N-LAPLACIAN EQUATIONS IN RY WITH CRITICAL
GROWTH

JOAO MARCOS B. DO O

ABSTRACT. We study the existence of nontrivial solutions to the following
problem:
uw € WHY(RY), v >0 and
{—div( Vu N2 V) +a (@) |u |V u= fr,u) in RY (N >2),
where a is a continuous function which is coercive, i.e., a(xr) — oo as
| © | oo and the nonlinearity f behaves like exp (a | u \N/(N_l)) when

1. INTRODUCTION

In this paper, we apply a mountain pass type argument to prove the
existence of nontrivial weak solutions to the following class of semilinear
elliptic problems in RY (N > 2), involving critical growth:

(1) u € WHN(RN), u>0 and
—div(| Vu N2 Vu) +a(z) |u|N2u= f(z,u) in RY,

where a : RV — R is a continuous function satisfying a (r) > ag, Vo € RV,
and such that a (z) — oo as |z |— oco. It is assumed that the nonlinearity
f:RY xR — R is also continuous and f(x,0) = 0. Thus, u = 0 is a solution
of (1) and has critical growth, i.e., f behaves like exp (a | u \N/(Nfl)) when
| u |— oc.

For N = 2, problems of this type, that is, involving the Laplacian operator
and critical growth in the whole R?, have been considered by Cao in [10] and
by Cao and Zhengjie in [11], under the decisive hypothesis that the function
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a be a constant. For that purpose, they used the concentration-compactness
principle of P. L. Lions.

Recently, Rabinowitz in [29], among other results, obtained a nontrivial
solution to the problem —Au + a(z)u = f(x,u) in RY, under the as-
sumption that a is coercive and that the potential F'(z,u) = [’ f(z,s)ds
is superquadratic and f(x,u) has subcritical growth, that is, | f(z,u) |<
by + by | u |?, where s € (1, (N + 2)/(N — 2)). This result was extended by
Costa [15] to a class of potentials F'(x,u) which are nonquadratic at infin-
ity. Miyagaki, in [24], has treated this problem for N > 3, involving critical
Sobolev exponent, namely for f(x,u) = A | u |77 u+ | u [P~ u, where
1<g<p<(N—-2)/(N+2)and A > 0. In [3], this result was generalized
by Alves to the p—Laplacian operator.

In this paper, we complement the results mentioned above by establishing
sufficient conditions for the existence of nontrivial solutions to (1). To treat
variationally this class of problems, with f behaving like exp (a | u \%)
when | u |— oo, we introduce a Trudinger-Moser type inequality. On the
other hand, to overcome the lack of compactness that has arisen from the
critical growth and the unboundedness of the domain, we use some recent
ideas from [16, 19] together with a compact imbedding result essentially
given by the coerciveness of a (cf. [15]).

We would also like to mention that problems involving the Laplacian
operator with critical growth range in bounded domains of R? have been
investigated, among others, by [2, 5, 6, 9, 16, 17, 22, 23, 30]. We refer to
[1, 19, 26] for semilinear problems with critical growth for the N—Laplacian
in bounded domains of RV,

Now we shall describe the conditions on the functions a and f. Namely,
for a we suppose that:

(a1) there exists a positive real number ag such that a (z) > ag, Yz € RV,
(a2) a(z) >0 as |x|— oc.
On the other hand, motivated by a Trudinger-Moser type inequality (cf.

Lemma 1 below), we assume the following growth condition on the nonlin-
earity f(x,u),

(f1) the function f : RN xR — R is continuous and for all (z,u) € RN xR,

N
| f (@) [< by [u [N by [exp (ag | w [557) = Sy oz (a0, u)]

for some constants «ag, by, by > 0, where
N-2 Ock N
ok
= N—
Sn—2 (ap,u) Z T | u | :

Moreover, f is assumed to satisfy the follovvlng conditions:
(f2) there is a constant u > N such that, for all z € RY and u > 0,

0 < pF(x,u)= /f$tdt<uf(:cu)
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(f3) there are constants Ry, My > 0 such that, for all 2 € RY and u > Ry,
0< F(.CL‘,U) S M()f(lﬁ,U);

N
(fa) lim wf(z,u)exp (—ao | u |N—1) > f[p > 0 uniformly on compact
uU——+00

subsets of RY.

