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1. Introduction

Let Q@ ¢ RN(N > 2) be a bounded domain with Lipschitz boundary 0Q = T. T is a fixed
positive constant, Q = Q x (0,T). We consider the following nonlinear parabolic boundary
value problems with equivalued surface:

U < 0 ou .
ﬁ_l;_:la_xi<aij(x/u)a_xj> _f(xlt) m Q/
u = C(t)(a function of t to be determined) on T x (0,T), (P)

ou
J‘rads = A(t) VYae.te(0,T),

u(x,0)=0 in Q,

where f € L>(Q) and A € L?(0,T), n = (ny,...,nn) denotes the unit outward normal vector
onT and

ou ol ou
% = Zaij(x,u)aﬂi. (11)
]

ij=1
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There are many concrete physical sources for problem (P), for example, in the
petroleum exploitation, u denotes the oil pressure, and A(t) is the rate of total oil flux per
unit length of the well at the time ¢; in the combustion theory, u denotes the temperature, for
any fixed time t, the temperature distribution on the boundary is a constant to be determined,
while, the total heat A(t) through the boundary is given (cf. [1-7]). For linear equations, the
existence, uniqueness of solution to the corresponding problem are well understood (cf. [1-
3]), for the purpose, the Galerkin method was used. For semilinear equations, the existence of
global smooth solution was obtained in [7] in which a comparison principle was established.
If a;j(x,u) is locally Lipschitz continuous with respect to the second variable, the existence
and uniqueness of bounded weak solution to problem (P) have been discussed in [8] under
the hypotheses of f € L7(Q) and A € L"(0,T) with g > N/2+1,r > N + 2. However, if
f € L*(Q) and A € L?(0,T), we cannot get a bounded weak solution. In order to deal with
this situation, we will introduce the concept of renormalized solution to problem (P) and
discuss the existence and uniqueness of renormalized solution.

The paper is organized as follows. In Section2, we introduce the concept of
renormalized solution and prove the existence of renormalized solution to problem (P). In
Section 3, uniqueness and a comparison principle of renormalized solution to problem (P) are
established. In Section 4, we discuss the relation between renormalized solutions and weak
solutions for problem (P).

2. Existence of Renormalized Solution to Problem (P)

In order to prove the existence of renormalized solution to problem (P), we make the
following assumptions.

Let a;j : Q x R — R be Carathéodory functions with 1 < i,j < N. We assume that
a;j(-,0) € L*(L2) and for any given M > 0 there exist dy; € L*(Q) and a positive constant 1o
such that for every s, 51,50 € R, ¢ = (é1,...,¢N) € RN Jandae x€Q,

|laij(x,51) — aij(x,52)| < dm(x)[s1 = 52|, s < M, k=12, (2.1)
S 2
> aij(x,8)&idj = Aolél. 2.2)
ij=1
Set
V= {v € H' (Q)|v]; = constant}. (2.3)

Under hypotheses (2.1)-(2.2) and f € L?(Q), A € L?(0,T), we cannot obtain an L®
estimate on the determined function C(t); thus, we cannot prove the existence of bounded
weak solutions to problem (P), hence a;;(-,u)Dju may not belong to L*(Q). In order to
overcome this difficulty, we will use the concept of renormalized solution introduced by
DiPerna and Lions in [9] for Boltzmann equations (see also [10-12]).
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As usual, for k > 0, Tk denotes the truncation function defined by

k, ifo>k,
Ti(v) = q v, if [v] <Kk, (2.4)
-k, if v <-k.
Set
W= {g €C™ <§)|§(T) = 0,¢(8)|r = C(t) (an arbitrary function of t) } (2.5)

Definition 2.1. A renormalized solution to problem (P) is a measurable function u : Q — R,
satisfying u € L2(0,T; V) N L*(0,T; L*(Q)) and for all h € C}(R),{ € W,

_ J’ QQJZh(r)drdxdt ; IQ i aij (x, u) DjuD; (h(u)¢)dxdt

K (2.6)
T
= j fh(u)édxdt +f A(t)h(u(t)|r)(b)|rdt,
Q 0
N
lim Z a;j(x,u)DjuD;judxdt = 0. (2.7)

M=) (e eQumsu(x bl<m+1) =1

Remark 2.2. Each term in (2.6) and (2.7) is well defined. Indeed, the first term on the left side
of (2.6) is welldefined as |fgh(r)dr| < ||kl »|u| and u € L*(Q). The second term on the left
side of (2.6) should be understood as

N
L > aij(x, T(u) D T () Di[1(Tx () ) dxdt, (2.8)

(xh)eQilul<k}i,j=1

for k > 0 such that supph C [k, k]. Since u € L?(0,T;V), it is the same for h(u)¢ and
h(u(t)|r)é(t)|r. The integral in (2.7) should be understood as

N
f Z aij(x, Ty1 (1)) D Typi1 (u) D Trppi1 (u) dxdt. (2.9)
{(xh)€Qim<u(x t)|<m+1}i,j=1

Remark 2.3. Note that if u is a renormalized solution of problem (P), we get By(u) =
[oh(r)dr € L*(0,T;V), Bu(u), € L*(0,T; V') + L(Q); thus, By(u) € C([0,T];L'(Q)), hence
By, (u)(-,0) = 0 makes sense.

