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We give sufficient conditions for the parameters of the normalized form of the generalized Struve functions to be convex and starlike

in the open unit disk.

1. Introduction and Preliminary Results

It is well known that the special functions (series) play
an important role in geometric function theory, especially
in the solution by de Branges of the famous Bieberbach
conjecture. The surprising use of special functions (hyperge-
ometric functions) has prompted renewed interest in func-
tion theory in the last few decades. There is an extensive
literature dealing with geometric properties of different
types of special functions, especially for the generalized,
Gaussian, and Kummer hypergeometric functions and the
Bessel functions. Many authors have determined sufficient
conditions on the parameters of these functions for belonging
to a certain class of univalent functions, such as convex,
starlike, and close-to-convex functions. More information
about geometric properties of special functions can be found
in [1-9]. In the present investigation our goal is to determine
conditions of starlikeness and convexity of the generalized
Struve functions. In order to achieve our goal in this section,
we recall some basic facts and preliminary results.
Let o/ denote the class of functions f normalized by

fz)=z+ Zanz", 1)

n=2

which are analytic in the open unit disk % = {z : |z| < 1}. Let
& denote the subclass of &/ which are univalent in . Also
let $*(«) and €(«) denote the subclasses of & consisting of

functions which are, respectively, starlike and convex of order
ain % (0 < « < 1). Thus, we have (see, for details, [10]),

zf' (2)
Lx ) -

S () = <lf:fe$z¢and9{(

(2)
€ () = {f:fedand%<1+2j:,((zz))> > a,
(z € U; O£0c<l)},
where, for convenience,
S*(0)=8", €(0)=%. 3)

We remark that, according to the Alexander duality theorem
[11], the function f : % — C is convex of order «, where
0 <a<lifandonlyifz — zf'(z) is starlike of order o. We
note that every starlike (and hence convex) function of the
form (1) is univalent. For more details we refer to the papers
in [10, 12, 13] and the references therein.

Denote by & (), where « € [0, 1), the subclass of & («)
consisting of functions f for which

zf' (2)

O

<l-a, (4)




for all z € %. A function f is said to be in €, («) if zf' €
ST ().

Lemmal (see [4]). If f € o and

- 3 B
<(1-a)' 2ﬁ<1—7“+oc2) ,

©)

for some fixed o € [0,1/2] and 3 > 0, and for all z € U, then
f is in the class §™(«).

an () B
(2

o' (@) _ l‘l‘ﬁ
f@

Lemma 2 (see [14]). Let « € [0, 1). A sufficient condition for
fz) =z+Y,.,a,2" to be in S} («) and €, («), respectively,
is that

Z(n—oc)|an|£1—(x

n=2

Zn(n—oc)|an|£1—oc

n=2

(6)

respectively.

Lemma 3 (see [14]). Let « € [0, 1). Suppose that f(z) = z -
Yus2 @25 a, > 0. Then a necessary and sufficient condition
for f to bein 8} () and €, («x), respectively, is that

Z(n—oc)|an|sl—oc,

n=2

Zn(n—oc)|an| <l-a,

n=2

(7)

respectively. In addition f € Sj(a) & f € S*(a), f €
Ca) e febBla),and fe S & fed.

2. Starlikeness and Convexity of Generalized
Struve Functions

Let us consider the second-order inhomogeneous differential
equation [15, page 341]

4(z/2)PH
Val (p+1/2)

Zu" (2) + zw' (z) + (z2 - pz) w(z) =
(8)

whose homogeneous part is Bessel's equation, where p is
an unrestricted real (or complex) number. The function H,,
which is called the Struve function of order p, is defined as a
particular solution of (8). This function has the form

B (_1)71 Z\2ntptl
HP(Z)_”Z_OF(M3/2)r(p+n+3/2)<_> » vzel.
9

The differential equation

4(z/2)P"!

VAl (p+1/2)
(10)

2w (2) +zw' (2) - (22 + pz) w(z) =
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which differs from (8) only in the coefficient of w. The
particular solution of (10) is called the modified Struve
function of order p and is defined by the formula [15, page
353]

L, (z) = —ie ""*H, (iz)

1 z 2n+p+1
,;)F(n+3/2)r(p+n+3/2)< ) , VzeC.
(11)

Now, let us consider the second-order inhomogeneous linear
differential equation [16],

ZII

(2) + bzw' (z)+[cz -p +(1—b)p]w(z)

B 4(2/2)p+1 (12)

VAT (p+b/2)

where b,c,p € C.If we choose b = 1and ¢ = 1, then
we get (8), and if we choose b = 1andc = -1, then
we get (10). So this generalizes (8) and (10). Moreover, this
permits to study the Struve and modified Struve functions
together. A particular solution of the differential equation
(12), which is denoted by w,;, (2), is called the generalized
Struve function [16] of order p. In fact we have the following
series representation for the function w,, .(2):

wp)b)c (Z)

2npH
(g) , VzeC.

