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Nonhomogeneous system of linear differential equations of second order with multiple different delays and pairwise permutable
matrices defining the linear parts is considered. Solution of corresponding initial value problem is represented using matrix

polynomials.

1. Introduction

Motivated by delayed exponential representing a solution
of a system of differential or difference equations with
one or multiple fixed or variable delays [1-6], which has
many applications in theory of controllability, asymptotic
properties, boundary-value problems, and so forth [3-5, 7-
15], we extended representation of a solution of a system of
differential equations of second order with delay [1]

x(t)=-Bx(t-1) M

to the case of two delays
i) = -Bix(t-7) - Bx(t-1,), )
where the linear parts were given by permutable matrices [16].

Equations (1), (2), and the below-stated (11) with f = 0 are
generalizations of the scalar equation

% (t) = =bx (t) 3)

representing linear oscillator, to N-dimensional space with
one or multiple fixed delays. Clearly, each solution of the latter
equation is oscillating whenever 0#b € R. Analogically,
(1) with x € RY can have at least one oscillating solution
whenever N is odd. Indeed, if Bis N x N matrix, N > 3 is
odd, and B has a simple real nonzero eigenvalue A, then there

exists a regular matrix S such that S'BS=7= (’3 (}) where
Tis (N = 1) x (N = 1) matrix. On letting x = Sy, one gets

j=-Iyt-7) 4)

or rewrites as the system

Jr=-Ay (t-1),
S (5)
==y, t-1),

where y = (y,,5,) € R x RV Note that the first
column v of S is the eigenvector of B corresponding to A.
Clearly, if solution y, of (5) is oscillating, then solution y of
(4) is oscillating in the first coordinate whenever its initial



condition satisfies {y(t) | t € [-7,0]} ¢ R x V-1,
Consequently, solution x of (1) is oscillating in span{v}
whenever {x(¢) | t € [-7,0]} C span{v}. Taking y,(t) = e,
one obtains characteristic equation > = —A%e™*" of (5),
which has solutions p;, = « 13 € C with $#0. Thus, y,
is oscillating.

On the other hand, there can exist a nonoscillating
solution of the system (1) whenever x ¢ RY and N is even.
For instance, if N = 2 and B = ( %, }), then (1) has the form

xt)=x(t-1) (6)

with x € R?, which, obviously, does not have an oscillating
solution satisfying nonoscillating initial condition. Similarly,
it can be shown that system with odd dimension can possess
a nonoscillating solution satisfying an appropriate initial
condition.

For simplicity, we call the generalizations (1), (2), and (11)
with f = 0, of scalar equation (3), oscillating although their
solutions do not always have to be oscillating. Nevertheless, at
the end of this paper, in Corollary 8 we state the representa-
tion of a solution of more general system (86) without squares
of matrices.

We note that the delayed matrix exponential from [1-5]
as well as the representation of a solution of second-order
differential equations derived in [1, 16] and in this paper can
lead to new results in nonlinear boundary value problems for
impulsive functional differential equations considered in [17]
or stochastic delayed differential equations from [18].

So, in the present paper, we extend our result from
[16] to three and more delays by the assumption of pair-
wise permutable matrices defining linear parts. By such an
assumption, we are able to construct matrix functions solving
homogeneous system of differential equations of second
order with any number of fixed delays, and, consequently,
we use these functions to represent a solution of the cor-
responding nonhomogeneous initial value problem. As will
be shown in the next sections, extending from two to more
delays brings many technical difficulties, for example, the
use of multinomial coefficients. Naturally, the results of the
present paper hold with one or two different delays as well.
However, these cases can by studied in a simpler way, which
was already done in [1, 16]. Thus, we focus our attention on
the case of three and more different delays.

First, we recall our result from [16].

Theorem 1. Let 7;,7, > 0, T := max{r,, 7}, and ¢ €
C'([-1,0],RM). Let B,, B, be NxN permutable matrices; that
is, B,B, = B,B,, and let f : [0,00) — RY be a given function.
Solution x(t) of

%(t)=-Bx(t-1)-Bx(t-1)+ f(t) (7)
satisfying initial condition

x(t)=¢(),
x(@)=¢(®),

Abstract and Applied Analysis

has the form

(o (1), —T<t<0,
z(t)fp((?) +7 ()¢ (0)
—ij Y(t-1—5)p(s)ds
X (t) = A9 671
—B%J_ Y(t-1,-5)@(s)ds
+Jt?(t—s)f(s)ds, 0<t,
u 0
)
where
& (1) = T (1)
=y ()"
_hj=0
iT)+jT,<t
i+ j\ 20 2] (t—ir) - sz)Z(i+j)
(V) mEy
2 12 (10)
YO =Y (1)
=y (-
_bj20
iT)+)T,<t
)2(i+j)+1

o (1+]) B%ing (t - iTl‘_JZTz
i 2@G+j)+1)!