Remark 2.4. By approximation, (2.6) holds for any h € W'*(R) with compact support and all
$€($€L2(0,T; V) | & € L2(Q),4(, T) = 0}.
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Now we can state the existence result for prolem (P) as follows.

Theorem 2.5. Under hypotheses (2.1)-(2.2) and f € L*(Q), A € L*(0,T), problem (P) admits a
renormalized solution u € L*(0,T; V) N L= (0, T; L*>(K2)) in the sense of Definition 2.1.

In order to prove Theorem 2.5, we will consider the following problem:

ouy, & 0 [ oun\ . .
ot _Za_aq<”if (2, 42) 6x]~> =f inQ

ij=1

Unlrxor) = Cn(t) (a function of t to be determined) on I'x (0,T), (P,)

ouy ,
fr oy ds=A(t) Vae.te(0,T),

uy(x,0)=0 in Q,

where a{" (x,u) = a;;(x, T,(w)), i,j = 1,2,...,N.
Then problem (P,) admits a unique weak solution u, € L2(0,T; V) n C([0,T]; L*(Q))
such that u), € L2(0,T; V') and satisfies

N
(u, (1), v>v',v + I Z ag’) (x, un)Dju,Divdx
Qi
W= (2.10)

= J f(x,Ho(x)dx + A(t)vly, ae. te(0,T), YveV,
Q

Uy (x,0) =0 a.e. x €Q. (2.11)

In fact, here we can prove the existence of weak solution for problem (P,) via Galerkin
method. Let us consider the operator

B:L*(Q) —V,
(2.12)
Fr—o,

where v is the weak solution of the following problem:

-Av+v=F inQ,

v = C (a constant to be determined) onT, (E)
L
T anL

By Lax-Milgram Theorem, the above problem exists a unique weak solution v which
continuously depending on F. Hence B is a compact self-adjoint operator from L?(Q) to
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L?(Q). By Riesz-Schauder’s theory, there is a completed orthogonal eigenvalues sequence

{w*} of the operator B. Here we may take the special orthogonal system {w*}.
Define 4 : V — V',

N
(Aw,v)y y = f Z ag.(x,w)D,-wDivdx,
Q

K (2.13)
(F(t),v)yiy = j flx, o(x)dx + A(t)vly, ae. te(0,T), YVw,veV.
Q
Let ul'(x,t) = 301, ®kmk, then Galerkin equations can be written as
<(un’")’(t),wk> + (Ju;”(t),wk> = <F(t),wk>, ae. te(0,T),
(2.14)

uy'(x,0)=0 ae xeQ.

By using the same arguments as [13, Lemma 30.4], we get a solution u € L?(0,T; V) to the
above Galerkin equations such that (u)" € L*(0,T; V). Moreover, we can easily prove the
following estimates:

N2 ] o (0T;L2()) < Co,

Nl 20,7v) < Coo (2.15)
41 Il 20,7,y < Coo

”(unm)’”LZ(O,T;V’) < Co,

where Cy is a positive constant independent of m.
The above estimates imply that there exists a subsequence of {1} (still be denoted by
{ul"}) such that

ul —u, weakx* in L% <O, T; LQ(Q)>,

uy — u, weaklyin LZ(O, T;V), (2.16)

(um' —u, weakly in L*(0,T; V"),
Aul — Hu, weakly in L*(0,T; V).
Thus we can pass to the limit in the above Galerkin equations and obtain the existence of

weak solution for problem (P,). Since it is easy to prove the uniqueness of weak solution for
problem (P,), we omit the details.
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To deal with the time derivative of truncation function, we introduce a time
regularization of a function u € L?(0,T; V). Let

t
uv(x,t>=f vii(x,5)e"Nds, ii(x,s) = u(x,s)xon(s), (217)

where y ) denotes the characteristic function of a set (0,T) and v > 0. This convolution
function has been first used in [14] (see also [10]), and it enjoys the following properties: u,
belongs to C([0,T]; V), u,(x,0) = 0, and u, converges strongly to u in L?(0,T; V) as v tends
to the infinity. Moreover, we have

(uy); =v(u—u,), (2.18)
and finally if u € L*(Q), then u,, € L*(Q) and

sl @y < utll ey, Vv > 0. (2.19)

Taking v = u,(t) in (2.10), then integrating over (0, 7) with 7 € (0,T), we have

j f — |un(x, t)|2dxdt+f J al )(x un)Dju, Diuydxdt
Q” ! (2.20)

= JZ fgfundxdt + f;A(t)un(t)|rdt.