As usual, WLV (RY) denotes the Sobolev space of functions in LY (R%Y)
such that their weak derivatives are also in LY (RY) with the norm

ol [ (00l + ] u e,
and we consider the subspace E C WL (RY) given by
E:{uEWl’N<]RN) :/ a(z) | u | dr < oo}
RN
endowed with the norm
lulF= [ 09l +a(@) | u V)do.
RN

Since a(z) > ag > 0, we clearly see that the Banach space E is a continuously
embedded in WHY (RN ) and, moreover,

2) AM(N) = inf % > ag > 0.
04ueE || u || x

The main result of this paper is the following

Theorem 1. Suppose (a1) — (a2) and (f1)— (fs4) are satisfied. Furthermore,
assume that

NF
(f5) lim sup,,_,o+ |(Tj’\7u) < M(N)  uniformly in x € RY.
u

Then the problem (1) has a nontrivial weak solution u € E.

Remark 1. The assumption (ag) implies that the Banach space E is com-
pactly immersed in L1 if N < g < oo. We observe that this compact embed-
ding result is used here only to prove that the Palais-Smale sequence obtained
by mountain pass type argument converges to a weak montrivial solution.
Therefore, the same device can be applied when we have some assumption
which implies a compact embedding result as the cited above. For instance,
when the function a is a radially symmetric function, that is, a(x) = a(y) if

|z |=ly | (cf [4,18]).
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2. A TRUDINGER-MOSER INEQUALITY

Let Q be a bounded domain in RY (N > 2). The Trudinger-Moser in-
equality (cf. [25, 31]) asserts that

expla | u |[F1) € LMQ), Vue WSV (Q), Va>0

and that there exists a constant C(N) which depends on N only, such that

sup /exp(oz]u\%)§C’(N)]Q|7 if a<ap,
Q

ol 1.8 <1

1

where | Q |= [ dz, ay = Nwy_] and wy_; is the (N — 1)—dimensional

measure of the (N — 1)—sphere.

Inspired of this inequality and based on the related results [7, 10, 11, 12,
13, 14], we get the following result.

Lemma 1. If N >2, a >0 and u € WHN (]RN> , then

(3) /RN {exp (a | u \%) — SN2 (a,u)} < 0.

1

Moreover, if || Vu [|[Pv<1, [[u|;v< M < oo and o < ay = Nuw !,

then there exists a constant C = C(N, M, «), which depends only on N, M
and o, such that

(4) /RN [exp (| u [77) — Sy_z (@, u)] < C(N, M, ).

Proof. We may assume u > 0, since we can replace u by | u | without caus-
ing any increase in the integral of the gradient. Since we shall use Schwarz
symmetrization method, we recall briefly some of theirs basic properties (cf.
[20, 27]). Let 1 < p < oo and u € LP(R™) such that v > 0. Thus, there is a
unique nonnegative function u* € LP(RY), called the Schwarz symmetriza-
tion of u, such that it depends only on | z |, u* is a decreasing function of
| z |; for all A >0

[{z:u” (@) 2 A} [=[ {2 u (@) 2 A}

and there exists Ry > 0 such that {x : u* > A} is the ball B (0, R)) of radius
R) centered at origin. Moreover, suppose that G : [0, +00) — [0, +00) is a
continuous and increasing function such that G (0) = 0. Then, we have

G (x))de = G (u(x))de.

RN RN

Further, if u € Wy (RY) then u* € Wy” (RY) and

*|p p
/RNWU | (:c)dasg/RN|Vu| (2) da.
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Thus, we can write

/RN {exp (a | u ]%) —Sn_2 (a,u)]

= ol (oo 15

and, for a real number r > 1 to be determined, we have

[ [ (a0 195) = Syoa ()]

[ oot ) s

+ [exp (a | u* |N‘1) — SN-2 (04»“*)}

|z|>r

< /|x<T exp (a | u* |NIX1) + /|er [exp (a | u* ‘N]X1> — SN_s (%U*)} ‘

Let us recall two elementary inequalities. Using the fact that the function

h: (0,+00) — R given by h(t) = [(t + 1)NIX1 N 1]/tﬁ is bounded,
we have a positive constant A = A(NN) such that

) — Sn_2 (a u*)} ,

N N N
(5) (u+v)N-1 Sum—i—Auﬁv—i—vﬁ, Yu,v > 0.