We will denote ® and E the N x N zero and identity
matrix, respectively.

2. Systems with Multiple Delays

In this section, we derive the representation of a solution of
i(t)=-Bix(t-7)—--Bx(t-1,)+f@) (1)

satisfying the initial condition (8), wheren > 3, 1;,...,1, > 0,
T = maxX;_, ,T; B,...,B, are N x N pairwise permutable
matrices; that is, B;B; = B;B, for eachi,j € {1,...,n}, ¢ €
C'([-7,0],RY), and f:[0,00) — RY are given functions.
The solution x(t) will be represented using matrix functions
analogical to (10) and will be stated in Section 3. We note that
the same problems with n = 1, 2 were studied in [1, 16].

From now on, we assume the property of empty sum and
empty product; that is,

Yfa=0,  YF(@)=6,
i€ i€
(12)
[[ro=1 [[F@)=E
i€ i€

for any function f and matrix function F, whether they are
defined or not for indicated argument.
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We recall that (i, ..., j,)!isa multinomial coefhicient [19]
given by
. . (j1+"'+jn)!
(]1""’]71)! = W (13)

Note that if n = 2, then (jj, j,) = (sz ) and (20) coincides

with (10).
We will need a property of multinomial coefficients
described in the next lemma.

Lemma 2. Let n > 2 be fixed. Then

(ipsigs e niy)! = (i = Ly, . yiy)!

+ (ipiy = Ligy oy i)+ (igs e osiygoiy — 1)!

(14)
foranyi,...,i, > 1.

Proof. If n = 2, then the statement follows from the property
of binomial coeflicients:
)
(15)

o= (475) - (7 (5
= (i — L) + (i, i, — 1)L

Let the statement be true for n — 1. Next, we use the property

of multinomial coefficient

i) (idn)! (16)

(iyyigsigs.nnrip)l = (i) +ipri...

with inductive hypothesis to derive
(iysigig-eeriy)!
= [(iy +iy — 1,i5, ...

i)+ (i +iyis — 1,00, 0,)!

oot (iy +igig ..o, — D (i, 0y))
17)

Clearly, from (16), we get
i) (i 1) =

(i, +iyiz—1,... (i, ipi3 = 1,000,

(18)

=D (ipiy)! =

Applying the case n = 2 (property of binomial coefficient)
and (16), we get

(i) + iy iz iy, (i1sipsigsennsi, — 1)L

’in)! (11’12)'
i) () = L)+ (g, 1, = 1)1

Vi) + (ipsiy = Lig, ...\,

(iy+iy = 1is, ...
= (i) +iy — L,is,...

= (i) = Liyis...
(19)

Putting (18) and (19) in (17), we obtain that the statement
holds for n and the proof is complete. O

In further work, we write ({j | j € Mj})! for the
multinomial coefficient of elements of the finite set M, and
(i,{j | j € M}! for the multinomial coefficient of i and
elements of the finite set M; for example, if M = {1, 2}, then
(a,{j | j € M})! = (a, 1,2)!. For the completeness, we define
{jljeop =1

2 2
Define the functions 22 ;::’fﬂ, ?f} 1”.':)’ ‘R — L(RM)as
%Bf ..... B, (t
ot (£)

D (s i)

)

J1reeesfin20
STyt T, <t

. 2(jittja)
nTn)

) .
2j; (t — T~
B TPy
Yoo (o)

-3

J1reeesfn20
STyt TSt

HBZL

foranyt e R.

We will need functions SXEZ, ?fz ‘R — L(RN)forz >0

and N x N complex matrix B (cf. [16]) defined as

>

(20)

D7 (s )t

. 2(j ++j,)+1
JIT1 "'_]nTn) !

]1 '+jn)+ 1)!

i (t—iT)?
28 @)= Y (g D
0! ZO( VB
iT<t
2i+1 1)
B? 1 21( IT) "
=) (- —_—
Y, ® ZO< B
iT<t
with the properties
. 2 2 o n2 2
) =-BY? t-1), %) =-B2¥ t-1),

By (t-1)
(22)

YEo=2@w), Y@=

for any t € R, considering the one—sided derivatives at T, 0.
Some of properties of functions Sl” e " » and ? """ " are

,,,,,,,,,,

concluded in Lemma 4, but to prove it we w111 need the next
lemma.

