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We study the location of the peaks of solution for the critical growth problem
—&Autu=f(u)+u? "', u>0in Q, u =0 on 9Q, where Q is a bounded do-
main; 2* = 2N/(N —2), N = 3, is the critical Sobolev exponent and f has a be-
havior like u?, 1 < p < 2* — 1.

1. Introduction

In this paper, we will study the location of the peaks of least-energy solution for
the problem

—£2A14+u=f(u)+uz*_1 in Q,
u>0 inQ, (1.1)
u=0 onoadQ,

where Q) is a bounded domain in RY, ¢ > 0, and f is a function satisfying some
subcritical conditions. Here 2* = 2N/(N —2), N > 3, is the critical Sobolev ex-
ponent.

By least-energy solution for problem (1.1) we mean a critical point at the
Mountain-Pass level of the associated energy functional

Te(u) = lj (& |Vul®> +u?)dz - J [F(u) + i(u+)2*] dz, (1.2)
2Ja Q 2%

(where u™ = max{u,0}), defined on the Hilbert space H} (Q) endowed with the

norm

)2 = L (&2 Vul? +12) dz. (1.3)
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The Mountain-Pass level of J; is defined by

ce = inf max J (g(1)), (1.4)

gelos=t<1

where T is the set of all continuous paths joining the origin and a fixed nonzero
element e in H}(Q), such that e # 0 and J.(e) < 0. Under suitable hypothesis
(e.g., (f1), (fa), (fs) below), it is not hard to check that ¢, > 0 does not depend on
the element 0 # v € HL(Q) and u is a least-energy solution if and only if J.(u) = ¢
and J/(u) = 0, and J.(u) < J.(v) for all v # 0 such that J/(v) = 0.

The existence of least-energy solution of problem (1.1) was given in Brézis
and Nirenberg in [3, Theorem 2.1] (see Lemma 2.4 in this paper).

In this paper, we will study some properties of the least-energy solution u, of
problem (1.1) when ¢ is small. In order to describe these properties, we introduce
the hypotheses on the function f.

Suppose that f : R, — R, is a C** function such that

(f1) f(0) = f"(0) =0;
(fy) thereis q; € (1,(N +2)/(N —2)) such that

lim&=0

lim = R (1.5)

(f3) there are ¢, € (1,(N +2)/(N —2)) and A > 0 such that
f(s) = As®,  Vs>0 (1.6)

(when N = 3, we need g, > 2, otherwise we require a sufficiently large 1);
(f4) if F(s) = [, f(¢)dt, for some 0 € (2,q; + 1) we have

0<0F(s) < f(s)s, Vs>0; (1.7)

(fs) the function f(s)/s is increasing for s > 0.

Since our interest is on positive solutions we define f(s) =0, ins < 0.
Now we will state our main result.

TuEOREM 1.1. Suppose that Q is a bounded domain in RY; f satisfies (), (f2),
(f3), (fs), (f5); and let u, be the least-energy solution of (1.1). Then, thereis a g, >0
such that

(1) u. attains only one local maximum at some z, € Q (hence global maxi-
mum), for all e € (0,&,];
(ii) ue converges uniformly to zero over compact subsets of O\ {z.} as e — 0;
(iii) dist(ze, 0Q)) — max,cq dist(z,0Q)) .
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This statement is analogous to the one given by Ni and Wei in [8], in the
subcritical case

—&Au+u=h(u), inQ,

1.
u=0, onodQ, (18)
where h satisfies the following hypothesis:
(i) (f1), (f2), (fs), and (f5) hold;
(ii) the global problem
—Au+u=h(u), inRN (1.9)
has a unique positive solution in H' (RN );
(iii) this solution is nondegenerate in the sense that
—Av+v=Hh(u)v, inRV (1.10)

has no nontrivial spherically symmetric solution in L?(RN).

In [8], Ni and Wei also have described the asymptotic profile (in €) of u,,
giving a detailed description for € small. Here in the critical case, the solutions
have the same profile.

In this work we will show that a ground state solution of the critical problem
(1.1) is also solution of a subcritical problem (1.8) by showing that for small &
we have a uniform bound for the L* norm of u;.

The difficulty here lies in finding an upper bound for [|u||;~(q) by obtaining
a bound for u, in L (Q) norm, for all p > 2. In the subcritical case this bound-
edness is obtained since the family u, is bounded in H'(Q) but this argument
does not work in the critical case. Here, we obtain an L*-bound for u, through
the estimate below, which is based on Moser’s iteration technique (see [11]) and
is essentially due to Brézis and Kato [2].