By (2.2), trace theorem, Holder’s inequality, Young’s inequality and Gronwall’s inequality,
we get

vl L= 01512 () < C1 (2.21)

vl r201,v) < C1, (2.22)

where C; is a positive constant depending only on || fl2(), | Allr20,7), Ao, but independent of
n and u,.
By (2.21) and (2.22), there is a subsequence of {u,} (still denoted by {u,}) such that

U, —u weakx* in L* <O, T; L2(Q)>,
u, —u weakly in L%(0,T;V) (2.23)
Un|r — ulp  weakly in L*(0,T).

Using the same method as [10], we can obtain

u, — u ae.in Q (up to some subsequence). (2.24)



Boundary Value Problems

Thus for any given k > 0,
Ti(un) — Ti(u) weakly in L*(0,T; V), strongly in L*(Q), ae. in Q.

By [15, Lemma 2 and Lemma 3], we have

4
u, — u strongly in L7(Q), V1<g<2+ N

u, — u strongly in L'(I'x (0,T)), V2<r<2+ %
impling that
Uylp — ulp, a.e.in (0,T).
For any given k > 0, it follows from (2.27)-(2.28) and Vitali’s theorem that
Ti (tn|r) — Tk (uly) strongly in L2(0,T).
Set

() = (Te (),

Similar to [10], this function has the following properties: (1, (1)),
1y (1)), 1y (1) (0) = 0, 17, (W) < k,

fy(u) — T (u) strongly in L%*(0,T;V), as v tends to the infinity.

For any fixed h and k with h > k > 0, let
wy, = Ty (un = Tn(un) + Ty (un) - 7/[11(”))

Then we have the following lemma.

Lemma 2.6. Under the previous assumptions, we have
T
J‘ < (Up);, wy > dt > w(n,v, h),
0

where limy, _, ,  lim,, _, , lim,, o w(n, v, h) = 0.

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

v(Ti(u) -

(2.31)

(2.32)

(2.33)

Proof. The proof of Lemma 2.6 is the same as [10, Lemma 2.1], and we omit the details. O
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Lemma 2.7. Under the previous assumptions, for any given k > 0, we have

Ty (un) — Ti(u) strongly in L*(0,T; V). (2.34)

Proof. Taking v = w,(t) in (2.10), then integrating over (0, T), by Lemma 2.6, we have
N T
J‘ Z agl) (%, un) Djun Diw,dxdt < J fwndxdt + J‘ A)w,(t)|rdt + w(n,v, h). (2.35)
Qij=1 Q 0 0
Now note that Dw,, = 0 if |u,| > h + 4k; then if we set M = h + 4k, splitting the integral

on the left side of (2.35) on the sets {(x,t) € Q : |u,(x,t)| > k} and {(x,t) € Q : |u,(x,t)| < k},
Vn > M, we get

N
f Zaﬁ?)(x,un)DjunDiwndxdt
Qi j=1

N
- f " 45, Taa (140)) DT (1) Dyzo et

Qi j=1
(2.36)
N
> f S i (%, T (1)) Dy Ti (1) Dy (Ti (1) = 17, (1)) bt
Qi j=1
N
_I Z |aij(x/TM(un))DjTM(un)||Di71v(u)|dxdt‘
{lunl>k}i,j=1
While,
N
j” . 2l e T Do) | Do )
Un>Kji,j=1
N
<[ 3 Tan ) Dy T )| DT ) e (2:37)
{lunl>k}i,j=1

N
3% o, T 1)) Do () | Dot 1) = DT ),
Qi j=1

For any fixed h > 0, (2.1) and (2.22) imply that a;j(x, Ta (14,))D;Tas (4y) is bounded in L*(Q)
with respect to n, while |D;Tj (1) |x (k) Strongly converges to zero in L?(Q). Moreover it
follows from (2.31) that

N
f > laij (x, Ti (1)) DjTas (1) | | Dt (u) | dxdt < w(n, v), (2.38)
{lunl>k}i,j=1
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where lim,, _, ;o lim, _ s,w(n, v) = 0. Equations (2.38), (2.36), and (2.35) imply that

