WEAKLY HYPERBOLIC EQUATIONS WITH TIME
DEGENERACY IN SOBOLEV SPACES

MICHAEL REISSIG

ABSTRACT. The theory of nonlinear weakly hyperbolic equations was devel-
oped during the last decade in an astonishing way. Today we have a good
overview about assumptions which guarantee local well posedness in spaces
of smooth functions (C*°, Gevrey). But the situation is completely unclear
in the case of Sobolev spaces. Examples from the linear theory show that
in opposite to the strictly hyperbolic case we have in general no solutions
valued in Sobolev spaces. If so-called Levi conditions are satisfied, then the
situation will be better. Using sharp Levi conditions of C'*°-type leads to
an interesting effect. The linear weakly hyperbolic Cauchy problem has a
Sobolev solution if the data are sufficiently smooth. The loss of derivatives
will be determined in essential by special lower order terms. In the present
paper we show that it is even possible to prove the existence of Sobolev
solutions in the quasilinear case although one has the finite loss of derivatives
for the linear case. Some of the tools are a reduction process to problems
with special asymptotical behaviour, a Gronwall type lemma for differential
inequalities with a singular coefficient, energy estimates and a fixed point
argument.

1. INTRODUCTION

In this paper we want to prove a local existence result in Sobolev spaces with
respect to the spatial variables for the weakly hyperbolic Cauchy problem

(1.1) u — N (t) Aw= f(t,z,u,up, (1) 0, u),

(1.2) u(z,0) = ug(x), ue(z,0) = ui ().

Here and in the following f(..., 4i(t)0z,u) means that f depends on p;(t)0z,u,
i = 1,..,n. The problem becomes weakly hyperbolic if A(t) = 0 (time
degeneracy). As a model case we suppose for the function A = A(¢)
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(A1) A(t) € CH[0,T), N(t) >0 for t > 0;
(A2) A(0) =0, N(0) =0, A(t) >0 fort > 0;

where T is a positive constant. If we restrict ourselves to Gevrey classes of
order < 2, then we can use ideas of [6] to prove a local existence result for

ug — N2(t) A w = f(t,z,u,u, Vou),
u(xa 0) = UO(Ji),’LLt(I',O) = Ul(l‘)

To overcome the critical order 2 we need so-called Levi conditions. These
are relations between A = A(t) and the derivative of f with respect to the
argument ¢ = V,u. The exact choice of the Levi condition has an important
influence on the qualitative properties of the solutions of (1.1), (1.2). Let
us illustrate it by the aid of two examples from the linear theory. In both
examples we suppose that a is a real large constant.

Example 1. We consider the Cauchy problem wuy — 2y, + attlu, =
0,u(z,0) = uo(x),ut(x,0) = uy(z) for a natural number [. One can prove

al—1
that there exists a uniquely determined solution u(-,t) € H SO_%(RI) for
all t > 0 if ug € H*(R') and u; € H*~Y(RY). In [11] this loss of Sobolev
derivatives was shown for [ = 1 and a = 4n + 1 by an explicit representation
of the solution.

Example 2. We consider the Cauchy problem wug — A?(t)ug, — a%um =

0,u(x,0) = up(z),ut(z,0) = ul(x‘()l‘,ixlzvhere A(t) = exp(—1/t), A(t) = A(t).

One can prove that u(-,t) € H~ "2 (R!) for all t > 0 if ug € H*°(R') and
Uy € HSO_I(RI).

Both examples can be studied by using the theory of special functions (for
the first see [14], for the second one [1],[12],[16]). In both examples the
coefficient a(t) of u, behaving as O(N(t)) (A(t) = t' in the first example)
determines the loss of Sobolev derivatives.

The Levi condition a(t) = O(N(t)) is sharp in the following sense:

If we weaken it to a(t) = o(N(t)%),s € (0,1), then there doesn’t exist a
distributional solution (see [5]).

If we sharpen it to a(t) = o(N(¢)), then the term of lower order has no
influence on the loss of Sobolev regularity.

Various nonlinear generalizations of the above Levi condition are known, for
example, |9y, f(t, x,u,p,q1,....,qn)| < CXN(t) in a suitable domain of defini-
tion. But if we want to study model equations of the form

(1.3) ug — N2 (t) A u = f(u,up, Vau)

under this Levi condition, then one has to define and to work in spaces of
solutions with special asymptotics in ¢. Otherwise the Levi condition is not
satisfied. Another nonlinear generalization is to suppose that
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f depends on p1;(t)0,,u, where

)]
A3 1
(43) V()

Allowing this kind of sharp Levi condition we have to take into consideration
the following question.

=Q, Ni(t) S C[O,T]

Is it possible to connect the quasilinear structure of our problem (1.1), (1.2)
with the loss of derivatives of the solution which appears even in the linear
case?