If v and 4 are positive real numbers such that v+~' = 1, then for all ¢ > 0,

we have
o
7

(6) v <eude Vv, Vu,v>0,

because ¢ : [0,+00) — R, given by g (t) = t7 — et, is bounded.

Let v (z) = u* (x) — u* (rog) where zg is some fixed unit vector in RV,
Notice that v € Wol’N (B(0,7)). Here, B(0,r) denotes the ball of radius r
centered at the origin of RV. Now, from (5) and (6), we have, respectively,

N

| u* |%:| v+ u* (razg) \%S v% + Avﬁu* (rag) +u* (rag) -1,

N—-1
N

1

N o () W
(A) u* (rxo) ,
N N

|u* 7T < (1+€) o™ + K (e, N)u* (razo) 81

R NN/, N
N1 (rag) = (UN*I) (u (m‘o)Nfl)
5

N
N-1

IN
+

Z'U

and hence,

1

where K(e, N) = AV 41, Therefore,

N
i< €xP (a | u* |N—1> <
N

exp (K(E,N)u* (rxo)i—l) flwlér exp <a | (1+¢)v ’%) 7
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which, in view of Trudinger-Moser inequality, implies,

(7) /|a:<r exp (a | u* |%> <oo, YueWhV (]RN) , Ya>0.

Furthermore, taking ¢ > 0 such that (14 ¢) o < ay, we obtain

N
/ exp(a|u*|N*1)
|| <r

WN — ’I"N N
(®) < O(N) = exp (K (e, N)u* (re) ¥7)
<C(N) LN_ITN exp ((NMN> - Kle, N) N)) ;
N WN-1 rN-1

for all u € WHY (RN> such that || Vu [|Fy< 1 and || u ||,v< M, where in
the last inequality we have used Radial Lemma A.IV in [8]:

1
* — N N *
@) <)o 17 ()T vy, Yo 0,

WN -1
On the other hand, we have

[ ool \N’f1> e

(9) N-1

- (J(Vl—l)!/lm ivo;f/lw v

Now, notice that the estimate

1 [e'e) thl
/ — v dr= wN—l/ gLl
|| >r ’ €T ‘N—l r  ¢N-1

N
WN — __N WN-_1T
:<NN1>TN P

together with Radial Lemma, lead to

Zk'/.’x|>7’
o[ N NF (lu Iovam )]
< N LN (RY) _
wx Zk, [(w“) ( :

Finally, (7), (9) and (10) imply the existence of the integral in (3). Fur-

thermore, in the case that @ < ay and || u ||;xv< M, if we choose r =
1

M( Nl)ﬁ,wehave

WN—

(10)

/Ia:>r [eXp (a | u* ’%) — SN72 (U)} < NMNexp (QN)’

which, in combination with (8), implies (4). =
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3. THE VARIATIONAL FORMULATION

First, we observe that since we are interested in obtaining nonnegative
solutions, it is convenient to define

flx,u) =0, Y(r,u)€RY x (—o0,0].
From (f1), we obtain for all (z,u) € RV x R,

(11) | F(z,u) |< bs [exp (041 | u ]%) — SN_9 (al,u)} ,

for some constants v, b3 > 0. Thus, by lemma 1, we have F (x,u) € L'(RY)
for all w € WHY (]RN ) Therefore, the functional I : E — R given by

1
1) = lull¥ = [ Fla.uds
RN

is well defined. Furthermore, using standard arguments (cf. Theorem A.VI
in [8]) as well as the fact that for any given strong convergent sequence (uy,)

in WV (RN ) there is a subsequence (u,, ) and there exists h € WHY (RN )

such that | uy,, () |< h(z) almost everywhere in RY, we see that I is a C*
functional on E with

I'(u)v = /(| Vu N2 VuVo+ta(z) | u [V 2 uv)da:—/ f(z,u)vdx, Yv € E.
RN RN

Consequently, critical points of the functional I are precisely the weak so-

lutions of problem (1). Here, like in [29, 24, 19], we are going to use a

Mountain-Pass Theorem without a compactness condition such as the one

of Palais-Smale type. This version of Mountain -Pass Theorem is a conse-

quence of Ekeland’s variational principle (cf. [21]). In the next two lem-

mas we check that the functional I satisfies the geometric conditions of the
Mountain-Pass Theorem (cf. [28]).