ProposITION 1.2. Let A be an open subset and q € LN>(\). Suppose that g : A X
R — R is a Caratheodory function satisfying

lg(x,9)| < (qx) +C)lsl, VseR, x € Aand for some Cg > 0. (1.11)
Then, if v € HL(A) is such that
-Av=g(xv), inA (1.12)

we have v € LP(A) for all 2 < p < co. Moreover, there is a positive constant C, =
C(p, Cq, q) such that

||V||L2*<p+1)(A) =< CpHV”LZ(pH)(A). (1.13)

Remark 1.3. The dependence on q of C, can be given uniformly on a family of
functions {q.}.-o such that g, converges in LN'? (see the appendix).
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We have organized this paper as follows: the next section contains the proof
of Theorem 1.1. This proof consists in a series of lemmas which show the L®-
bound for u,, where these functions are solutions of a class of subcritical prob-
lems (1.8). The third section is an appendix proving Proposition 1.2, for the sake
of completeness.

2. Proof of Theorem 1.1
Before proving Theorem 1.1, let us fix some notation and preliminaries.
Remark 2.1. Throughout this section, we use the equivalent characterization

of ¢, which is more adequate to our purposes, given by

Ce = inf  max/.(tv). (2.1)
veHI(Q)\{0} =0

(see Willem [13, Theorem 4.2]).
We denote by J : H!(RN) — R the functional given by

= Sl = [ [E+ 5 )™ (22)
where
= [ (vul+)ds, 23)

associated with the problem
—Au+u=f(u)+|u|2*_2u, inRYN. (2.4)

It is known that under assumptions (f;), (f2), (f3), (fs), (f5), and (2.4) pos-
sesses a ground state solution w in the level

c=J(w)= inf max]J(tv), (2.5)
veH!(RN)\{0} t=0

(see [1]).
Remark 2.2. Tt is easy to check that for each nonzero v in H!(RN), there is
a unique t, = t(v) such that

J(tov) = max ] (tv). (2.6)

Indeed, since

2%

T(tv) = §\|v||2 - JRN [F(tv) - ;—*(W)Z*] dx, fort=0,  (2.7)
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the maximum point £, of J(¢v) is given by
)2 = J [0 f (1) + 22 (v) ] . (2.8)
RN

We assume, without loss of generality that 0 € Q. Set Q, = {x € RY; ex € Q}.
The restriction of ] to H} (Q,) is the energy functional,

](u)=%Jﬂ (IVu|2+u2)dx—J [F(u+)+zi*ui*]dx, ue HNQ), (2.9)

€ €

associated with the problem

—Au+u= f(u) +u271 inQ,

2.10
u=0 ondQ,. ( )

If u, is a critical point of J;, the family
Ve(x) = ue(2) = ue(ex), z=ex (2.11)

is such that each v, is a critical point of functional J restricted to H} () at the
level

be=](ve) = VEH;(%S\{O} r{lzaox](tv). (2.12)

It is easy to check that b, = e V¢, and from the definition of ¢ it follows that
b, > cforalle>0.

We will start with the following property of {b;} .
LemMA 2.3. For {bg}es0, lime_ob: = c.

Proof. Fix w a ground state solution of problem (2.4) and let y,(x) = ¢p(ex)w(x),
where ¢ is a C'-function such that

( ) 1 ifxe By, (2 13)
X) = .
¢ 0 1fx % Bz,

By = B,(0), By = B3,(0) C Q. Observe that y, — w in H'(RY) and the support
of Y, is in Q. By definition of b;, we have f, > 0 such that

b, < r?f})xl(twg) =J(tee). (2.14)
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From (2.8) and condition (f3) it follows that

||V’£||2 = J]RN [tQIV’Sf(tSV/e) + t‘?tzl/’sﬂ] dx

X X (2.15)
) — + * _ *
> JRN [At? R 7 ]dx,

so that, f, is bounded. Equality (2.15) and Remark 2.2 show that t, — t(w) = 1,
as ¢ — 0. Then we have .y, — w in H'(RY) and

limJ (t.ye) = J(w) = . (2.16)

Combining (2.14), (2.16), and the inequality b, > ¢, for all ¢ > 0, we have proved
this lemma. U

LemMA 2.4. The inequality ¢ < (1/N)SN'? holds, where S is the best Sobolev con-
stant for the embedding D?(RN) — L>" (RN).