If not, then it may turn out to be hard to prove local existence of Sobolev
solutions for our starting problem. The goal of this paper is to show how to
answer this question, to overcome these difficulties, respectively.
Let us mention some more references related to the object of this paper. In
[9] one can find a global existence result of classical solutions for

Ut — N2 () Ugy — alx, t)ugy — bz, t)us — c(z, t)u = f(z,t),
u(z,0) = ug(z), ut(x,0) = uy(x),

under the Levi condition

la(z,1)]

limsup ——— < Q < .
t—>+0p N(t) — @
This Levi condition is sharp. The loss of derivatives depends on ().
Weakly hyperbolic Cauchy problems of the form

Ug — Zn: (aij(m, t)ug,)z; + Zn: bi(x, t)ug, + bo(x, t)ur + c(x, t)u = f(x,t),
ij=1 i=1
u(x,0) = ug(z), ut(x,0) = uy(x),

were studied in [10] under the Levi condition

n n n

ct(D_bi(t)&)? < ACY - aij(a, )&&5) + (Y aij(x, t)&&)).

i=1 ij=1 ij=1

In the case of time degeneracy this Levi condition is only sharp if we have a
degeneracy of finite order (compare with the Levi condition from [9]). Quasi-
linear weakly hyperbolic equations of higher order are studied in [7]. There
are various papers ([2],[3],[8]) concerning local existence in C*° for special
quasilinear weakly hyperbolic model equations. But the goal of these papers
is another one. The authors are more interested in equations having a main
part which differs from that one of (1.1). The authors allow spatial degen-
eracy, too, and allow even a dependence of the coefficients on the solution
itself. But there is no nonlinear dependence on V,u or the Levi condition is
not sharp for time degeneracies of infinite order.
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2. MAIN RESULTS AND SOME IMPORTANT TOOLS

To formulate the main results we suppose for the function f = f(t,z,u,p,7),
p="u, T = (r1,..., "), i = pi(t)qi, ¢ = Oy, u, the condition

(A4) f€C(0,T],C®(R, x R, x R}") x H3(R"))
for all s € N.

Theorem 1. (Local existence result)
Let us consider the weakly hyperbolic Cauchy problem

Ut _)\2(t) Au - f(taxau')ut’/’['i(t)aitiu)v
(2.1) u(z,0) = up(z), ue(z,0) = ui (z),
where the data ug,u; belong to H(R™), H°~1(R"), respectively. The nat-

ural number so satisfies sg > 2(Q +4) + n/2 + 1+ r,r € N, where the
nonnegative constant () is chosen from the relation

(22)  timsup [y, £ (1 2,0(w). w1 (), 1 ()00 (2)) /N (1) = Q

for all (z,t) € R" x [0,T] and i,k = 1,...,n. Under the assumptions (A1) to
(A4) there exists a locally defined Sobolev solution
u € C([0,77], HH AR (RY) 0 O ([0, T7], H¥H 2T (R))
N CQ([O, T*], H2+[n/2]+r(Rn))_

Theorem 2. (Uniqueness result)
The solution of (2.1) is uniquely determined in

C([0,T], H*(R™)) N CY([0, T], H*~(R")) N C*([0, T, H**(R"))
under the assumptions of Theorem 1 and the condition
(2.3) so >max(n/2+ 1,5+ 2[(Q +1)/2]).

Remark 1. There is a gap between the order of Sobolev classes for which
one has local existence to those in which one has additionally uniqueness
of solutions. This is a typical effect in the weakly hyperbolic theory if one
uses the sharp Levi condition (A3). The question whether the solution of
Theorem 1 is uniquely determined seems difficult.

If r > 1+ 2[(Q+1)/2] — [n/2], then Theorem 2 implies the uniqueness of
the solution from Theorem 1.

An important tool for our considerations will be the following

Lemma 1. (Lemma of Nersesjan - generalization of the well-known Gron-
wall’s lemma to differential inequalities with a singular coefficient [9])
Let us consider the differential inequality

(2.4) y'(t) < K(t)y(t) + £(t)
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for t € (0,T), where the functions K = K(t) and f = f(t) belong to
C(0,7),T > 0. Under the assumptions

é T
/K(T)dT:oo,/K(T)dT<oo ,
0 6

t t

lim exp(/ K(7)dr)f(s)ds exists ,
d—=+40 s

Jlim y(6) exp( 5/ K(r)dr) =0

for allt € (0,T) and § € (0,t) every solution belonging to C[0,T]NC*(0,T)
satisfies

t

(2.5) y(t) < / exp( / K(7)dr) f(s)ds
0 S

This lemma can be applied to the study of the linear weakly hyperbolic
Cauchy problem

(2.6) wy — N2(t) Aw = f(z,t), w(z,0) = wi(z,0) =0,

where A\ = A(t) satisfies the assumptions (A1) and (A2). In [15] it was proved
that for every function f = f(z,t) satisfying A\=?f(z,t) € C([0,T); Y,) there
exists a uniquely determined solution w = w(x,t) satisfying A\~%w(z,t) €

C?([0,T);Y$,), where d is a suitable positive constant. Here we use the
notation

Yio = {u € C(RY) : 0%ull y(rmyp ™ < Claf*}

with suitable constants p and C depending on u. Using Lemma 1 and the
result from [15] one obtains the next result.