Lemma 2. Assume that (a1), (f1), (f2) and (f3) are satisfied. Then for any
ue WhiV (]RN) —{0} with compact support and u > 0, we have I (tu) — —oo
ast — oo.
Proof. Let v € WhV (]RN) — {0} with compact support and v > 0. By
(f2) and (f3) there are positive constants ¢, d such that

F(z,s) > cst —d, Va € supp(u),Vs € [0, +0).

Thus,
N

t
T(tw) < 5wl et [ w4 ] supp () |,
RN
which implies that I (tu) — —oo as t — oo, since x> N. =

Lemma 3. Suppose that (a1), (f1) and (fs) hold. Then there exist a, p > 0
such that

Iw>a if |ulg=p.
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Proof. From (f5), there exist €, > 0 in such a way that | v |< ¢ implies

OuN) =) |
N

for all z € RY. On the other hand, for ¢ > N, by (f1), there are positive
constants 3, C' = C(q,d) such that | u |> ¢ implies

N
F(az,u) < C ul? [exp (8] u|¥7) = Sy-2 (5,u)]
for all 2 € RY. These two estimates yield,
AM(NV) —¢ N
Fleu) < = 0V o fexp (81w [97) — Sya (Bu)]
for all (z,u) € RN x R. In what follows we make use of the inequality

12) [ Tufexp (810 [¥T) = Sx-a (B0)] < CBN) [l

to be proved later, assuming that || u || ;< M holds, where M is sufficiently
small. Under the assumption we have just done, by means of (2) and the
continuous imbedding E < L (RY), we achieve

F(z,u) <

O Y R e Y
> - D i o

Thus, since € > 0 and ¢ > N, we may choose a, p > 0 such that I (u) >
a if flullg=p

Now, let us obtain inequality (12). As it has been done in the proof of
lemma 1, we use shall the method of symmetrization. Letting R((3,u) =

N
exp (ﬂ | u ‘m) — Sn_2(8,u), we have

[ RGw Juprde = [ R 0t [ da
RN RN

and

| RGu) w rde = [ BB |t Tda [ RS0 [ [ da,
RN

|z|<o |z| >0

where ¢ is a number to be determined later. Using the Holder inequality,
we obtain

fiojzo BB u®) [0 |9 de < [ lexp(B | u* [¥9)] | u* |9 do

< (fupeo 0@ 10 191)) (g 107 7).

where 1/r+1/s = 1. Now, proceeding as in the proof of lemma 1, we obtain

I _ esp(ir [t [F5)de < O3, N)
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if | w ||[g< M, where M is such that ﬁrM% < ap. Thus, using the
continuous imbedding E < LI%(RY), we have

(13) [, BBt Lt 7 de < O N)

On the other hand, the Radial Lemma leads to

/ | u* ]Nzilk\ u* |1 dx
lz|>o
1 ~—1k
(G e i) [
WN_1 jel>0 | 2 ’mk
1
1 ~—k - 1
N >N Nt 1 s
< o) ([ A ) ([ e
<<wN_1 o o )> o) (1

N % * %k
N (wN,l) | w* || v ey

0-7"

H U H%sq(RN)

< C(N, M) || u |,

1
for all kK > N | if we choose 0" = M()( N )N where || u [[pv@nvy< Mo =

wN-1
A (N)YNM. We also have that
1

1
f\xlza fwr [V wr |7 de < (f|a:\20 [ ur | dm)7 <f|a:\20 |t [ dx)

<l e gy | 1

< C(N, M) || w ||,

if || u* ||%< M, via the continuous imbedding £ — W1V (RY) — LN7(RN).
Therefore,

a4) [ Ra(B) w1 de < OOV M) exp(8) |
|z|>R

Finally, the combination of estimates (13) and (14) leads to (12). =

In order to get a more precise information about the minimax level ob-
tained by the Mountain Pass Theorem, let us consider the following sequence
of nonnegative functions

) (logn)¥ if |z|<r/n
B (1) = wyy | Joglr )/ logm) ¥ if r/nslw|sy
0 if |z|>r

Notice that: M, (-,r) € WEN(RY), the support of M, (z,r), is the ball
B[0,7] of radius r centered at zero, [pn | VM, (z,r) |V dr = 1 and
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Jrn | M, (z,7) [N de = O(1/logn) as n — co. Moreover, let M, (z, 1) =
My, (z,7)/ || My, ||z. Thus, it is not difficult to see that

N 1
(15) n () =wy " logn+ dy, Yz |<r/n,

where d, is a bounded sequence of nonnegative numbers.