Proof. For each h >0, consider the function

[N(N - 2)n]) V"

Pu(x) = (h+ |x|2)(N—2)/2 (2.17)
We recall that ¢, satisfies the problem
~Au=u*"" inRY,
u(x) >0, IRN [Vul?dx < oo, (2.18)

J | V| dx = I ¢2 dx=SV?  (see Talenti [12]).
RN RN

Now, consider y;,(x) = ¢ (x)/|l@¢nll 12+ ryy)> where @ is the function defined in
the proof of Lemma 2.3. From condition (f3) we have

2%

t? 2 PYACE B+l t
How) = 5[ (1vnl ewd) =200 [ i T @a9

Using arguments as in [7], there exists h > 0 such that

t? 2, o quﬂj 42+l £ (I
r{l):abx{szZOVl//h\ +1//h>dx—q2+1 le//h dx—z* <NS . (2.20)
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Therefore, from (2.19) and (2.20) we have that

1 e
r?ze})x](twh) < NS , (2.21)
and the proof of the lemma is completed. O

Notice that the same proof of Lemma 2.4 can be used to show that b, <
(1/N)SN2, for all € > 0. Using [3, Theorem 2.1], this inequality implies the exis-
tence of v, and then the existence of u,.

LeEmMA 2.5. Therearee, > 0; a family {ye} (0<e<e,; C RN, y: € Q. ; constants R >0
and 3 > 0 such that

J vidx> >0, V0<e<e, (2.22)
Br(ye)

leizrold(ys, 0Q),) = oo, (2.23)

Proof. Start by showing that there is a family satisfying inequality (2.22). Argu-
ing to the contrary, there is €, ™ 0 such that for all R >0

lim sup v2 dx =0. (2.24)

En
n— o0 xERN Br (x)

Using (Lions [6, Lemma I.1]) we have
JRNv?ndan(l), asn — oo, V2<g<2%, (2.25)
and, from (f;) and (f,),
JRN Flv,,)dx = JRN Ve, f (ve,) dx = 0, (1). (2.26)

Since J'(vg,) - v, = 0, we conclude from (2.26) that

2

vl = | v2 dx+ou1). 2.27)

Let € > 0 be such that ||v,, ||?> — £. Passing to the limit in J(v,,) = b;, and using
(2.26) we have

¢=Nc (2.28)

and hence ¢ > 0. Now, using the definition of the constant S, we have

, 22+
| > S( J vZ dx) . (2.29)
RN

Ve,



554  Location of the peaks of solutions to critical growth problems
Taking the limit in the above inequalities, as n — oo, we achieve that
2> Se¥%, (2.30)

and by (2.28), that
1 N2
c> N S (2.31)

which contradicts Lemma 2.4 and then (2.22) holds.

Finally, to establish (2.23), suppose the contrary. That is, there exist &, — 0
and R > 0 such that dist(y,,, 0Q,) < R, hence dist(¢, ye,, 0Q) < &,R. Without loss
of generality, we have ¢,y,, — ¥, for some y, € Q. The arguments that follow
can be found in [8].

Let v be the unit interior normal to 0Q at y,, and § >0 such that Bs(y, +
dv) cQand Bs(y, —v) N Q= D.Let QO = {x € RN : y, + &,x € Q} and w,(x)
= ug, (Yo + €,x). This sequence w, is bounded in H'(RY), —Aw,, +wy, = f(wy) +

2% 1+
w; " in Qy,

J widx > J vidx>=p>0, Vn, (2.32)
Byr(0) Br(yen)

and we have that w, converges weakly to some w in H!(RN).

Let RY, be the half space {x € RN : x - v > 0}. Notice that B,.15(¢, ' 6v) C Q,
and B 15(—¢, 18v) N Q, = @ and then we can prove that for all compacts K, C
RY, and K- c RN =RN\RY,, we have K, C Q,and K_ N Q, = &, for n large.

Then for each ¢ € C(RY ) such that supp¢ C Q,,, we have

J (WYt wa) dx = J (f () + w2 V) g dx. (2.33)
RY, RY,
From (2.33), usual arguments show that w € H'(RY) n C?(RY) and satisfies
—Aw+w = f(w)+w? "L, in RY,, and w = 0 in RN . Theorem L1, due to
Esteban and Lions in [4], shows that w = 0 which contradicts

2
wdx > [3>0. 2.34
'[BZR(O)HRI;{v ﬁ ( )

This completes the proof of the lemma. O

Now we will consider the translation of v,, defined by w:(x) = ve(x + ye) =
Ue(ey: +€x) in Q. ={xe RN; ey, +ex € Q} and w, = 0 outside Q.. From (2.23),
any compact subset of RY is contained in (N)E, for ¢ sufficiently small.

From Lemma 2.5,

J widx>pf>0, V0<e<e,. (2.35)
Bgr(0)
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Consider a sequence &, \ 0 and set KN)n = (NZEH, Wn = We,» Vi = Ve,» Ve = Ve,

We will prove that w, is bounded in the L* norm. In that case, u, is also
bounded in L*(Q) norm and the proof of Theorem 1.1 follows from the sub-
critical case, as Lemma 2.8 will show.