N
[ 3% T ) Do) D1 (Tt = ) it

Qi j=1
(2.39)
T
< I fwndxdt + f At)wy, (b)|pdt + w(n,v) + w(n,v, h).
Q 0
By (2.25), (2.31), and (2.39), we get
N
f " 45, Ti (1)) Dy T (14) Dy (T 14) = Ti () )l
Qi j=
= (2.40)
T
< I fwndxdt +J At)wy, () |pdt + w(n,v) + w(n,v, h).
Q 0
By (2.24)-(2.25) and the Lebesgue dominated convergence theorem, we have
f fwndxdt = J‘ fTok(u = Tn(u) + T (u) — 1, (u) ) dxdt + w(n), (2.41)
Q Q
where lim,, -, . ,w(n) = 0. (2.31) and (2.41) imply that
I fwpdxdt = f fTok(u —Tp(u))dxdt + w(n,v); (2.42)
Q Q
thus, we get
J‘ fwpdxdt = w(n,v, h). (2.43)
Q
Similarly to the proof of (2.43), we also have
T
f At)yw,(t)|rdt = w(n, v, h). (2.44)
0
Therefore we get
N
I Z aij(x, Tic(n)) (DT (un) — DTk (1)) Di(Tx (1) — Tic(u) ) doxdlt
Qi,j=1
(2.45)

N
< w(n,v,h) - IQ > i (x, Tie(14)) Dy Tic (1) Di (T (1) — Ti (1) ) dlxalt.
ij=1
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Let n, v, then and h tend to the infinity, respectively, we get

N
lim IQ > aij(x, Ti(un)) Dj(Ti () — T (1)) Di (T () — Tie(u))dxdt = 0. (2.46)

n— +oo “~
ij=1

Using (2.2), (2.25), and (2.46), we obtain (2.34).

Proof of Theorem 2.5. For any given ¢ € W, h € CL(R), suppose that supp h C [k, k], taking
v = h(u,(t))¢(t) in (2.10) and integrating over (0, T), we have

T N
fo (1), hu)E )t + f 3l ) DD ) )l

ij=1

(2.47)
T
- [ AOBw OO [ phtn)idxa
0 Q
By [12, Lemma 1.4], we have
T Uy
f ((un)y, h(uy)é)dt = —f étf h(r)drdxdt. (2.48)
0 o Jo
However
—ngtJO h(r)drdxdt — —ngtIOh(r)drdxdt. (2.49)
In fact, Noting (2.26) we get
‘_fgétfo h(r)drdxdt + ngtIOh(r)drdxdt
(2.50)

ngt f :nh(r)drdxdt

< ||§t||L2(Q)||h||Lw(R)||”n - u”LZ(Q) — 0, asn-— +oo.
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As n > k, we have
f (4 Dyt Dy ((t)8)
Ql] 1

-| a1 T (06)) Dy T 1) DTt ) el el (251)
Qi,j=1

IQZ 5, Ti(14)) Dy T (16 (1) Digdxlt.
ij=1

Equations (2.47)(2.25) and (2.34) imply that

N
f 25 0 i) Dy i) DT st
ij=1

N
- JQZ aij(x, Tx () DTy (u) DTy (u) b’ (u) édxdt,
" (2.52)

i aij (X, Ty (n)) DT (un) Digh (uy ) dxdt
Q
ij=1

- J Z aij(x, Ti(u)) DTy (u) D;¢h(u)dxdt.

Qi j=1

Thus we get

I all )(x/un)DjunDi(h(un)é)dxdt
Qz; 1

— f Zalj(x Tic(1))D;Tic(u) D; (h(u)é)dxdt (2.53)
Qi,j=1

f Zal](x u)DjuD;(h(u)¢)dxdt.
Qi,j=1

It follows from (2.28) that

T T
IOA(t)h(”n(t)|r)§(t)|rdt — JOA(t)h(u(t)lr)é(t)lrdt- (2.54)
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Equation (2.24) yields
J‘ fh(u,)édxdt — J fh(u)édxdt. (2.55)
Q Q
Taking n — +oo in (2.47), by (2.48), (2.49), and (2.53)—(2.55), we obtain

_ J gtfuh(r)drdxdt + I i a;j(x,u)DjuD;(h(u)é)dxdt
Q J0 Qi j=1 (2.56)

T
=f A R(u(t)p)é ()t + f Fh(u)édaxdt.
0 Q

For any given m > 0, taking v = T (u,(t) — T, (u,(t))) in (2.10), then integrating over (0,T),
we get

T N
[ < e T = T)) >+ [ 087 e Djta DTt~ Ty
0 Qi j=1

! (2.57)

T
- fo AT tn (Ol ~ T ten (O)]r))l + foTl (1t — Ty (11t

Setting Si(s) = jSTl(t — T,u(t))dt, then 0 < Sy(s) < |s|sign;(|s| — m), foralls € R, where
signg (s) = 1if s > 0, sign/(s) = 0if s < 0. Thus we get

N
I Z aij(x, un) Djun, Diuydxdt < f
{m<fup|<m+1} 4 j=1

|A(t)|dt +J | f |dxdt.