Lemma 4. Suppose that (a1) and (fi1) — (fs) hold true. Then there exists
My, (-,7) such that

1 ON \N_1
I(tm,) :t>0 —(— .
max{(1M,) : ¢ = 0} < (%)
Proof. Let r be a fixed positive real number such that
1 N N—-1
16 > — | — .
(16) s> (o)
Suppose, by contradiction, that for all n we have

1
max{I(t9M,) : t > 0} > N(%)N—l

Y

where M, (x) = M, (z, 7). In view of Lemma 2, given n there exists t,, > 0
such that
I (t,MM,) = max{l (t9M,,) : t > 0}.

So,
(17) I(t,MN,) = ﬁ - F(x,t, M) dx > i(@—N)N’1
N RN - N«
and using the fact that F'(z,u) > 0, we obtain
(18) o= (N
Qg

d
Since at t = t,,, we have a[ (t9M,,) = 0, it follows that

(19) tﬁ:/Ntnmtnf(x,tnmn)dxz/ ta M f (2, t,9My,) da.
R

|z|<r

Now, using hypothesis (f5), given € > 0 there exists R. > 0 such that for all
u > R. and for all | z |[<r,

N
(20) uf(z,u) > (8o —e)explag | u |N-T).
From (19) and (20), for large n, we obtain,

0= (G- [ explao | a3, [¥T)ds

lz|<%
n

1

N N N N
= (5= )" (£ explata ¥ Tun T logn + aot, ¥1d,).

Thus,

_ N1 N N
1> (Bo —5)%7’]\] exp[wtn N1 + apty, N d, — N logt, — N logn].

an
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Therefore, the sequence ¢, is bounded, since otherwise, up to subsequences,
we would have
. agNlogn
lim ———

tn% + aotn%dn — Nlogt, — Nlogn = +o0,

which leads to a contradiction. Moreover, by (18) and

N
_ t, N-1 _N_
tfy > (Bo —¢e) N 1N exp[(aoni — 1)Nlogn + apt, ¥-1d,]
N aN
it follows that
(21) tN aN N=1'as n— .
Qg

Now, in order to estimate (19) more precisely, we consider the sets
A, ={z e B[0,r] : t,9M, > R.} and B, = B[0,7] — A,.

From (19) and (20) we arrive at

th(ﬂo—é“)/

|z|<r

exp(ag | t,IMN, ]N]zl)dx +/ tn M f (2, t,IN,,) dx
B,
— (Bo — E)/ exp(ag | t, 9N, \Nj\il)da:.
By

Notice that 9, (z) — 0 and the characteristic functions xp, — 1 for almost
every x such that | z |< r. Therefore, the Lebesgue Dominated Convergence
Theorem implies

/ M f (x,t, M) de — 0 and

N —
/ exp(ag |t M, |F-T)dr — %TN as n — 0o.

Note also that, by (18), tg > (M)N—17

@Q

|lz|<r

|lz|<r

N N
= exp(ay | M, |¥-1)dz -I—/ exp(an | My, |V-T)dz,
x| <~ Llz|<r

1

/ exp(ay | M, ]%)dx = / exp[an;,T logn + dpan]
|z|<

lz|<%
n

_ WN-1 T‘N
N nN
N N

WN-_1T WN-_1T
= —eX d o)) > - -
N pldnan] = —5—,

exp[V log n] exp|d,an]



312 JOAO MARCOS B. DO O

since d, > 0. Using the change of variable 7 = log * /(¢, log n), with
Cn = My, || g, we have, by straightforward computation,

[ explay | My [FT)do
r/n<|z|<r
—1
=wy_17Vn logn/ " exp[N logn(r5-1 — (,7)]dT — wy_17Nas n — oo
0
Finally, passing to limits, using (21) and the latter fact we obtain
N
AN N_ WN_1T
(N 2 (o — o) {expldoan] — 1}
(7)) N
+(Bo — )wy 1™,

where dy = liminf,,_,, d,, is a nonnegative number. Thus,

(SN > (6 — e)wn_arY,

Qg
1 N N-1
e ()

%]

which implies

contradicting (16). =

4. PROOF OF THEOREM 1.1

In view of lemmas 2 and 3 we can apply the Mountain-Pass Theorem to
obtain a sequence (u,) C FE such that I(u,) — ¢ > 0 and I'(u,) — 0, that
is,

