

(y2—y1,J(x2—x1)) =0, (1.7)

where ] is the duality map from X to the dual space X* given by
Jx)={f eX*:{xf) = lIxI* = IfI*}, xeX (1.8)

An accretive operator A is m-accretive if R(I +1A) = X for all A > 0.
Denote by J, the resolvent of A for r >0,

Jo=I+rA)"" (1.9)
It is known that J, is a nonexpansive mapping from X to C := D(A) which will be assumed
convex.
Also in [8], Xu considered the following algorithm:

Xpt1 = i+ (1 — )%, 1 =0, (1.10)

where u € C is arbitrarily fixed, {a,} is a sequence in (0,1), and {r,} is a sequence of
positive numbers. Xu proved that if X is a reflexive Banach space with weakly continuous
duality mapping, then the sequence {x,} given by (1.10) converges strongly to a point in
F provided the sequences {a,} and {r,} satisfy certain conditions.

The main purpose of this paper is to consider the following two iterations both in a
reflexive Banach space X which has a weakly continuous duality mapping:

xt=tf(xt)+(lft)Txt, tE(O,l), (].1].)
Xn+1 = anf(xn) + (1 - ‘xn)]r,,xn, n=0. (1.12)
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2. Preliminaries

In order to prove our main results, we need the following lemmas. The proof of Lemma
2.1 can be found in [5, 6]. Lemma 2.2 is an immediate consequence of the subdifferential
inequality of the function (1/2)]| - ||2.

LEmMA 2.1. Let {a,}, be a sequence of nonnegative real numbers such that
ani1 < (1 —ap)an+anfy, n=0, (2.1)

where {an}, C (0,1), and f3, satisfy the conditions:
(i) im0, =0,
(11) z;ozl‘xn = 0,
(iii) limsup,,_.,, B < 0.
Then lim,,—.. a, = 0.

LEMMA 2.2. Let X be an arbitrary real Banach space. Then
Ix+ylI? < Ix1I*+2(y, ] (x+)), xy€EX (2.2)

Recall that a gauge is a continuous strictly increasing function ¢ : [0,+00) — [0,+0)
such that ¢(0) = 0 and ¢(t) — co. Associated to a gauge ¢ is the duality map J, : X — X*
defined by

Jox) ={f € X*:(x, f) = lIxllp(lxl), I fI = o(lIxI)}, x€X. (2.3)

Following Browder [3], we say that a Banach space X has a weakly continuous duality
map if there exists a gauge ¢ for which the duality map J, is single valued and weak-to-
weak® sequentially continuous, that is, if {x,} is a sequence in X weakly convergent to a
point x, then the sequence {J,(x,)} converges weakly™ to J,(x). It is known that £7 has a
weakly continuous duality map for all 1 < p < co. Set

o(t) = Jt(p(‘r)d‘r, r=0. (2.4)
0
Then
](p(x) :aq)(”x”)) XEX, (25)

where d denotes the subdifferential in the sense of convex analysis.

We also need the next lemma, and the first part of Lemma 2.3 is an immediate conse-
quence of the subdifferential inequality and the proof of the second part can be found in
[4].

LEMMA 2.3. Assume that X has a weakly continuous duality map ], with gauge ¢.
(i) For all x, y € X, there holds the inequality

O(llx+yll) = O(llxll) + (. Jp(x+ »)). (2.6)



4 Nonexpansive mappings

(i) Assume a sequence {x,} in X is weakly convergent to a point x. Then there holds the
identity

limsup®@(||x, — y||) = limsup®(||x, — x||) +@(lly —xll), xyeX. (2.7)

Lemma 2.4 is the resolvent identity which can be found in [1].

LEmMA 2.4. For A,y > 0, there holds the identity
]AXZ]y<§X+<1_%)])LX); xeX. (2.8)

3. Main results

THEOREM 3.1. Let X be a real reflexive Banach space and have a weakly continuous duality
mapping J, with ¢. Suppose C is a closed convex subset of X, and T : C — C is a nonexpansive
mapping, let f:C — C be a fixed contractive mapping. For t € (0,1), {x;} is defined by
(1.11). Then T has a fixed point if and only if {x;} remains bounded as t — 0%, and in this
case, {x;} converges strongly to a fixed point of T as t — 0*.

Proof. Assume first that F(T) # ¢. Take u € F(T), it follows that

e =l =[]t (xe) + (1 = )T = u|
<t f(xe) —ull+ (A= 0||Tox: = u]

< e — ull +£]LF ) — | + (1~ ) e — ] G0
= (1= (1= B0 e — |+ ] f ) — ]
Hence
o= = 751100 . (2)

Therefore, {x;} is bounded, so are {Tx;} and { f (x;)}.