Lemma 3. Letn > 1 and 1,...,7, > 0. Let By,..., B, be
N x N pairwise permutable matrices, that is, B;B; = B;B; for
eachi, j € {1,...,n}. Then for any t € R,

T ey
Mc{1,...,n}
L i (23)
Yoty =y Sy,
Mc{l,...,n}



where the sums are taken over all subsets of {1, .. ., n} including

the trivial ones, and

S =Y (=D ({j |ieM})
jizlieM
Yiem Jitist
(24)
2% iem Ji
HBZJ, IGM]l 1) )
ieM (2 ZIEM ]1)
Su®y= Y (=D ({j|ieM})
jizLieM
Yiem Jitist
(25)
2 em Jitl
HBZJ, IEM]l 1) Riew it
ieM (2 ZzEM Jz + 1)

Proof. Denote N;, N the set of all nonnegative, positive
integers, respectively; that is, N, = {0} U N. Thus, we have
the trivial identity

Nox...

1l
/N
S
X
2
X

|5
R IS
X
2
(=]
~_—
C
/N
2
X
W
X
S

L

2
(=]
~_—

1]

1]
E

X

(26)

Analogically, for any t € R each n-tuple j,...
such that ', ji7; < t can be divided in two distinct sets of
i-ssothat j; > 1ifi e M c {l,...,n}and j; = 0ifi ¢
{1,...,n} \ M. That is, M denotes the set of all indices i such
that j; = 0. Moreover, Y| jiT; = Y;eu JiTi- Accordingly, we
can write

{(jl""’jn) eNg | ZjiTi < t}
i=1

s Jn 20

- U

Mc{1,...,n}

{(jl’---’jn) €N | @7)

j;=0VigM, Zj,.r,.gt},

ieM
where the union is taken over all subsets of {1,...,n}

including the trivial ones So, in the view of definition (20),

the statement for Sl" B follows

Statement for ?Tf,’.‘.,’rn" can be proved in a similar way. [J
Lemma 4. Letn > 3 and 1,...,7, > 0. Let B,,..., B, be

N X N pairwise permutable matrices; that is, B;B; = B,B; for
each i, j € {1,...,n}. Then the following holds for any t € R:
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(1) if B; = © for somei € {1,...,n}, then

2 2 2 2 2
3"3 BL1.B} B, TB (t) = &/‘B B, 1B TBn ®), (28)

seesTim 15T Tig 1500 Ty Ti-1Tit10Tn

(2) ift, =1 fori < k, i,k € {1,...,n}, then
%32 Bzz 1 Bzz Bzz+1 Bi—pBi’Biﬂ ----- Bi (t)
TpoeenTin T Tig 1o Th= 15Tk Tt 1o T
(29)
2 2 2 2 2
— zB B} B} +BL.B, By 1BL B (t)
Tz DT Tig oo Te-1Tkt 10T >

(3) for any bijective mapping o : {1,...,n} — {1,...,n}
we get

— %Bé(l) - o(n) (t) (30)

To(1)>To(n)

2 2
BB (1)

TirensTy

(4) taking the one-sided derivatives at 0,1y, ...,T,, then
5+B1,...B)
Lo (t) = -B; SX (t -1)
(3D

—---—Bfl’

(t_ n)

(5) considering the one-sided derivatives at 0 (they both
equal ®), then

%1, o B (1) = rff ,;Bz (t). (32)

Statements (1)-(4) hold with ¥ instead of .

.....

because ®% = Eifi = 0 and ®* = ® wheneveri > 0. Next, 1f

T; = Ty, then

Z F(jl""’jn)

. jl,-.-,j,,ZO
STttt T, <t

= > Y F(jiseeos )

Joeficvbjivioji-tdketrnja20 JinjZ0
hntetia Tt T Jitiel
oot o1 Teo1 et Tor +oo b j Ty SE

(33)

for any matrix function F. Thus, using the property of
multinomial coefficient (see (16))

(-5 dn)!

s gt G Jic)ls
(34)

= (Jiseeos Jimts Ji ¥ Jio Jinto oo Jhmts Jroats oo
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for (2), we obtain

B,..B
X (t)
T sefl,..np st
= Z (— 1) s+ i:k
jl"“’]’i*l’l’jﬁl""’jk*l’jk+1""’jn20

STt i T HT i T
oot o1 Teet et T oot Ta <t

X (Jioeeos Jimtobs Jivts oo Jto divo oo Jin)!