Corollary 1. If f € C([0,T], HN=Y(R")) satisfies
Hf(:z:,t)/()\(t)d_l)\’(t))||HN_1(Rn) < Cn,N > 4,d > 1, then there exists a
uniquely determined Sobolev solution

w e C([0,T], HN(R"))nC ([0, T), HN =Y (R™)NC?([0, T], HN ~2(R™)) of the
linear weakly hyperbolic Cauchy problem

wy — N2(t) Aw = f(z,t), w(x,0) = w(z,0) = 0.

The solution fulfils En(w)(t) < CyA(t)?, where we use Cx as an universal
constant (for the definition of En(w)(t) see the proof).

Proof. a) Let x = x(x) be a Gevrey function from Y7, N C§°(R") with
x(x) = 01if |[¢] > 1,x > 0 and [ x(x)dr = 1. Then the functions
Rn
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NTINTED £ = NTIAE@D £y, (Friedrichs mollifier of MA@ f) be-
long to C'([0,T1],Y}), too. This follows from
)\/_IA_(d_l)a?fa — A/_l)\_(d_l)f*aanzsa
NN el <IN TN F ) 08Xl 2

and the fact that y. has compact support for each fixed ¢ > 0. Moreover,
the regularizations fulfil lirilo NI p A/_l)\i(dil)fHHNfl(Rn) = 0.
E—r

Let us now consider the auxiliary problems
wy — (Nt) +ex)? Aw = fo, (x,1),w(z,0) = wi(2,0) =0 .

We can choose the sequence {e;},er — +0, in such a way that

—1y—(d— —1\—(d— 1
H)\/ by (d 1)f8k — N7 (d 1)f6k+1”HN_1(Rn) < ka forall ke N.

We define energies which take into consideration the degeneracy at ¢t = 0 of
our starting problem, namely, the partial energies (j > 1,¢ € [0,T])

27) Gt = ) /(()\(t) +€)*107 Vawl® + 07w + [0 w|*)dx
lal=j—1pn

and the energies of finite order (N > 1,t € [0,T])
N

(2.8) Eyc(w)(t) =) eje(w)(t).
j=1

Due to [6] we have for f., a uniquely determined solution w., € C*([0,T];Y3,).
Now let us introduce g, = fe, ., — f, and vy = we, ,, — we, . After differen-
tiation of (2.7), (2.8) we get

a0 S i (0)(0) + i ()0

+ > 108kl Larmy
=3 -1

N(t)
(A(t) + et1)
+ Mgkl ay-1(rny

B e (0R)(8) < EN g1 (06)(8) + En ey (k) (1)

respectively. After application of Gronwall’s inequality we have
¢
Enaca @) < O + 1) [O6) + es0) ™ gl (5)ds
0

b
2Kd —1-n)

IN

() + epp1) 7 / dy(M(s) + eper) 1 ds
0

(A() + epg1)"
- 2Md-1-mn)
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for each d > 1. Using (2.7), (2.8) and w., € C*([0,T);Y3,), then {w., } =
n—1

{wey + 3 i} is a Cauchy sequence in C1([0,T], HN=1(R")). The limit
i=0

function w € C([0,T], HN~Y(R")) satisfies Ex(w)(t) < CA(t)4, d > 1.
Here one has to use that

Eng, (we, )(t) < C(A(t) + )¢ for all t € [0, T], where C is independent of N.
Hence, w € C([0,T], HN(R™)), too. Thus the existence part is proved.

b) To prove uniqueness we define the energies (j > 1, N > 1,t € [0,7T])

N
29) )= >[92l + 0twP)de, Ey(w)(t) = 3 fiw)(®).
j=1

lo|=j—1fn
With these energies we obtain
Fiy(w)(t) < Fy(w)(t) + X() Fy-2(w)(t), Fx (w)(0) =0 .
The application of Gronwall’s inequality leads to

Fy(w)(t) < CyA2(t) max Fyia(w)(t) .
te[0,7)
If we use the energies Ey and the relation En(w)(t) < CnyFni1(w)(t), then
En(w)(t) < Cni122(2) n%oa)”}] Fnis(w)(t). As in the part a) we derive
telo,
X (1)

B ) (1) < Yo

En(w)(t) + En(w)(?) .