{t€(0,T):[un (£)Ir|2m} {un|2m}

(2.58)

Let n, m tend to the infinity in (2.58), respectively, then one can deduce that u satisfies (2.7).
Thus u is a renormalized solution to problem (P) in the sense of Definition 2.1. This finishes
the proof of Theorem 2.5. O

Remark 2.8. Using the same approach as before, we can deal with the nonzero initial value
up # 0. In fact, we only replace 7, () = (T (1)), by 17, (1) = Tie(u),, + e Ti (119) in (2.30).

3. Uniqueness of Renormalized Solution to Problem (P)

In this section, we will present the uniqueness of renormalized solution to problem (P). Here
we will modify a method based on Kruzhkov’s technique of doubling variables in [12] and
prove uniqueness and a comparison principle of renormalized solution for problem (P).
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Only simply modifying [12, Lemma 3.1], we can obtain the following result.

Lemma 3.1. Let u be a renormalized solution to problem (P) for the data (f, A). Then

u T
f §tsigna'(u)f h(r)drdxdt +J signg (u(t)[p) A(H)&(t) [ph(u(t)|r)dt +f sign( (u) fh(u)édxdt
Q 0 0 Q

> J signg (u)i a;j(x,u)DjuD;(h(u)¢)dxdt,
Q ij=1

(3.1)

u T
I §tsigng(—u)f h(r)drdxdt+j signg(—u(t)|r)A(t)§(t)|rh(u(t)|r)dt+f sign (-u) fh(u)édxdt
Q 0 0 Q

N
< J signg (—u) > aij(x,u) DjuD;(h(u)¢)dxdt,
Q ij=1

(3.2)

forany h € CL(R),h >0,¢ € W,¢ > 0.

Let sign® denote the multivalued function defined by sign*(r) = 0 if r < 0, and
sign®(0) c [0,1], sign*(r) =1ifr > 0.

Lemma 3.2. Fori=1,2,let f; € L*(Q), A; € L*(0,T), u; be a renormalized solution to problem (P)
for the data (f;, A;). Then there exist X € sign* (u1 — up) and K, € sign™ (u1|p — uz|r) such that

- J‘ &signg (11 — uz)J‘ h(r)drdxdt
Q uz

N
+f signg (11 — uy) Z [A(u1)aij(x, u1) Djus — h(uz)aij(x, uz) Djuy| Digdxdt
Q ij=1

N
+ f ZSlgl’la (u1 - uz) [h’(ul)ai]- (x, ul)D]-ulDiul - h’(uz)aij (x, uz)D]-uzDiuz] §dxdt
Qi j=1

T
< JQX1 [h(u1) f1 = h(uz) fo] &dxdt + onz[h(ul(t)|r)A1(t) = h(ua(t)|r) Az2(t) [lrdt,

Yhe Cl(R),h >0, YeéeW,&>0.
(3.3)

Proof. Leté € W, ¢ > 0, p; be a sequence of mollifiers in R with supp p; C (-2/1,0) and p; > 0.
Define

&i(x,t,8) =¢(x, t)pi(t - s). (3.4)
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Note that for [ sufficiently large,

(x,8) — ¢&(x,t,s) e W, Vte]0,T],
35
(x,t) — ¢(x,t,s) eW, Vsel0,T]. (32)

Let h € CL(R), h > 0, H. € WY*(R) be defined by H.(r) = H(r/¢), where H € W'*(R),
H(r)=0forr<0,H(r) =rforO<r <land H(r) = 1if r > 1. As uy, up are renormalized
solutions , according to (2.6), for a.e. t € (0,T), we have

f (r;l)sfulh(r)Hg(r ~n(t, x))drdxds + f Fuh(u) He (1 (5, %) — uat, x))eidxds
Q 0 Q
T
+ jo A8 (a1 (8)]r) He (1 (8)]r — 12 (D)) éx(s) s (3.6)

N
= J-Q > aij(x, u1)Djus Di[h(ur) He (us (s, x) — ua(t, x))é ] dxds
by

and for a.e. s € (0,T), we have

f @z)tf ' h(r) He (11 (5, %) —r)drdxdt+f Foh(u2) He (11 (5, %) — ua(t, x)) ibxdlt
Q 0 Q
T
+ fo AsOhua Ol He (11 () — (D) & (1)t (3.7)

N
= IQ > aij(x, u2) Djup Di [ (1) He (u1 (s, x) — 1 (t, x)) 1] daxt.
i

Integrating the above two equalities in ¢, respectively, s over (0, T) and taking their difference,
we get