. Ny 2 p2ik
x Z (Ji j)'B; ‘B,
Jojk=0
Jitik=l

2(X s€{l,...,n} st

<t_zS€ ----- Tl} Z]s Ts ) s#ik
2Js

v 1—[ BS s#ik
ses{i,;;.];n} ( (Z ses{i,.l..,n} Z ]s + l>>

Jusesfiztoh fisrsees fio1oJk 150070 20
Tt JioTieg +lTi+]i+1'fi+1
oot o1 Tt ket T Tt Jn Ty SE

. . . . . . !
X (- or Jicno s Ji+1""’]k—l)]k+1"">]n)!(Bi2 + Blzc)

Z(ZSE{I ..... ) Js+D)
<t_256{1 1} Z]s s l) s#ik
X H B sFik
L A
’ s#ik
BZ,...B- | ,B2+Bi,B}, B ,Bi s BE
SZ‘ Tx 1'r Tz+1k Tkilrrk:;"l“)‘r: ' (t) :
(35)
Property (3) is trivial.
Now, we prove the statement (4). If 7 := 7, = .-+ = 1,
then
. B B
FIB (1) = 250
2 2
=—(Bl+-+B) X2 Pt - 1)
(36)

2 2
— =B (-1,

by (2) and from the property of 5&"5*'"*33‘(1‘) (see (22)).
Hence, without any loss of generality, we assume that

T#T; for each i#j,i,j € {1,...,n} (in the other case, we

collect matrices as stated in (2)). Note the case n = 2 was

’Tnll (t)

.....

solves
¥(t)=-Bx(t-1)--B_x(t-71,,), (37)

that is, that the statement is fulfilled for n — 1 different delays.

5
Let 7y, := max;_, ;. Ift < 7, thent — 7, < 0, that is,
E (t-7) = 0, (38)
and from definition (20) it holds
..... Bl 1B, 1B
(t) - rl, Tkkllrkfl,l Ty (¥) (39)
for such ¢ Consequently,
2
F 0 = F i o
ses BBy
=" Z B rll, ,‘rkkllrkfl,l Ty (t - z)
H&k (40)
—ZB X, B, (t -1)
by the inductive hypothesis.
Now, let t > max,_, 7. Applying Lemma 3, we get
B2, B2\
‘%“r: ,,,, 7, (t) = Z Sm (t) (41)
Mc{1,...,n}

with S,,(f) given by (24) and the sum taken over all subsets
of {1,...,n} including the trivial ones. Note that

_ 0
S =Y D°(ljlieo})E ‘ 010)
o (42)
= ZE = EX[O,OO) ()
o<t

with a characteristic function yz; of a set M given by

1, teM,
= (t) = — 43
XM() {0’ t¢ M. (43)

..,n} is a finite set, Lemma 2 yields

Y Gi- Ll Tk e MAGDL (g

ieM

Since each M c {1,
(1 li € M} =

We apply this identity to derive a formula for the second
derivative of S, forany 0# M c {1,...,n}:

Sy (1)
_ Z (_1)ZieMji ({11 lie M})'
jizlieM
Yiem JiTist

. Z(ZieM ‘i_l)
« Hngi (t = Yiem JiT:) ’
ieM ' (2 (ZieM ji - 1))!

=Y Y nEedk (-1 {ji [ ke M\ {i}})!
€M ji=1,keM
ke JkTst

) T')Z(ZkeM jk=1)
i

« Hszk (t =7 = Tkeangy nti — (i — 1

i (2 (Tkens jk — 1)
(45)



Next, for any fixed i € {1,...
ji = 1and j; > 2, that is,

> F(jp...

Je2lkeM
Ykem JkTkst

= Y F(juojinbjun-o i)
Jr=LkeM\{i} (46)

Ykemni kTSt

+ Y F(j...
> LkeM\{i)
Jiz2
Ykem JkTk<t

,n} we split the second sum to

’ji—l’ji’ji+l"' "jn)

’ji—l’ji’ji+1" . ’jn) 4

and use the equality

Y F(jp..