(13)

:Z ( l)ncn
[ (n+3/2)T (p+n+(b+2)/2)

n=>0

Although the series defined in (13) is convergent everywhere,
the function w,,;, (z) is generally not univalent in %. Now,
consider the function u,,, .(z) defined by the transformation

Upp (2) = zpv_r<p+ +2>z(_P_1)/2wa’c(\/E). (14)

By using the Pochhammer (or Appell) symbol, defined in
terms of Euler’s gamma functions, by (1),, = T(A + n)/T(A) =
AA+1)---(A+n—1), we obtain for the function up,b’c(z) the
following form:

(/)"
(2) =
ose @)= 27200 1)

=hy+bz+bz+--+bzZ +-,

where k = p+ (b +2)/2+0, -1, . This function is
analytic on C and satisfies the second order inhomogeneous
differential equation

42U (2)+2(2p+b+3) zi (2)

(16)
+(cz+2p+b)u(z)=2p+b.

Orhan and Yagmur [16] have determined various sufficient
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conditions for the parameters p, b, and ¢ such that the
functions u,,;, (z) orz — zu, (2) to be univalent, starlike,
convex, and close to convex in the open unit disk. In this
section, our aim is to complete the above-mentioned results.

For convenience, we use the notations: wp)b,c(z) = wp(z)
and up,b,c(z) = up(z).

Proposition 4 (see [16]). If b,c,p € C,xk = p+ (b +
2)/2#1,0,-1,-2,..., and z € C, then for the generalized
Struve function of order p the following recursive relations hold:
(i) zwp_l(z) + czwp+1(z) =
2(z/2)P" [T ();

(ii) zw;(z) +(p+b-1w,(2) = zw,_,(2);
(iii) zw;(z) +czw,,,(2) = pw,(2) + 2(z/2)P* AT (x);

(iv) [ Pw,(2)] = ~czPw,,, (2) + 1/2P VAT (k);

2k - 3)wp(z) +

(v) up(z) + 2zu;(z) + (CZ/ZK)LLPH(Z) =1

Theorem 5. If the function u,, defined by (15), satisfies the
condition

<l-a, (17)

where o € [0,1/2] and z € U, then zu,, € S* ().

Proof. If we define the functiong : Z — Cby g(2) = zu,(2)
for z € %. The given condition becomes

zg' (2)

g(2) !

<1l-gq, (18)

where z € %. By taking 8 = 0 in Lemma 1, we thus conclude
from the previous inequality that g € &*(«), which proves
Theorem 5. O

Theorem 6. If the function u,, defined by (15), satisfies the
condition

"
zu, (2)

) (2)

1-3a/2+a?

1-« ’ 19)

wherea € [0,1/2] and z € U, then it is starlike of order & with
respect to 1.

Proof. Define the functionh : % — C by h(z) = [up(z) -
by]/b,. Then h € ¢ and

"
zu, (2)

) (2)

zh" (z)
' (z)

1-3a/2+a?
l-«

; (20)

where o € [0,1/2] and z € %. By taking # = 1 in Lemma 1,
we deduce that h € 8™ («); that is, / is starlike of order a with
respect to the origin for « € [0, 1/2]. So, Theorem 6 follows
from the definition of the function h, because b, = 1. O

3
Theorem 7. If for « € [0,1/2] and c # 0 one has
zu' .. (2)
A2t [P R 1)
Upii (2)

forallz € U, thenu, + 2zu; is starlike of order o with respect
fo 1.

Proof. Theorem 5 implies that zu,,, € § *(0). On the other
hand, the part (v) of Proposition 4 yields

u, (z) + ZZM; (z) = ;—;zupﬂ (z) + 1. (22)

Since the addition of any constant and the multiplication
by a nonzero quantity do not disturb the starlikeness. This
completes the proof. O

Lemma8. Ifb,p € R,c € C,andx = p + (b +2)/2 such that
x > |cl/2, then the functionu, : % — C satisfies the following
inequalities:

6K — 2|c| 6K
oo <Ol @)
lel (2« = |cl) / 2]c|
3k (4x — |c|) = 'up (Z)| : 3 (4x — |c])’ 29
" |C|2
|ZMP (Z)| < m (25)

Proof. We first prove the assertion (23) of Lemma 8. Indeed,
by using the well-known triangle inequality:

|21 + 2| < |21] + |2,] (26)

and the inequalities (3/2),, > (3/2)", (x),, = " (n € N), we
have

(_6/4)n n
AP Ner W

/4] \"
S”,;<(3/2)x>
e/ Iy
=1+ 6 2(6e)