1
(22) N | wn, ||g —/ F(x,up)dx — ¢, as n — oo,
RN

P L [ ¥ Ve —ae) L Y ] = [ G|

<énllvlle,

(23

for all v € E, where &, — 0 as n — co. Furthermore, by lemma 4, the level

c is less than %(%)N ~1). From now on, we shall be working in order to

prove that (u,) converges to a weak nontrivial solution u of problem (1).
From (22), (23) and (f2),

C+enlunle> (% = 1) [un |E _/RN(MF(xuun) — [z, up)uy)dx
7
> (K1) 1,

which implies that
| un ||E< C, / [z, up)updx < C, / F(x,uy)dx < C.
RN RN

Now, using the same argument as in Proposition 2.1 of [15], in view of
Sobolev’s Theorem together with conditions (a;) — (a2), the Banach space
E is compactly immersed in L? if N < ¢ < oo, (cf. [3]). Therefore, up to
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subsequences, we have u, — u weakly in E, u, — u in LI(RY), Vg > N
and u, (z) — u(z) almost everywhere in RY. Moreover, arguing as in lemma
4 of [19], we get

f(x,un) = f(x,u) in L'(B(0, R)),
(24) | Vg, N2 Vu, —| Vu |V 2 Vu
weakly in (LN/(NV=D(B(0, R)))N ,

for all R > 0. Therefore, by (23), passing to the limit,
/ (| Vu [N 2 VuVep — a(z) | u |V 2 ugo) dx = / f(z,u)pdz
RN RN

for all p € C§°(RY), that is, u is a weak solution of (1). Let us show that u
is nontrivial. Assume, by contradiction, that « = 0. Using the Generalized
Lebesgue Dominated Convergence Theorem (cf. [20]), by (f3) and the first
result in (24), we conclude that F(z,u,) — 0 in L'(B(0, R)), for all R > 0.
Thus, using (11), in view of Radial Lemma, we obtain F(z,u,) — 0 in
L'(RYN). This together with (22) imply

(25) lim | Vu, |N= Ne,
n—oo RN

and hence given e > 0, we have || Vu, [|[Yy< Nc+ ¢, for large n. Using ¢ <

%(%)N 1 and choosinqu > 1 sufficiently close to 1 and e sufficiently small,

we obtain gag || Vu, Hg?< ay. Hence, by the same kind of argument as
it has been done in the proof of lemma 1, we conclude that

/]RN {exp (a | un |%> — SN_2 (a,un)} < C, Vn,

which, in combination with the Hélder inequality and (f1), implies that

lim | f(z,up) |7 dz = 0.

n—oo JpRN

Therefore, from (23) with v = u,, we achieve

lim | Vu, [N=0,
n—oo RN

which contradicts (25) since ¢ > 0. Thus, w is nontrivial and the proof of our
main result is complete. =

REFERENCES

[1] Adimurthi, Ezistence of positive solutions of the semilinear Dirichlet problem with
critical growth for the N—Laplacian, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 17
(1990), 393-413.

[2] Adimurthi and S. L. Yadava, Multiplicity results for semilinear elliptic equations in
bounded domain of R? involving critical exponent, Ann. Scuola Norm. Sup. Pisa CL.
Sci. (4) 17 (1990), 481-504.

[3] C.O. Alves, Ezisténcia de Solugao Positiva de Equagoes Elipticas Nao-Lineares Varia-
cionais em RY | Doct. Dissert., UnB, 1996.



314

[4]

[17]
18]

[19]

[20]
21]
22]
[23]
[24]
[25]
[26]
[27]

28]

JOAO MARCOS B. DO O

C. O. Alves, D. C. de Morais Filho and M. A. S. Souto, Radially Symmetry Solutions
for a Class of Critical Exponent Elliptic Problems in RY, Electron. J. Differential
Equations, 7 (1996), 1-12.

F. V. Atkinson and L. A. Peletier, FElliptic equations with nearly critical growth, J.
Differetnial Equations, 70 (1987), 349-365.

F. V. Atkinson and L. A. Peletier, Ground states and Dirichlet problems for —Au =
f(u) in R? Arch. Rational Mech. Anal. 96 (1986), 147-165.