The assumption N > 4 implies the existence of Fy(w)(t). Using the last both
inequalities we conclude with Lemma 1 (we have to use it with the notations
K(t) = (1+n)d; InA(t),n > 1,y(t) = En(w)(t)) the relation Ey(w)(t) =0,
that is, w = 0 in R" x [0,T]. The corollary is completely proved. =

3. PROOF OF THE THEOREMS

3.1. Proof of Theorem 1. a) Reduction process.

In this step we reduce (1.1) to an equivalent system of nonlinear ordinary
differential equations and a quasilinear weakly hyperbolic equation. A spe-
cial asymptotical behaviour of the nonlinear right-hand side of the weakly
hyperbolic equation allows us to apply Corollary 1.

Let us define the iterates u(®,i = 0, ..., p, in the following way (see [13] in a
special case):

UE?) = f(t,ﬂc,u(o),ugo), 0,...,0),

3 w0 (z,0) = ug(x), u§°) (x,0) = uy(x),



246 MICHAEL REISSIG

(3.2)
" i—1 i i—1 .
Uy :ft €L, Zu Zut nul )Zamu( )7--~7ﬂn(t)zaxnu( )
k=0 k=0 k=0
i—2 i—2
— f(t,z, Zu &) Zut () 0 u® | (8) Y O, ul®)
k=0 k=0 k=0
+ X2 (1) A ulY,
(i) _ @ _
(3.3) u'(z,0) =u; ' (z,0) =0
-1
fort=1,...,p, > .. = 0. This system of nonlinear ordinary differential

k=0
equations has uniquely determined solutions u(? (z, -) € C2[0, Ty] if we choose
T sufficiently small. Using additionally the regularity of the data ug and u;
we obtain

F)@) < 0+ > 02 f sz u®,u®,0, . 0)l|Lyre)-

jof=j-1
Supposing for u(©) the conditions
(3.4)  [u® — | < o, [l = us < 2o, 105, (O —up)| < &g

gives after a standard procedure (Leibniz formula, Gagliardo-Nirenberg in-
equality etc.)

F)(@) < fi)(0) + C5 1+ F(uV)(2)),

52 Fie@®)(t) < Fy(u®)(t) + On(1 + Ey(u®)(2)),

respectively. By Gronwall’s inequality Fy(u(?)(t) exists for t € [0, Tp].

If we choose data uy € H*(R"), u; € H*® 1(R") with n/2 +1 < N < s,
then (3.4) is satisfied, probably with a smaller Tjy. There are no difficulties
to estimate the other iterates. One has only to study

ul) = gi(t, 2, u® ) + X2(8) A w0 (2,0) = ul? (2,0) =0,
where

gi(t, z, u(i), u,gz))

i i i—1 i—1
= f(t7 €, Z u(k)a Z ugk)7 :ul(t) Z aﬂﬁlu(k)a Rl :UJn(t) Z a’fnu(k)
k=0 k=0 k=0 k=0
i—1 i—1 k) 1—2 i—2
_f(t7 z, Z u(k)7 Z ut 7/1‘1(t) Z amlu(k)a ct ,Lbn(t) Z 8znu(k)
k=0 k=0 k=0 k=0

and repeat the reasoning. The term \?(t) A u*~1) worses the Sobolev regu-
larity of u(® with respect to z compared with that of «(~1) by 2. Thus we
have proved the
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Lemma 2. There exists a positive constant T, such that the system of non-
linear ordinary differential equations (3.1) to (3.3) has uniquely determined
solutions

ud e C%([0,T), H*~'"2(R")), i = 1,...,p, where so — 1 —2p > n/2 + 1.
Moreover, to given positive constants €;,1 = 0, ..., p, there exists an interval
[0,T}) in which the estimates

max (Ju(® = ug|, |u® — ui, 1y (£) () — wo,)]) < 2o,

(36) " o1 ) " J
max (Ju], Jug 7] g (Duz]) < e

hold for all (z,t) € R" x [0,T}],i =1,...,p.

One expects the statement of this lemma. The sense of our procedure will
be expressed by the next

Lemma 3. Choosing data ug € H*°(R"), u; € H® Y(R") withn/2+1 <
N < sg — 2p it holds

(3.7) Fy(uD)(t) < CniNi(t)
for allt €[0,T,] and i =0, ..., p.
Proof. Instead of (3.7) we show the stronger statement
Far(u)(t) < CpriNi(t) for i=0,...,p and M <sg—2i.