Next assume that {x;} is bounded as t — 0*. Assume t, — 0" and {x;,} is bounded.
Since X is reflexive, we may assume that x;, — p for some p € C. Since ], is weakly con-
tinuous, we have by Lemma 2.3,

limsup®(||x;, — x||) = limsup®(||x;, — p||) + @(||x - pl|]), VxeX. (3.3)

n—oo n—oo

Put

g(x) =limsup®(||x;, — x||), x€X. (3.4)

n—oo

It follows that

gx)=g(p)+@(llx—pl), xeX (3.5)



Since

|

xt, — Txy, — Xy,

we obtain

2(Tp) = limsup ®(|

xi, = pll) =

< limsup®(|
Nn— 00

On the other hand, however,
g(Tp)
From (3.7) and (3.8), we get

O(ITp-pll) <

Hence Tp = pand p € F(T).

=g(p)+@(ITp - pll).
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—0, (3.6)

%1, = Tpll) < limsup & (||Tx,, - Tpl])

(3.7)

(3.8)

(3.9)

Now we prove that {x;} converges strongly to a fixed point of T provided it remains

bounded when t — 0.

Let {t,} be a sequence in (0,1) such that t, — 0 and x;, — p as n — . Then the argu-
ment above shows that p € F(T). We next show that x;, — p. As a matter of fact, we have

by Lemma 2.3,

O (|lxe, = pll) = D(|[ta(Txy, — p) + (1= ta) (f (x,)

< @ (tu[Txe, — plI) + (1= 1) (f (x tn)—p,fgo(xtn—p)) (5.10)
< tu® ([, = pl[) + (1 = ) (f (x,) = f(p)sJy (3, = P)) '
+(L=1a)(f(P) = psJp (x1, = P)).
This implies that
O ([lxr, = pll) = (f (x1,) = £(P)Tp(xt, = p)) +{f(p) = ps Ty (x1, = P))
< Bllxs, — pll 1y ( xrn— ||+ (f(p)-p I¢(xr -p)) (3.11)
= PO (|[x:, — pl[) + = pJp(xs, —
that is,
Ol ~ pl) = 5 (F(P) - P g, ~ ). (3.12)
Now noting that x;, — p implies J,(x;, — p) — 0, we get
(|[x, = pll) — (3.13)

Hence x;, — p.
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We have proved for any sequence {x;,} in {x;:t € (0,1)} that there exists a subse-
quence which is still denoted by {x;,} that converges to some fixed point p of T. To
prove that the entire net {x;} converges strongly to p, we assume there exists another
sequence {s,} € (0,1) such that x;, — g, then q € F(T). We have to show p = g. Indeed,
for u € F(T), it is easy to see that

(oee = Txpy J (0 — 1)) = D(|[oee — u]]) + (u = Txp, J (0 — 1))

O ([[oc; = ul]) = [Ju = T - [|J (2 — ) ]| (3.14)
O(||x¢ — u|]) = D(|]xe — ul]) = 0.

[\

[\

On the other hand, since

t

x—Tx; = :(f(xt) _xt)) (3.15)
we get for t € (0,1) and u € F(T),
(e = f(x),Jp (¢ —u)) <. (3.16)

Since the sets {x; — u} and {x;} are bounded and a Banach space X has a weakly contin-
uous duality map J,, then J, is single valued and weak-to-weak* sequentially continuous,
for any u € F(T), by x5, — q(sn — 0), we have

||, — flx,) - (q_f(Q))” —0 (s, —0),
| <x5n _f(xsn)er(xsn - “)) - <q_f(q)’]<ﬂ(q_ ”)> |
= | <x5n _f(xsn) - (q_f(Q))’]tp(xsn —u))

(g @)y, — ) ~Jylq ~ )| 317
< lxs, = f(x5,) = (@ = f(@)[ [T (x5, = )
+1{q = f(@)J (x5, 1) = Jp(q =)} | assy — 0.
Therefore, we get

(q—f(q)Jp(qg—u) = lim (x5, = f(x5,)5Jp (x5, — 1)) <0, (3.18)

Interchange p and u to obtain
(q—f(@).Jp(q—p)) <0. (3.19)

Interchange g and u to obtain
(p—f(p)Jy(p—q)) <O0. (3.20)

This implies that

(p=a) - (f(p) = f(@):]Jo(p—q) <0. (3.21)
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That is,

lp—qlle(llp—qll) <Bllp—qlle(llp—qll). (3.22)

This is a contradiction, so we have p = g.
The proof is complete. O

Remark 3.2. Theorem 3.1 is proved in a weaker condition than [7, Theorem 4.1], and
the method of proof is different from [7], we introduce a continuous strict increasing
function.

Next two main results are about accretive operators, we consider the problem of find-
ing a zero of an m-accretive operator A in a reflexive Banach space X, 0 € Ax. Denote by
F(A) the zero set of A, that is,

F(A):={x€D(A):0 € Ax} = A~1(0). (3.23)

THEOREM 3.3. Suppose that X is reflexive and has a weakly continuous duality map J, with
gauge ¢. Suppose that A is an m-accretive operator in X such that C = D(A) is convex with
F(A) # ¢, and f : C — C is a fixed contractive map. Assume
(i) ay — 0and >, qo, = o,
(ii) Yn — 0.
Then the sequence {x,} defined by (1.12) converges strongly to a point in F(A).