T Uy Uy
f f [(gz)sj h<r>H5<r—u2<t,x>)dr—(gl)tf h(r)He (1 (5, %) - r)dr| dxdsdt
0o 0 0
T
+j0jQ[f1h<ul>Hg<u1<s,x>—u2<t,x>>— Fah(ua) He (11 (5, %) — ua(t, )] &idxdsdt

T AT
+f f (A1 (8) (a1 (8)]5) He (1 (5)1r = (1) & (9)1r
0/0

— Ay () h(uz(8)[r) He (w1 (5)Ir — u2(8)|r) &1 (1) I dsdt
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T N
= J‘O ’[Q Z [ai]‘ (x, u1)Dju1h(u1)Di(HE (u1 (s, x) — uz(t, x))é&)

i,j=1

—a;j(x, u2) Djush(u2) Di(H, (uy (s, x) — ua(t, x))&)| dxdsdt

T, N
+ f f > [H (w1)aij (x, u1) Djur Dy He (1 (5, x) — ua (£, x))
07 Qi j=1
—h'(u2) aij (x, uz) Djus Dius He (11 (s, X) — us(t, x) )| & dxdsdt.
(3.8)

Denote the three integrals on the left-hand side by I, I, I3, the two integrals on the right-
hand side by I, Is.
It is easy to prove that

N
lim limIs = Zsigng (u1 — up)¢ [ (u1) aij(x, u1) Djuy Diuy — h' (uz) aij (x, uz) Djus Diuy | dxdt.

- o0e—0

Qi j=1
(3.9)
Similarly to the estimates for I, in [12], (c.f. page 102), we can obtain
lﬁnn%lz < J Ki[fih(u) - foh(up)]gdxdt,
(3.10)

T
limlim; < joé(t)lrxz[h<u1<t>|r>A1<t> ~ h(u2(8)|) Az (D)1t

where K1 = Yiusw) + X(m=0)81800(f1 = f2), L2 = XiteODm@l>w@)) + signg (A1 -
A2) X (te(©)u (O lr=u (D)l ) -
As for I, recall that supp p; € (-2/1,0), hence

uy (x,5) 11 (x,5)

T
!ig})[l = Jo stigng (u1(x,8) —ua(x,t)) [(él)sj h(r)dr + (§1)tf h(r)dr] dxdsdt

1 (x,t) up (x,t)

0
+ f &1(x,t,0)signg (—uz(x, t))f h(r)drdxdt
Q

uy (x,t)

u1(x,s)

+ f &1(x,0, s)signg (w1 (x, s))f h(r)drdxds
Q 0

ui (x,s)

- JZJ‘Qsigng(m(x, s) — ua(x, 1)) (x, t)pu(t — S)I h(r)drdsdt

up (x,t)

uy(x,s)
+ J‘ &(x,0)py(—s)sign (u1 (x, s))f h(r)drdxds = I1 + Irs.
Q 0
(3.11)
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We have
llim I = j sign (u; - uz)gt’[ h(r)drdxdt. (3.12)
—® Q up
Consider the function
T 2/1
di(x,s) = f pi(-r)dré(x,0) = J oa) }pl(—r)drg(x,O). (3.13)
s inf{s,2/1

Note that ¢ € W, thus for [ sufficiently large, ¢; € W. Applying (3.1) with u = uy, { = ¢y,
f = f1, A(t) = Ai(s), and t = s, we have

I = —f (¢l)ssign3(ul)fulh(r)drdxds
0 0
T
< fo sign; (11() ) A1 (8)u(8) | huas () ds

N
+ f signg (u1) g1 fh(ur)dxds — J‘ signg (u1) Z aij(x,u1)Dju; D;(¢h(uy))dxds.
Q Q

ij=1
(3.14)

It is easy to prove that the integrals on the right-hand side of (3.14) converge to 0 as | — +oo.
Thus we get

IHIU <0. (3.15)
It remains to consider I;. We have

T, N
ha= Jo jQigl [1(ur)aij (x, 1) Djur He (ur = (8, )

—h(uz)aij(x, u2) Djus He (u1 (s, -) — )] Digidxdsdt

1 N
+ —f Z [ (u1)aij(x, u1) Djur Di(uy — us(t,-))
€J(01)xQn{0<ur (x,8) -2 (x ) |<e} 1, j=1

—h(u2) aij(x, u) Djus Dy (us (s, ) — up) | §dxdsdt

= Iy + Iyp.
(3.16)
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It is easy to see that

N
lim lim I = f sign (u1 — uz)z [h(u1)aij(x, u1) Djuy — h(uz)a;j(x, uz) Djuz| Digdxdt.
Q

|- o0e—0 “=
ij=1

(3.17)

Since

N
Ip=1 & (hu (x,5)) — h(ua(x, 1)