Recalling (3.5) we find these estimates for ¢ = 0 and M < s¢. Using (3.2)
we obtain

ud™ = b (e, ul ™ + G (2, )Y
+ > k(B arir (@, Hhul) + X2(t) A ul),

k=1
Homogeneous data, (Al) and (A3) imply similar to (3.5)

Fag(u®™V) (1)

IN

¢ , .
CM/O (N (T)Crrs1, N (1) + N (7)Crag2,i N (7)) dr
< Cuip AT

for all t € [0,T)] and M < so — 2(i + 1).

P
For the solution of (1.1) we choose the ansatz u = v + > u(, p > Q + 1
i=0
(Q from Theorem 1), where the functions v € C2([0,T,], H*~'~%(R"))
are the solutions of (3.1) to (3.3). Taking account of p > @ + 1 and
so > 2(Q +4) +n/2 + 1+ r we conclude from Theorem 1 that u( ¢

C2([0, T,,), H*T /247 (R™)) for i = 0,1, ..., p. =
It remains to consider the weakly hyperbolic Cauchy problem

(3.8) vyt — N2(t) A v = F(t,z,v, v, ui(t)dp,v), v(z,0) = v4(x,0) = 0,
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where
F(tv T, U, Vg, Ml(t)axlv)

p p p
= f(tz, o+ > u®), g0 + Z u®)), 1y (1)0;, (v + Z u®
=0

k=0

P p—1
—f(t,x,Zu(k),Zﬁtu(k),ul ZE) e +)\2 )Au(p).
k=0 k=0

Our starting Cauchy problem (1.1),(1.2) is obviously equivalent to (3.1),
(3.3), (3.8).

Remark 2. Using (3.7) the right-hand side F'(¢,x,v,vs, p;i(t)0z,v) has in
(t,2,0,0,...,0) a special asymptotical behaviour, namely, F(¢,z,0,0,0) ~
AP(t)N(t). In this sense it is reasonable to speak of an improvement of the
asymptotical behaviour from iterate to iterate.

b) To proceed further, let us devote to (3.8) and define the successive ap-
proximation scheme

oD N2() AT = Bt 2, 0@ 0, (49 0@),
?)(‘Hl)(x,O) _ v§q+1)(x,0) -0,
w0 = 0.

Then the differences w? = (@) — (@ gatisfy

wy =N Aw® = F(t,2,0,0,0).

wf) = X)) Aw@ = F(t,z,0D, 00, ()0, 0)

~F (20 0T p(1)0,,0 )

with homogeneous initial conditions. Now we observe that, by Remark 2
and Corollary 1, we have w(®) € C([0,T,), HV(R")) and the existence of
En(w©)(t) for all t € [0,T;],
N =4+ [n/2]+r. Hence the right-hand side in the weakly hyperbolic equa-
tion for w) belongs to C([0,T,], HN~'(R™)). Using Hadamard’s formula,
(A3) and the definition of Ey its asymptotical behaviour is O(A(¢)P~1 )\ (¢))
for t = +0. Consequently, Corollary 1 is applicable and yields
wM e C([0,T,], HN(RY), Ex(wM)(t) < OniA(t)P. With this proce-
dure at hand, it is not difficult to conclude w'® € C([0,T,], HN(R")) and
En(wD)(t) < CyA(t)P for all ¢ > 0. Thus, all iterates are well defined.
¢) The ideas of the second step give us the possibility to estimate En (w(@)(t).
Let us sketch it for En(w(®)(t). We obtain for a small € > 0

By )0 < L+ 530

+Z > 02 F(t,2,0,0,0)| 1y (r)-

J=llal=j—-1

En(w®)(t)
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To estimate 0% F'(t,x,0,0,0), |a| < N — 1, the essential terms are the fol-
lowing:

n 1 p p p—1
ag(z; / aﬁf(tv €z, Z u(k)a Z ng), Ml(t)axl kZ: U(k),
i= =0

P
i (1) O, ( Zu(k + rulP )),...,,un(t)axn Zu(k))dT ,ui(t)amiu(p)).
k=0 k=0

n
Let us denote the integrand by > g¢;(¢,x,...). Applying Leibniz formula
i=1

there are terms of the form
Z/ gi(t )T i ()08 g) with |a|=N—-1.

Using (2.2) and (3.4) one can estimate to a given € > 0 the Ly(R"™)-norm
of the sum of all these terms by (Q + §) ((t)) N (uP)(t) for all t € [0,TL],
where T, <T,.