6% ( |c|>
= , K> —].
6K — |c| 6

Similarly, by using reverse triangle inequality:

Jup (2)] =

(27)

|21 - 2] 2 lz1| = |22 (28)



and the inequalities (3/2),, > (3/2)", (x),, =
we get

k" (n € N), then

(—c/4)"
ANy W

n>1

3(Gme)

n>1

_1-52('”)

6K — 2 |c| ( el )
= > K> — >
6K — |c| 6
which is positive if x > |c|/3.
In order to prove assertion (24) of Lemma 8, we make

use of the well-known triangle inequality and the inequalities
(3/2), = (3/2)n, (x),, = " (n € N), and we obtain

Jup ()] =

(29)

n(—c/4)" /)"
=1(3/2),,(x),,

<3y (Y

n>1
_ 2] ( |c] )
3 4K 2 Z

__ 2ld < ICI>
=—7 |(x>—).
3 (4x — |c]) 4
Similarly, by using the reverse triangle inequality and the
inequalities (3/2),, > (3/2)n, (), = k" (n € N), we have

n(—c/4)" e/
= (3/2) (©)

g e

_ el 2x = el) lel
3k (4x —|c|)’ <K> 4 )’

[, @] =12

(30)

|4, @] =

which is positive if > |c|/2.

We now prove assertion (25) of Lemma 8 by using again
the triangle inequality and the inequalities (3/2),, > n(n — 1),
(k), = k" (n € N), and we arrive at the following:

|zup (Z)'— rgz 312,00,

_ld dy ( cl ) 2

TS el
" dx(ax— o) ( g 4>

Thus, the proof of Lemma 8 is completed. O
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Theorem 9. Ifb,p e R,c € Candx = p+ (b+2)/2, then the
following assertions are true.

(i) If k > (7/8)|c|, then u,(z) is convex in %.

(ii) If « > ((11 + VA41)/24)|c|, then zup(z) is starlike of
order 1/2 in U, and consequently the function z —
pwp(z) is starlike in %.

(i) Ifx > (11 + V41)/24)|c| - 1, then the function z —
up(z) + ZZu;(z) is starlike of order 1/2 with respect to
lforallz € %.

Proof. (i) By combining the inequalities (24) with (25), we
immediately see that

zu'! (2)
/P - 3]l _ (33)
uy, (2) 42k —|c|)
7
So, for k > (g) |c|, we have
zu'! (2)
P <1 (34)
u, (z)

This shows up(z) is convex in %.

(ii) If we let g(2z) = zup(z) and h(z) = zup(zz), then

2
h(z) = @ = 2PnT (1) 2 Pwyy, (2),

(35)
zh (2) 29 (<) 2wy (2)
— 1 = 2 —_— 1 = 2_ >
h(z) g(z?) u, (2?)
so that
zh ()
-1 1, R 36
e < VzeU (36)
if and only if
22u (2*
P—(Z) <l view (37)
u, (%) 2

It follows that zup(z) is starlike of order 1/2 if (37) holds.
From (24) and (23), we have

20 (2 2|c| ( |C|>
< —, > — |, 38
i, () 3ac—1le) \*7 4 (38)
6K — 2 |c| Ic|
i <@L (5) e
respectively.
By combining the inequalities (38) with (39), we see that
2.1 2
Zuy (Z)| __ led e -lel) (0
u,(22) |~ 33— le]) (4~ |c])’
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where x > |c|/3, and the above bound is less than or equal to
1/2 ifand only if k > ((11 + V41)/24)|c|. It follows that zu,,
is starlike of order 1/2 in % and z? Wy, 18 starlike in %.

(iii) The part (ii) of Theorem 9 implies that for x > ((11 +
V41)/24)|c|-1, the functionz — 2, (z) is starlike of order
1/2 in ?%. On the other hand, the part (v) of Proposition 4
yields

u, (2) + 2zu; (2) = ; zuty, (2) + 1. (41)
So the function z — up(z) + 2zu;(z) is starlike of order 1/2

with respect to 1 forall z € %.
This completes the proof. O

Struve Functions. Choosing b = ¢ = 1, we obtain the
differential equation (8) and the Struve function of order p,
defined by (9), satisfies this equation. In particular, the results
of Theorem 9 are as follows.

Corollary 10. Let ', : % — C be defined by # ,(z) =
2P\l (p + 3/2)z’P’1Hp(z) = up’l’l(zz), where H,, stands for
the Struve function of order p. Then the following assertions are
true.

(i) If p > —5/8, then %p(zl/z) is convex in .

(i) If p > (=25 + V41)/24, then Z%’P(zl/z) is starlike of
order 1/2 in U, and consequently the function z —
z? H,(2) is starlike in %.