EJ‘(O,T)XQH[0<|141(x,s)—uz(x,t)<g] ij=1
x ajj(x,u1) Djur Di(uy — ua(t,-))dxdsdt

1 N
+= 8> h(ua(x, 1))

€ f (0,T)xQN{0<fus (x,5)-uz (x t)|<e} =1

X [ai]-(x, ul)Djul - ai]-(x, HQ)D]'L[Q] Dl-(ul - uz)dxdsdt

_ 1M (2)
=1, +1

4
(3.18)
let k > 0 such that supp h C (-k, k), for € <1, we have
o <
15| gj S 1@l ||| ()| k + 1 + aij(x, 0)|
(OT)xQ0{0<hn ()2 () <) =1 (3.19)
x <2|DTk+1(u1)|2 + |DTk+1(u2)|2>dxdsdt.
Noting that the right side integral of (3.19) belongs to L!((0,T) x Q), we get
s 7D
limI) = 0. (3.20)

It follows from (2.1) and (2.2) that

1
@_1

0 f &
€J (0,T)xQN{0<[u1 (x,8) -2 (x, 1) |<e )

N
x Z h(uz(x, 1)) [aij (x, u1) Djuy — aij(x, u1)Djus| Di(u1 — up)dxdsdt
i=1

1
+_

| g
€ J (0,T)xQN{0<[u1 (x,8) -2 (x,t)|<e )}
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N
x Z h(uz(x, 1)) [aij(x, u1) — aij(x, u2)| Djua Dy (1 — up)dxdsdt

=1
1
2 _—

| ¢
€J(0,1)xQN{0<u1 (x,8) -1 (x,8) | <e}

N
x 3 h(u2) e (1)) (DTt (1) + 20D T ()| ) 1 = ol dxslt.

ij=1
(3.21)
Using the same approach as in (3.20), we get
lim1 &
£=0€ J (0,1)xQn{0<u1 (x,8) 12 (x,8)|<e)
N (3.22)
2 2
x > (u2) |t ()| (DTt ()P + 2/D T (w2) ) 1 = ezl dlxdsalt = .
ij=1
By (3.20)—(3.22) and (3.18) we have
limIy, > 0. (3.23)

e—0

Equations (3.8)—(3.12), (3.15)-(3.18), (3.20), and (3.23) imply that (3.3) holds. Thus
Lemma 3.2 is proved. O

Remark 3.3. In fact, by the density result, (3.3) is satisfied by any given ¢ € Wy = {¢ €
WL=(Q) | &T) =0, &(t)|r = C(t) (an arbitary function of t)} and ¢ > 0.

Now we state the uniqueness and comparison principle of renormalized solution to
problem (P) as follows.

Theorem 3.4. Under hypotheses (2.1) and (2.2), fori = 1,2, let f; € L>(Q), A; € L*(0,T), u; be a
renormalized solution to problem (P) for the data (f;, A;). Then there exist Xy € sign™(u1 — uy) and
Ky € sign™ (u1|p — up|y) such that fora.e.0 <t <T,

’[ (u1 (T) - uz(T))+dx < ITI JC1 (fl - fz)dxdt + J‘TJCZ(Al - Az)dt. (324)
Q 0/ Q 0

In particular, for any given A € L2(0,T) and f € L?(Q), the renormalized solution u to
problem (P) is unique.
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Proof. For any given 7 € (0,T) and any given ¢ > 0 sufficiently small, let a, (s) be defined by

1, if0<t<T-¢,

ac(t) = TTt fr-e<t<r, (3.25)

0, fT>t>T.

Defining ¢(x,t) = a.(t), V(x,t) € Q, itis easy to see that { € Wi and ¢ > 0.
Taking ¢ = a, in (3.3), we get

—J‘ (a.),sign (ug — uz)J‘ h(r)drdxdt
Q uz
N
+ J‘ Z 51gn3 (u1 - uz)(xg [h'(ul)a,-j (x, ul)D]-ulDiul - h'(uz)a,-j (x, uz)D]-uzDiuz] dxdt
Qij=1

< J‘Qxl [h(ul)fl - h(uz)le a.(t)dxdt

T
+ jokz[h(ul(f)lr)A1(t) — h(ua(t)|r) Az(t)]ac(t)dt.
(3.26)

Defining h,,(r) = inf((m+1-|r|)",1) and replacing h with h,, in (3.26), then letting m —
+00, we obtain

T
—f (ete); (U1 — up) "dxdt < f a.(H K1 (f1 — fo)dxdt + f Ko(Ar(t) — Ax(t))a:(H)dt.  (3.27)
Q Q 0
In fact, by the Lebesgue dominated convergence theorem, we have

[ @signin - [ uydrazdt — [ (@, -y axat,
Q up Q
fQJq [ (102) f1 — o (112) o] e (8) et — fgmt)xl (1 - f2)dxdt,