Moreover, we have terms of the form

15 lo
37D S SED 3 S

Bt+p<lali+lo= |O¢| |ﬂ| ‘p‘ v1=01v2=0
p

x > o> u<k>)...32”1(f: u)y)

[Y1 |4y [=l, ] >1 k=0 k=0

P
k Ou
SIS D0 DT ORE 22u ) ()00,
181+ +ovg | =l |6s>1 k=0

with |p| < |a|. Using (A3),(3.4) and the Gagliardo-Nirenberg inequality the
Ls(R™) -norm of this sum can be estimated by

CNN () En(uP)(t)En(Ch_gu®)(t). Here (3.4) is used to estimate the
Loo(R™) -norm of 37 _, u®) and > o k) Finally, there appear terms in
which g¢; will be diﬁerentlated to ry, too S1m1lar to the above considerations
the sum of these terms can be estimated by

X2(t)

NS EN(u@))(t)EN(];)u(’f))(t)

Consequently,

D EN )0+ @+ )

EN(w©@)(t) < (1 +

12 p
oy (g)EN(u(p))(t)EN(Zu(k))(t)

p
+ONN () En (u®) (1) Ex zw £) + N () Ena(u®) ().
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Using (3.7) and Lemma 1 we have Ex(w(®)(t) < CyoA(t)? with a suitable
constant Cy .
Repeating the above considerations leads to

3 Bt

2
e\ N(1)
+(@+3) ()E

(3.9) 12 P
ton /\)\(g) EN(w(q_l))(t)(EN(v(q_l) + Z u(k))

E\(w@)(t) < (1 +

+ En(v +Zuk)

where the function ¢y increasing in N depends on the Lo (R")-norms of

P p
U“H-Zu( —i—Zut s pe(t (i)+2u(k)),i:q—1,q.
k=0 k=0

d) Finally, we want to show the existence of constants 7%, D and C 4 such
that

Exn(w' D) (t) < Cy AP, En(@ + Z u™)(t) < Dy
k=0

for all ¢ > 0, t € [0,T*], where the sequence {v(9} converges to a solution
valued in Sobolev spaces of (3.8). The application of Lemma 1 to (3.9) gives

t

Enw®)(t) < [expl([(1+3)
0

S

N (1) e N(s)

)\(7_) dT)((Q + 7) A(S)

)2 B(wV)(s)

N2 (s
A(s)

)EN( (q—l))(s)(EN(v(q—l) + zp: wlF)
k=0

+¢n(Dn)

§ En® 1+ 3 u®)(s))ds
k=0

respectively, using the induction assumption (the inequalities are fulfilled for

q=0)

N(s)
Als)

En(w®)(®) < X0'F [ M) (@ + 5) T Onai A5
0

7)CN,q_1A(S)pDN)dS

%)\(t)p(l +2pNn(DN)Dy sup XN (t)) .
p —3 [0,7]
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Here it is sufficient to estimate the Lo (R™)-norm by Dy. Let us choose
P
Dy = l—i—[rél%)? En(> u®)(t). Taking into consideration (A1) and p > Q+1
L E k=0
we have a positive constant T such that

Q+5 s i
m(l + X(T7)2on(DN)DN) =b < 1.
Consequently, Ex(w(®) < b9CyoA(t)P for all ¢ > 0 and t € [0,7*]. An
eventually smaller 7* implies that Ciy oA\(T*)P/(1 —b) <1, Ex(v@)(t) < 1
respectively.

As in part a) of the proof of Corollary 1 we have that {v(9} is a Cauchy
sequence in C([0,T*], HN(R™)) n C([0,T*], HN=Y(R")), where N = 4 +
[n/2] + 7. The limit function v belonging to C?([0,T*], HN~%(R")), too,
solves (3.8). This completes the proof. =

3.2. Proof of Theorem 2. We only want to sketch the proof because the
main ideas one can find in the proofs of Corollary 1 and Theorem 1.

a) The date ug,u; belong to H*(R™), H**~1(R"™), respectively. If sy >
n/2 + 1 we obtain |ug(z)| < Cy, |ui(z)| < Cp and [04,up(z)] < Cy, for all
x € R",i = 1,...,n, with suitable nonnegative constants C,,C),Cy,. Let
v1, V9 be two different Sobolev solutions, then w = v1 — vo solves
n

wy — M) Aw= Zai(t7$,’l)177}2)ui(t)wxi + b(t, x, vy, v2)wy

i=1

+ C(tv x, v, UQ)wa

w(z,0) = w(z,0)=0.