Since the sequence w, a translation of v,, we have a uniform bound for || w,||
and there is a w, € H'(RN) which is weak limit of w, in H'(RY). From (2.35)
we have w, # 0. We can write limit (2.23) in the following form

lim d(0,9€),,) = co. (2.36)

n—oo

Then for each ¢ € C°(RN) and large n such that supp ¢ C Q),,, we have

JRN (Vw,V$+w,$)dx = I . (f(w,) +@* Npdx, Vn. (2.37)

1

From (2.37), usual arguments show that w, is a solution of problem (2.4), hence
a critical point of J, and J(w,) = c.

LEMMA 2.6. The sequence w,, converges to w, in H'(RN) and ] (w,) = c.

Proof. This fact comes from Lemma 2.5 and Fatou’s lemma applied in the posi-
tive sequence wy, f (w,) — 0F(w,). Observe that

bsn ](Vn) - é]’(vn)v

(P2 o L[ D) —eF ()] + (2;—99”@%* -
_<9202) i H [wn f (@n) GF(w”)]Jr(z;*_(ag)JRN“’i*-

From (2.38)

e <J(w0) =J () = 5" (@),

= (S Il + 5 [ [wnf @0) - 0@+ (50) [ o

<timinf (=2 w1 5 ). Jwnf (@) = 0F (@)1 + =) [ o

=limb,, =¢
Nn— 00

(2.39)

We have proved that J(w,) = ¢ and then (2.39) becomes an equality.
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Combining (2.39) with the three following inequalities:

2

>

[ Lf (w0) = OF () v < Timinf | [@nf (wn) = 6F (@n)]dx  (2.40)

* . . *
J w2 dx < liminf J wy dx,
RN RN

llwo||” < liminf||w,

we conclude that ||w,|| — ||w,|| and then w, — w, in H'(RN). O

We are ready to conclude the proof of our main result. From Proposition 1.2
and Remark 1.3 with g(x) = w2 72 € IN?; g(x,5) = f(s) +s* —s, we have w, €
L' forall t > 2 and

l|wnll; < Cy, (2.41)

where C; does not depend on #.
Now we will make use of a very particular version of [5, Theorem 8.17], due
to Trudinger.

PROPOSITION 2.7. Suppose that t > N, g € L"2(A), and u € HX(A) satisfies (in
the weak sense)

—Au+u<gx), (2.42)
where A is an open subset of RN, Then for any ball Byr(y) C A,

Sltp)” = C(||”+||L2(BZR();)) + ”g”Lt/Z(BZR(,V)))’ (2.43)
BR y

where C depends on N, t, and R.
We know that each w, satisfies
—Aw, + w, = w2 7! + f(wy), in Q, (2.44)
and this implies that

—Awp+w, < gn(x) = w2 '+ f(w,), inRY (2.45)

in the weak sense.
Since (2.41) holds, ||g,llz¢ is bounded from above for some ¢t > N. Using
Proposition 2.7 in (2.45) we have

;‘ip) Wy = C(HwﬂHLz(BZR(y)) + ||gn||y(32R(y))) (2.46)
Wy



Marco A. S. Souto 557

for all y € RN, which implies that there is a constant a > 0, independent of ,
such that

wa(x)<a, VxeRN, (2.47)
It follows that there is a ¢, > 0 such that
u(z) <a, Vze, Ve<e,. (2.48)

To conclude the proof observe that u, becomes a solution of the subcritical
case (1.8) with h given by

flo)+s71 ifs<a,
he = f(s)+ ((26 :11)) a¥ 001 _ —((20 :19)) a¥ 1 ifs>a, (249)

where 6 > 2 is that one fixed in condition (f3). It is easy to check that h is a C1:@
function, hand H(s) = f;h(r) dr satisfy (f;), (), (f3), (f1), and (f5). Let J; be the
C!-functional on H}(Q) given by

Te(u) = %L} (sZIVu|2+u2)dz—L2H(u)dz. (2.50)

Since f(s)+s*> ~! > h(s) for all s >0, we have that
Je(u) < Je(u), Vu € Hy(Q), (2.51)
Je(ue) = Je(ue), J.(ue) = J.(ue) = 0. We conclude that u, is a least-energy solution

of the subcritical problem (1.8).

LemMA 2.8. (i) If . is the minimax level of J., then ¢ = c.;
(ii) each u, is a critical point of J. in the minimax level and satisfies (1.8).