(i) If p > (-49 + V41)/24, then the function z —
%p(zl/z) + 22?/;(21/2) is starlike of order 1/2 with
respect to 1 forall z € %.

Modified Struve Functions. Choosing b = 1 and ¢ = -1, we
obtain the differential equation (10) and the modified Struve
function of order p, defined by (11). For the function & »

% — Cdefined by Z,(2) = 2P\/AT(p + 3/2)z_p_1Lp(z) =
Up i1 (2%), where L » stands for the modified Struve function
of order p. The properties are same like for function 7,

because we have |c| = 1. More precisely, we have the following
results.

Corollary 11. The following assertions are true.
(i) If p > —5/8, then Zp(zl/z) is convex in %.

(i) If p > (=25 + \/41)/24, then zgp(zl/z) is starlike of
order 1/2 in U, and consequently the function z —
PL (2) is starlike in %.

) Ifp > (49 + \41)/24, then the function z  —

.,"fp(zl/z) + 225/”;(z1/2) is starlike of order 1/2 with
respect to 1 forallz € %.

Example 12. If we take p = -1/2, then from part (ii) of
Corollary 10, the function z — zl/ZH,l/z(z) = \/2/mrsinz
is starlike in 7. So the function f(z) = sin z is also starlike in

;% with (plots):
> z: = cos(t) + I * sin(t):
—> Complexplot ([sin(z)],t = 0..2 % 7);

1 -

0.5

-08 -06 -04 -02 ( 0.2 0.4 0.6 0.8

=0.5

FIGURE L: f(z) =sinz.

% . We have the image domain of f(z) = sin z illustrated by
Figure 1.

Theorem 13. Ifx € [0,1), ¢ < 0, and k > 0, then a sufficient
condition for zuy, to bein 7 (e) is

ul (1)

u, (1) + 1P—a <2. (42)

Moreover, (42) is necessary and sufficient for y(z) = z[2 -
u,(2)] to be in ST (x).

Proof. Since zu,(2z) = z+3.,., b, 12", according to Lemma 2,
we need only show that
Z n—-a)b

-1 < 1 -« (43)
n=2

We notice that

Y m-a)b, =) n-1)b,+ ) (1-a)b,,

n=2 ) =
(n—1)(~c/4)""
;2 G, Tame [, (1) — 1]

=uy, (1) + (1 - ) [u, (1)-1].
(44)

This sum is bounded above by 1 — « if and only if (42) holds.
Since

z[2-u,(@)] =2~ ) b,,2", (45)

n=2

the necessity of (42) for ¥ to be in &) («) follows from
Lemma 3. ]



Corollary 14. Ifc < 0 and k > 0, then a sufficient condition
for zu,, to be in S$1(1/2)is

yy (1) < —2?". (46)

Moreover, (46) is necessary and sufficient for y(z) = z[2 -
u,(2)] to be in $1(1/2).

Proof. For « = 1/2, the condition (42) becomes up(l) +
2u;(1) < 2. From the part (v) of Proposition 4 we get

up (1) +2zu (1) = 1 - ;—Kupﬂ ). (47)

So, u,(1) + 2u;(1) < 2ifand onlyif 1 - (c/2K)up, (1) < 2.
Thus, we obtain the condition (46).

Furthermore, from the proof of Theorem 13, we have
necessary and sufficient condition for y(z) = z[2 - up(z)]

to be in &7 (1/2). O

Theorem 15. If o € [0,1), ¢ < 0 and x > 0, then a sufficient
condition for zu,, to be in €, («) is

ug(1)+(3—a)u;,(1)+(1 —a)u, (1) -20<2.  (48)

Moreover, (48) is necessary and sufficient for w(z) = z[2 -
u,(z)] to be in €, ().

Proof. In view of Lemma 2, we need only to show that

Zn(n—(x) b,

n>2

<1l-a. (49)
If we let g(z) = zu,(2), we notice that

Zn (n-a)b,_,

n=2

= Zn(n -b,_,+(1-«) ann—l

n=2 n=2

=g"W+0-a)[g 1)-1]
=u;,’(1)+(3—oc)u;,(1)+(1—a)up(1)—1+a.
(50)

This sum is bounded above by 1 — « if and only if (48) holds.
Lemma 3 implies that (48) is also necessary for ¥ to be in
C, (). O

Theorem 16. If c < 0, x > 0, and up(l) <
|5 up(t)dt € 8.

2, then

Proof. Since

‘ _ bn n+l _ bn—l n
L up(t)dt—zn+lz —Z+Z " z, (51)

n=>0 n=2

we note that

b,
dn nl =Yb,=u,()-1<1, (52)
n=2

n=2

ifand onlyifup(l) <2. O
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