Proof. First we prove {x;} is bounded. Indeed, take u € F(A), then

[1ns1 = ull < anl| f (xn) = 2all + (1 = ) [ [T, 200 — |
< anBlen — ul[ + o[ £ (1) = il + (1 = @) [ = | (3.24)
= (1= (1= B)awn) |len = ul [ + an| £ (u) = .

By induction, we get
0 — 1| < max{nxo —u||,ﬁ||f(u) —u||} V>0, (3.25)

This implies that {x,} is bounded, so are { f(x,)} and {J;,x,}, and hence

||xn+l _]rnxn” = “n”f(xn) _]rnan — 0. (3.26)
We next prove
linlsup (f(p)—pJp(xn—p)) <0, peF(A). (3.27)

By Theorem 3.1, put p = lim,_ox;, we take a subsequence {x,, } of {x,} such that

limsup (f(p) = p,Jp(xu = p)) = limsup (f(p) = p.Jy(xn, = P))- (3.28)

n— 00
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Since X is reflexive, we may further assume that x,, — X. Moreover, since

[lxner = Jr, %l | — 0, (3.29)
we obtain

Jo—1%, -1 —= X. (3.30)
Taking the limit as k — oo in the relation

[],nk,1xrnk,1,Arnk,1xrnk,1] €A, (3.31)

we get [X,0] € A, thatis, X € F(A). Hence by (3.28) and (3.18), we have

limsup (f(p) = p.Jy (xa — p)) = (f(p) — p,Jp(x — p)) <0. (3.32)
That is, (3.27) holds.
Finally, we prove that x, — p.
We apply Lemma 2.3 to get

O ([Jxns1 = pll) = @(I[(1 = &n) U, %0 = p) +a(f (xi) = p)II)
= (D(H(l - ‘Xn) (]rnxn _P) +“n(f(xn) _f(p)) +0‘n(f(p) _P)H)
= (D(H(l - ‘Xn)(]rnxn _P) +‘xn(f(xn) _f(p))H)
+0‘n<f(P) _P>]<P(xn+l _P)>
<(1-(1 _ﬁ)“n)(b(”xn _P”) +‘xn<f(P) _P’]so(xnﬂ _P)>-
(3.33)
Applying Lemma 2.1, we get
O ([[xn = pl[) — 0. (3.34)
That is, [|lx, — pll = 0, that is, x, — p.
The proof is complete. O

TueoREM 3.4. Suppose that X is reflexive and has a weakly continuous duality map J, with

gauge ¢. Suppose that A is an m-accretive operator in X such that C = D(A) is convex with
F(A) # ¢, and f : C — C is a fixed contractive map. Assume

o0 o0
(i)‘xn_’o) Z“Vl:m) Z|(xn+1_an < 00,
n=0 n=1

. (3.35)
(i) ypo =€ Vn, Z|Yn+l_)’n|<°°-

n=1

Then {x,} defined by (1.12) converges strongly to a point in F(A).
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Proof. We only include the differences. We have
Xnt1 = & f (%) + (L= ) ]) X Xn = @n1 f (X1) + (1= &n1) ]y, Xn1 (3.36)
Thus,

Xn+l — Xn = (xnf(xn) + (1 - an)]y,,xn - (“nflf(xnfl) + (1 - (xnfl)]yn,lxnfl)
=y (f(xn) - f(xnfl)) + (‘xn - 0(,,,1) (f(xnfl) _]yn_lxnfl) (337)

+ (1 - ‘Xn) (]ynxn _]y,,,lxn—l)~

If y;, , < yu, by Lemma 2.4, we get

Yn-1 Vn-1
TouXn =Ty, . (—xn + <1 - )] nxn>, (3.38)
y » Vo v )
we have
=Pyl = 2 ot =l (1= 222 )17, 0
Yn Yn
= Il = a1+ (22 = (339)
1
= ||xn _xn71|| + c |Ynfl ~Vn | | JyXn _xn71||-

It follows from the above results that

%1 = x| < [otn = @1 ||| f (x01) _]ymxn—lH + (1 =) [[n = 201

1
+g(1 - ay) |Vn*1 _Vn||]ynxn _xn71||+‘xnﬂ||xn_xn71|| (3.40)
<M(|an—=anr |+ [yn-1 = yu|) + (1= (0 =Blan) |0 — x01]],

where M > 0 is some appropriate constant. Similarly, we can prove the last inequality if
Yn-1 = Yn. By assumptions (i) and (ii) and Lemma 2.1, we have

%041 — x4]| — 0. (3.41)
This implies that
H-xn _]y,,xn” = H-xnﬂ - xn” + H-xnﬂ _]y,,an- (3.42)

Since [ xp41 = Jy,%nll = aull f(x4) = J, Xull = 0. It follows from (3.42) that

1 1
||Aynxn|| = y_”xn _]ynxn” = g”xn _]ynxn” > 0. (3.43)
n

Now if {x,,} is a subsequence of {x,} converging weakly to a point X, then taking the
limit as k — oo in the relation

[]ynkxnwAyﬂkxnk] EA, (3.44)
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we get [x,0] € A, that is, ¥ € F(A). We therefore conclude that all weak limit points of
{x,} are zeros of A.

The rest of the proof follows from Theorem 3.3.

The proof is complete. O
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