> LkeM\{i}
jiz2
Ykem JkTkst

Jk=lLkeM
Ykem kST,

 Jict> Jip Jists > Jn)

(47)
F(jiseeos it Ji+ L fivise oo )
since

ijTkS“:’ Z Jitie + Gi =

1, <t-T,. (48)
keM keM\{i}

So we obtain

S;\,/I ) =- Z Biz (SM\{i} (t - Ti) +Sum (t - Ti)) (49)
ieM
for each 0#M < {1,...,n}. Obviously, Sg(t) = 0.
Consequently,

BB
‘fl‘rll,..‘,rnn (t)

=- ) - 1)+ Sy (t— 7))

Y B (Sany (¢

0+ Mc{l,..,n} ieM
== Z ZBZSM\{i} (t-7)
0# Mc{l,...,n} i€M

- Y YES(-)

0+ Mc{l,..,n} ieM

(50)
Now, we add and subtract
Z BiSy (t - 7)) (51)
04 Mc{L,...n} i¢M
to the right-hand side of (50) to get
Fo 0
== Z ZB SM (t - 1)
0% Mc(1,...n}
(52)

0+ Mc{l,..,n} i¢M

- Z Z Bz‘st\{i} (t-7)

0+ Mc{l,...,n} ieM
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and apply M = M \ {i} wheneveri ¢ M:

=- Z ZBSM(t—T)

0+ Mc{l,...,n}

+ Z ZB?SM\{,} (t-1)
0+ MC{L,...n} €M

- ) Y BSup(t-1).

0+ Mc{l,...,n} ieEM

(53)

Denoting #M the number of elements of the set M, we split
the last two terms of the right-hand side of the latter equality
with respect to

Y o= X o+ )
0#Mc{ln}  Mc{l.on}  Mc{L,...n}
(54)

Mc{l,...n}  Mc{l,..,n}

Hence, we have

Z BL‘ZSM\{I'} (t-1)

04 Mc{lL,...n} i¢M

- ) Y BSuy (t-7)

0+ Mc{1,..,n} ieM

= > 2 BSup(t-1)

Mc{l,..n} i¢M
1<#M<n-1

+ Z ZBSM\{,}(t ;)
- ) YBSuu(t-n)

Me{{1},...{n}} ieM

-2 ZBSM\{z}(f 7).

(55)

Now, we show that

Z ZB Sy (t = 13)

Mc{l,..,n} i¢M
1<#M<n 1

= Z ZBiZSM\{i} (t-1).

Mc{l,..,n} iEM
2<#M<n

(56)

Let M c {1,...,n},and leti ¢ M be arbitrary and fixed such
that 1 < #M < n — 1. Then, clearly,

BiSaniy (t = 7;) = BSauuun (E = 7) (57)

and 2 < #(M U {i}) < n,i € M U {i}. Moreover, if M;, M, C
{1,...,n},i ¢ M, aresuch that M, # M,, 1 < #M,, <n-1,
then M, U {i} # M, U {i}.
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On the other side, if M C {1,...,n},i € M are arbitrary
and fixed such that 2 < #M < #, then

BiSangiy (t = 7;) = BSana (E = 7) (58)

and 1 < #(M \ {i}) < n-1,i ¢ M\ {i}. Furthermore, if

M,M, c {1,...,n},i € M,, are such that M, # M,, 2 <

#M,, < n, then, M, \ {i} # M, \ {i}. In conclusion, there is

1 -1 correspondence between the terms on the left-hand side

of (56) and the terms on the right-hand side. So (56) is valid.
Putting (56) in (55) we obtain

Z B} Sy (t - 1)

0+ Mc{l,..n} igM

- Y 2BSup-n)

0+ Mc{l,..,n} ieM

, (59)
= Z ZBi S (t =)
M={L,...n} i¢M
- Y ) BiSyu(t-1).
Me{{1}..{n}} ieM
Next, by the property of empty sum, we get
Z Y B Sy (t-7)= ) ©=0. (60)
1,..,n} i¢M M={1,...,n}
Moreover, it holds
2
Z B Sy (t —17)
Me{{1},...,{n}} ieM
. . (61)
=) BS(t-7) = BiSy(t-1).
i=1 M=0 i=1

Therefore, putting (60) and (61) in (59) and the result in (53),
we obtain

n
P 2 2
Zi-biwy== Y  YBSy(t-T)
0+ Mc{l,..,n} i=1

- ES (-1

M=0 i=1
(62)

Z Syu(t-1)

i=1 Mc{l,...,n}

Hence, 5&” B,
is true for t < 0

(t) solves (31) for all t > 0. Clearly, the same

7

For ? ”.‘.'."’ (t) statements (1)-(3) can be proved as for

’%fi’.i.: n(t). Next, if 7 := 7, = --- = 1,,, we apply the point (2)
Bl 4 +B2

of this lemma and property (22) for %7 (t) to see that

< g2 B Byt B
el OB 20

.....