Since global problem (1.9) has a unique nondegenerate positive solution
(cf. [9, 10]), Theorem 1.1 comes from [8, Theorem 2.2] applied to the func-
tional J;, and the asymptotic profile comes from [8, Theorem 2.3].

Appendix

Let A be some general domain in RN (bounded or unbounded). We will start
with the following lemma due to Brézis and Kato [2].

LemMA A.1. Let q € LN?(A) be a nonnegative function. Then, for every € >0,
there is a constant o, = 0(¢,q) > 0 such that

J q(x)uzdxssj |Vu|2dx+asf uwdx, YueHLA). (A.1)
A A A
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Remark A.2. 1f gy — g in LN>(A), we can choose a constant o, independent of k.
That is, o (¢, qx) = 0, and

J qk(x)uzdxsaj IVulzdx+0£J WPdx, VucH\(A), keN. (A2)
A A A
Proof. Let o, = o(¢,q) >0 be such that

llgllve(igzo,) < €S, (A.3)

where S is a best constant in the Sobolev immersion H}(A) < L?>"(A), where
2% =2N/(N —2). For all u € H} (A), we have

JAq(x)uz dx = qum q(x)u? dx+J q(x)u? dx

{g=oe}
<0, J u? dx + J q(x)u* dx (A4)
{g=<o:} {q=0e}
<0 JA wdx+llq lve(igzap M||iz* ({g20:})"
Inequality (A.1) follows from Sobolev estimate and the choice of . O

Remark 1.3 follows from the proof of Lemma A.1 and the inequality

L G (O dx < JAq(x)uz d+11x = ll s 10122 (A.5)

Proof of Proposition 1.2. For any n € Nand p >0, consider A, = {x € A: [v[F <
n}, B, = A\ A,, and define v, by

ve=v[v[*? in A, vu =n*v  in B,. (A.6)
Observe that v, € H} (A), v, < |v|?P™ and

Vve=Q2p+1)|v|*’Vv inA,, Vv, =n*Vv inB,. (A7)

So, using v, as a test function

J VvV, dx = J g, v)v, dx. (A.8)
A A
Using (A.7), we have

(2p+1)J |v|2P|Vv\2dx+n2J

|Vv|?dx
Ay B,

(A.9)
< J |g(x,v)vy | dx < J (q(x) +Cg) [vvy | dx.
A A
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Now consider
w, =vv|? inA,, w, =nv inB,. (A.10)
Notice that w? = vv, < |v|?P*D and
Vw,=(p+1)|v[PVy inA,, Vv, =nVv inB,. (A.11)

Therefore,

J |Vw,,|2dx=(p+1)2j IVIZPIVVIde+n2J |Vv|?dx. (A.12)
A A Bn

n

Combining (A.9) and (A.12), we obtain

2p+1
(p+1)?

J |an|2dst (qx) + Cp)a? dx. (A13)

A A

Let o), be given by Lemma A.1 with e = (2p +1)/2(p +1)*. Then

I |V, | dx < CPJ w? dx, (A.14)
A A

where C, = (2(p+1)%/(2p +1))(Cq + 0,). Suppose that v € L*PTD(A) for some
p = 2. Applying Sobolev immersion in inequality (A.14) we have

2/2% v
[J w? dx] < [J w?’ dx] < SCPJ v 2P+ dx (A.15)
] A A
that is,
22+
“ |v|2*<P+1>dx] dx < cpj |v[2+D) gy, (A.16)
An A
where
2(p+1)?
Cp = WS(C&W}—O’I;). (A17)

Now, passing to the limit in (A.16) we have v € L*" (?*D(A) and
||V||L2*(p+l)(A) < CpHV”LZ(P“)(A)- (A18)

The proof follows from the following iteration argument: let p; a positive
such that 2(p; + 1) = 2*. It is easy to see that 0 < p; and v € LXP1*V(A). Using
inequality (A.18) we have

ve L¥ @A), (A.19)
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Now choose p, such that 2(p, + 1) = 2*(p; + 1). It is easy to see that 0 <
p1< pzandv € LP2*1(A). Using inequality (A.18) we have

ve LZ Q). (A.20)

Continuing with this iteration we obtain an increasing sequence pi given by
2(prs1 +1) = 2%(pr + 1) such that v € L2Pe1+D(A) for all k € N. From

N
pk+]+l = m(pk‘Fl), (AZI)

it follows that

P+l = [%]kz*. (A22)

This shows that px goes to co and therefore,

velP(A), Vp=2. (A.23)
O

Remark A.3. Proposition 1.2 is valid for positive subsolutions of problem (1.12)
as we can check in its proof.
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