(3.10)

To every positive constant € we can find a constant 7, such that the argu-
ments of the coefficients fulfil

log(z, t)| < Cy +e, |Og(x,t)] < Cp+e, |pi(t)0yvi(x,t)] < Cq +€
for k=1,2, i=1,..,n and all (z,t) € R" x [0,T¢]. Using (A4) and (2.2)

leads to

. i : <
(3.11) tgrfo la;(t, z,v1,v2)| < Q

for all x € R™.

b) The function
w € C([0,T), H*(R™)) n C*([0,T], H* 1 (R™)) n C*([0, T], H**"2(R™))

solves
n
Wi — b(t7x701702>wt - C(t,l’,’l)l,’l)g)w = Zai(t7x7v17v2)ui(t)w$i
i=1
+ A(t) Aw, w(z,0) = w(z,0)=0.
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By (A4) the coefficients belong to C([0,T], H*¢~}(R™)). Similar to part b)
of the proof of Corollary 1 it follows

Fie(w)(t) < CyEx(w)(t) + X (8)Covr s (w) (1)
(3.12) £ 2t Fy 4 (w) (2),
Fy(w)(0) = 0

for all t € [0,7;] and 1 < N < 59 — 2. Applying Gronwall’s inequality and
repeating the same reasoning p — 1 times gives

313)  Fw()(0) < CxpM O mas Fr sy ()0
for all ¢t € [0,T;] and 1 < N < s9 — 2(1 4+ [p/2]).

c¢) Similar to part a) of the proof of Corollary 1 we can show

(3.14)  Ex(w)(t) < (Q+1+¢) /\/(t)EN(w)(t) + CnEn(w)(t)

()
for all t € [0,7;]. Using En(w)(t) < CnFni1(w)(t) it follows from (3.13)
(3.15) En(w)(t) < CNnt1p ANt1pA )"
where Ay, = %%?%FNQ (1+[p/2) (W) (t).

Finally let us choose p > @ +1+¢. Then Lemma 1 can be applied to (3.14).
Due to (3.15) the essential assumption

T

lim En(w)(t) exp(/(Q +1 +E)§\/( )ds) =

6——+0

1)
)‘(7—) Q+1+e _
is satisfied for all 7 > 0.

Consequently, E1(w)(t) =0, w =0 in R™ x [0,T;]. Therefore we need the
existence of Fyy[p/2))(w)(t) with p > @ + 1. But this follows from the
fact that F(w)(t) is defined for N > 5 4 2[(Q + 1)/2]. Consequently, the
special choice of 59 > max(n/2+1,5+2[(Q+1)/2]) implies the uniqueness of
Sobolev solutions of our starting problem (2.1), (2.2) in [0, 7;] with respect
to t. From the strictly hyperbolic theory we obtain even the uniqueness in
[T€7 T]

4. FURTHER RESULTS

Corollary 2. Additionally to the assumptions (A1) to (A4) we suppose that
A(t) € C?[0,T). If the data ug,u1 belong to () H¥(R™), then there exists a
keN

locally defined solution w € C%([0,T*], | HF(R™)) of the weakly hyperbolic
keN
Cauchy problem (1.1), (1.2).
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¢
Proof. Using (3.5) we obtain Fy(u(®)(t) < Ay o+ Byo [ Fx(u®)(r)dr for
0

all t € [0,7p], where a sufficiently small T, and a suitable Ny imply the
conditions (3.4). Let us fix the set

Ko = {v e CY[0,Tv], (| H*(R")): Fn(v)(t) < AnoeP¥o" YN}
keN

and consider uy = f(t,z,v,v,0,...,0) , u(x,0) = up(z),ut(x,0) = ui(z),
with an arbitrary function v from K. Then we have

IN

Fy((®) < Awo+Bxo [ Ex(o)(r)dr
0

IN

¢
Ano+ BN,O/AN,OeBN’OTdT < Ay geProt,
0

Consequently, u € Ky, too. Using the property of (| H¥(R") to be a
keN

Montel space and the uniqueness property of solutions for the Cauchy prob-

lem (3.1) we conclude that there exists a uniquely determined solution

u® e C2([0,Ty], N H*(R™)) satisfying the energy estimates Fi (u(9)(t) <
keN

AN7OeBN’0t for all N.

It is clear that an analogous argument gives locally defined solutions u(® e

C%([0,T;], N H*(R™)) of (3.2), (3.3). From (3.7) we know additionally that
keN

Fn(u®)(t) < CnAi(t) for all t € [0,T,] and i = 0, ..., p. Now let us devote
to the weakly hyperbolic Cauchy problem (3.8).

Applying Hadamard’s formula and the above cited properties of u® | espe-
cially those for u(®, gives by the same reasoning as in part c) of the proof
for Theorem 1

By < 1+ DI T Ev@0 + @+ DI

: En(0)(t) +

N2 (t
AN (ol oy [0 BN (0)(0) + By AEP

where Ay, By and ¢n depend on the energies of u@ =0, ..., p, and @y is
a monotonously increasing function in its arguments. Now let us define the
set

K ={veC([0,T%], (| H*(R") : En(v)(t) < Dy A(t)Pe"" YN},
keN

where the constants Dy and Ly will be determined later. A suitable small
T* and a suitable index Ny imply for fixed Dy, and Ly, the fulfilment of
1011 1o (R7)s Vel Loo (RP)> V2V Lo (Rry < 1. If we replace on the right-hand
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side v by u, then the application of Lemma 1 leads to

e N(s)