T. Aubin, Nonlinear Analysis on Manifolds, Monge-Ampére Equations, Springer-
Verlag, New York, 1982, pp. 204.

H. Berestycki and P.-L. Lions, Nonlinear scalar field equations, I. Existence of ground
state, Arch. Rational Mech. Anal. 82 (1983), 313-346.

L. Carleson and A. Chang, On the existence of an extremal function for an inequality
of J. Moser, Bull. Sci. Math. 110 (1986), 113-127.

D. M. Cao, Nontrivial solution of semilinear elliptic equation with critical exponent
in R?, Comm. Partial Differential Equations, 17 (1992), 407-435.

D. M. Cao and Z. J. Zhang, FEigenfunctions of the nonlinear elliptic equation with
critical exponent in R?, Acta Math. Sci. (English Ed.) 13 (1993), 74-88.

Pascal Cherrier, Une inégalité de Sobolev sur les variétés Riemanniennes, Bull. Sci.
Math., 2™¢ Série, 103 (1979), 353-374.

Pascal Cherrier, Melleurs constants dans des inegalities relative aux espaces de
Sobolev, Bull. Sci. Math. 2™¢ Série, 108 (1984), 225-262.

Pascal Cherrier, Probléms de Neumann non linéaires sur les variétés riemanniennes,
J. Funct. Anal. 57 (1984), 154-206.

David G. Costa, On a nonlinear elliptic problem in RY, Center for Mathematical
Sciences, Univ. Winconsin, CMS-Tech. Summary Rep. #93-13, 1993.

D. G. de Figueiredo, O. H. Miyagaki and B. Ruf, Elliptic equations in R? with non-
linearities in the critical growth range, Calc. Var. Partial Differential Equations, 3
(1995), 139-153.

D. G. de Figueiredo and B. Ruf, Ezxistence and non-existence of radial solutions for
elliptic equations with critical growth in R?, Comm. Pure Appl. Math. (to appear).
D. C. de Morais Filho, Jodo Marcos B. do O and M. A. S. Souto, 4 compactness
embedding result and applications to elliptic equations, preprint.

Joao Marcos B. do 67 Semilinear Dirichlet problems for the N—Laplacian in RY
with nonlinearities in critical growth range, Differential Integral Equations, 5 (1996),
967-979.

O. Kavian, Introduction & la Théorie des Points Critiques et Applications auz
Problémes Elliptiques, Springer-Verlag, Paris, 1993.

J. Mawhim and M. Willem, Critical Point Theory and Hamiltonian Systems, Springer-
Verlag, Berlin, 1989.

J. L. McLeod and K. B. McLeod, Critical Sobolev exponents in two dimensions, Proc.
Roy. Soc. Edinburgh A, 109 (1988), 1-15.

J. B. McLeod and L. A. Peletier, Observations on Moser’s Inequality, Arch. Rational
Mech. Anal. 106 (1989), 261-285.

0. H. Miyagaki, On a class of semilinear elliptic problems in RY with critical growth,
Univ. Winconsin, CMS-Tech. Summary Rep. #94-112, 1994.

J. Moser, A sharp form of an inequality by N. Trudinger, Indiana Univ. Math. J. 20
(1971), 1077-1092.

R. Panda, On semilinear Neumann problems with critical growth for the n— Laplacian,
Nonlinear Anal. 26 (1996), 1347-1366.

G. Pélya and G. Szegd, Isoperimetric Inequalities in Mathematical Physics, Princeton
Univ. Press, Princeton, 1951.

P. H. Rabinowitz, Minimax Methods in Critical Point Theory With Applications to
Differential Equations, 65th CBMS Regional Conf. Math., 1986, pp. 100.



N-LAPLACIAN EQUATIONS 315

[29] P. H. Rabinowitz, On a class of nonlinear Schrédinger equations, Z. Angew. Math.
Phys. 43 (1992), 270-291.

[30] M.C. Shaw, Eigenfunctions of the nonlinear equation Au+v f(z,u) = 0 in R?, Pacific
J. Math. 129 (1987), 349-356.

[31] N. S. Trudinger, On the imbedding into Orlicz spaces and some applications, J. Math.
Mech. 17 (1967), 473-484.

DEPARTAMENTO DE MATEMATICA
UNIVERSIDADE FEDERAL DA PARAIBA
58059.900 JoAo PESsoA, PB BRAZIL

E-mail address: jmbo@mat.ufpb.br