T T
fokz[hm(ul(t)lr)f\l(f) = hin (uz (H)|r) A2 () ]ae (£) dt, — fokz(A1 (£) = Ax(t))ac(t)dt.
(3.28)
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As for the second term in (3.26), we have

N
f Z signg (uy — uz)ae [, (u1) aij (x, ur) Djuy Diuy — K, (u2) aij (x, up) Djus Diua | dxdt
Qi j=1

I ngno (u1 — up)ahyy, (ur) aij(x, ur) Djuy Djuy dxdt (3.29)
Ql] 1

J Zsigna(ul — uz)ach, (uz2)aij(x, uz) Djuy Diupdxdt = Jy + Jo.
Qi,j=1

Moreover,

N
Tl < f > aij(x, ux) Djug Diugdxdt, k=1,2. (3.30)

{m<|u|<m+1} 4 j=1

As uy, up are renormalized solutions, noting (2.7), we prove

lim ]1 = lim ]2 =0. (331)
m— -+ m— +oo
By (3.29) and (3.31), the second term in (3.26) tends to zero. O

Letting ¢ tend to zero in (3.27), (3.24) follows from (3.25) and (3.27).

4. The Relation between Weak Solutions and
Renormalized Solutions for Problem (P)

In this section, we will see that the concept of renormalized solution is an extension of the
concept of weak solution. The main result in this section is the following theorem.

Theorem 4.1. (i) Assume that u € L*(0,T; V) N L*(0,T; L*(Q)) and a;j(-,u)Dju € L*(Q), i,j =
1,2,...N. Then u is a weak solution to problem (P) if and only if u is a renormalized solution to
problem (P).

(ii) If u € L*>(0,T; V) N L=(Q), then u is a weak solution to problem (P) if and only if u is a
renormalized solution to problem (P).

Proof. (i) If u is a weak solution to problem (P), we have

T N
j (ut,v)v,/vdt+J‘ Zaij(x,u)DjuDivdxdt
0 ij=1

! (4.1)

T
= f fvdxdt+f At)o(t)|pdt, Yo e L*(0,T;V),
Q 0
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u(x,0) = 0. (4.2)

Noting that u € L*(0,T; V), aij(x,u)Dju € L*(Q),i,j = 1,2...N, we have u € L*(0,T; V'),
hence u € C([0,T]; L>(Q)), for any given h € C1(R) and ¢ € W. Taking v = ¢h(u) in (4.1), we
have

J‘T(ut,éh(u))dt = —f i a;j(x,u)DjuD;(gh(u))dxdt + J féh(u)dxdt
0 Q Q

v (4.3)
T
+ [ AonwoROr
0
By [12, Lemma 1.4], we have
T u
J‘ (ug, ¢h(u))dt = —f §tJ‘ h(r)drdxdt. (4.4)
0 Q Jo
Equations (4.3) and (4.4) imply that
u N
- f étJ‘ h(r)dr + f Z aij(x,u)DjuD;({h(u))dxdt
Q JoO Qi j=1 (4 5)

T
= f feh(u)dxdt + f AR dt. VEEW, he CY(R).
Q 0

For any given m, let S,,(r) = f(r) [Ti1(s) —Tm(s)]ds, it is easy to see that 0 < S,,(r) < |r|. Taking
v = Tips1(u) — Trp(u) in (4.1), we get

N
J‘ Sm(u(x,T))dx + f Z aij(x,u) DjuD;[Ty1 (1) — T (1) |dxdt
Q Qi j=1

(4.6)

T
= IQf[TmH(u) — T (u)]dxdt + IoA(t) [T (u(t)|r) — T (u(t)|p) ] dt.

By Lebesgue’s dominated convergence theorem, we obtain the first term on the left side, and
all terms on the right side of (4.6) converge to zero as m — +oo. Then it follows from (4.6)
that

N
lim Z aij(x,u)DjuD;iudxdt
mmre) fmslul<m+1) =1

(4.7)
N
= lim f Z a;j(x,u) DjuD;[Ty1(u) — Try (1) |dxdt = 0.

m=re) Qi
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Conversely, assume that u is a renormalized solution. Applying (2.6) with h(u) =
H(n+1 - |u|), where H € C*(R), H > 0, H = 0 on (-o0,0], and H = 1 on [1,+0), as
n — +oo, we get

N T
— f étudxdt + f Z aij (x, u)DjuDigdxdt = J‘ fédth + J‘ A(t)é(t)lrdt (48)
Q Q 0

Qi j=1

Hence u is a weak solution to problem (P).
(ii) Due to u € L*(Q), assumption (3.1) and the definition of a renormalized solution
to problem (P), (ii) is an immediate consequence of (i). O

Remark 4.2. Theorems 2.5 and 3.4 improve those results of [1, 3, 8].
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