0
N(s)
+ AN )\(8) SDN(HUHLOO(R")a Hut”Loo(Rn), HvquLm(R"))EN(U)(S)

+ By A(s)P)ds.
If u € K, then

En(v)(t) < M)\ /A(s)—(H%)((Q + ;)AA/((SS))

0

Dy M(s)Pelns

12
+ Ay /\)\(S> en(1,1,1)Dy )\(s)peLNS + By A(s)P)ds

<( Q+5 +CAN<PN(17171)
- p—l—% LN

) DN AP+ By AP

Here we have used A(t) € C2[0,7]. By (A1) and (A2) the function \'*/\

belongs to C(0,T]. But the additional regularity assumption yields

limy 0 N (£)2/A(t) = 0. Consequently, N*(t)/A(t) < C for t € [0,T]. Let us

choose p > 3Q + 2+ 1,Ly > 3ANC pn(1,1,1) and Dy > 3By. Then a

small T* implies En(v)(t) < Dy A(t)PeENt for all t € [0,T*] and N. Using

the property of (| HF(R™) to be a Montel space and the differential equa-
keN

tion we obtain a uniquely determined solution u € C2([0,7*], | H*(R"))
keN
by Schauder-Tychonoff’s fixed point theorem and Theorem 2.

Remark 3. For the proof of Corollary 2 we have used the additional reg-
ularity assumption A(t) € C?[0,T]. It seems to be possible to avoid this
assumption if one uses instead of Schauder-Tychonoff’s fixed point theorem
the Nash-Moser technique (see [2], [3], [4], [8] for different weakly hyperbolic
Cauchy problems). But we want to restrict ourselves to the statement of
Corollary 2 because the main goal of this paper is to prove the existence of
Sobolev solutions for (1.1),(1.2).

Remark 4. Using Corollary 2 one can prove local existence of C'* -solutions

for (1.1),(1.2) if the data ug,u; belong to C*(G),G C R™ is a bounded

domain. Multiplying the data by a cutoff function x € C§°(G), x = 1 on

G’ C G, they belong to (| H*(R™)). Recalling Corollary 2 and Theorem
keN

2 there exists a uniquely determined solution u € C2%([0,T*], N H*(R")).
keN

But this solution has the property to have a cone of dependence. This follows
from the corresponding property of the solutions for the strictly hyperbolic
Cauchy problems (¢ > 0)

Ut — ()‘(t) + 5)2 Au= f(ta IL‘,U,ut,/.Li(t)ain), U(ZE, 0) = Ut(l', O) =0
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and a continuity argument. Consequently, the solution of our auxiliary prob-
lem coincides on a small cylinder Gy x [0,7*] with that one of (1.1),(1.2)
with data belonging to C*°(G), G; C G'.

Remark 5. We are now able to prove an existence- and uniqueness result
for the solutions of the Cauchy problem for the weakly hyperbolic equations
()]

Ut — A u= f(ts @, u, ue, pi(t)0z,u),  limsup -1 Q,
t—+0 t

(degeneracy of finite order at ¢t = 0) and

2 i (T
ug —tYexp(—=) Au = f(t, x, u, up, i (t)0p,u), limsup M
t t»+0 t~2exp(—7)

=Q

(degeneracy of infinite order at t = 0).

If we compare the results for the first equation with those from Example
1 the loss of Sobolev regularity decreases, too, if [ increases. In the case
of degeneracy of finite order it is not necessary to use the step a) with the
improvement of asymptotical behaviour. In this case the energy method
can be applied directly to the starting problem (see [10], where the Levi
condition is sharp in the case of degeneracy of finite order).

Remark 6. The results of this paper complete the knowledge about the
theory for weakly hyperbolic Cauchy problems of the form

ugr — N2 (t) Au = f(t,z,u,up, p;(t)0p,u), u(z,0) = ug(z), ue(2,0) = uy ().

a) If ug € H°(R"),u; € H*~'(R"), then the nonnegative number Q from
(2.2) determines the suitable sp for which a Sobolev solution exists. The
solution has a loss of Sobolev derivatives in comparison with that one of the
data.

b) If s is sufficiently large, then the solution is uniquely determined.

The following problem seems to be open under the assumptions (Al),(A2)
and (A4):

¢) If f depends on ju;(t)dy,u, where |u;(t)] = O(N (t)'=2/%), s € (2,00), then
one cannot expect even in the linear case C°°-well posedness (see [5]). An
interesting problem should be to prove Gevrey-well posedness and to find
the critical Gevrey index depending on s. For s € [1, 2] Levi conditions don’t

appear ([6]).
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