(B B) Y

(63)

2 2
S By ().

So, ?n:: (t) is a solution of (31) when all delays are the
same.

Again, the case n = 2 with different delays was proved
in [16]; thus, we assume that the statement is fulfilled for n —
1, n > 3 and that T#T; foreachi# j, i, j € {1,...,n}. As
before, ift < 7, and 7, := max,_, 7, then

B},B: (N _ /BB .Bry Bl
?Tll ..... T, (t) - ?Tll,...,rk:l,‘rkfl,1...,T,l (t) (64)
by definition (20), and the statement follows from the

inductive hypothesis. For t > max;_; _,T;, we apply Lemma 3
to see that

2 Su® (65)

,,,,,,

with S,,(t) given by (25). This time

t-0)
SO= Y D' ({ilieops L0
ji=1,ie0 0!
o<t (66)
= Y Et = tExj) (1)
o<t
and Sé,’(t) ©. The rest proceeds analogically to 27! B, (t)

The final statement follows directly from deﬁn1t10n (20).
O

Remark 5. Another proof of statements (1)-(3) of the pre-
vious lemma can be made with the aid of statement (4)
of the same lemma and uses the uniqueness of a solution
of the corresponding initial value problem. For instance in
statement (1) of the lemma, both

2 2 2 2 2 2
Lo (6), L (r) (67)
solve
X(t)=-Bx(t-1)--—B x(t-1_,)
, , (68)
- Bi+1x (t - Ti+1) - an (t - Tn)
with initial condition
O, -T<t<0,
x(t) = x(t)=0, - 1<t<0 69
(0 { PN (t (69)

and 7 = max,_; 7.

,,,,,

We are ready to state and prove our main result.



3. Main Result

Here we find a solution of the initial value problem (11), (8)
in the sense of the next definition.

Definition 6. Let 7},...,7, > 0, T := max;_; ,T;,and ¢ €
CY([-1,0],RY), and let Bi,...,B, be N x N matrices, and
let f : [0,00) — RN be a given function. Function x :
[-7,00) — RY is a solution of (11) and initial condition
(8), if x € C'([-7,00),RY) N C*([0,00),R") (taken the
second right-hand derivative at 0) satisfies (11) on [0, co) and
condition (8) on [T, 0].

Theorem 7. Letn > 3, 7y,...,7, > 0, 7 := max;_; ,T;, and
Q€ C'([-7,0],RY), and let B,,...,B, be N x N pairwise
permutable matrices; that is, B;B; = B;B; for each i,j €

{1,...,n}, and let f : [0,00) — RY be a given function.
Solution x(t) of (11) satisfying initial condition (8) has the form

'QD(t): -T7<t<0,
L) 0)+ % ()¢ (0)

_iBiZJO Y(t-1,-5)p(s)ds
i=1 T

t
+J Y (t—s)f(s)ds,

0

x(t) = 4

where Z(t) = &"B """ (t) and Y (t) = ? B’z’ ().

Proof. Obviously, x(t) satisfies the initial condition on [-7, 0),
and, from definition (20), x(0) = ¢(0). For the derivative, it
holds lim, _, ,-%(t) = ¢(0). Moreover, if 0 < ¢t < min,_, 7,

.....

then
x(t) = 9(0) + 16 (0)
n ) t—T;
_ ;Bi I_ (t—1,-5)p(s)ds 1)
+ J-t(t—s)f(s)ds
0
since

?(t—ri—s):i(t_r"_s)E’ se[-1,t-1], 72)

o, se(t-1,0]
.,n. Thus

£(0=90- Y5 |
i=1

-7

foreachi=1,..

l @ (s)ds+ Jo f(s)ds (73)

and lim, _, o+ x(¢) = ¢(0). Clearly,

xeC' ((—T,OO),IRN) nc? ((0,00) \ {Tl,...,Tn},RN).

(74)

We show that, although '(t) is not C* at 1,,...,1,
function x(¢) is C? at these points and, therefore, in (0, c0).
At once, we prove that x(t) is a solution of (11).
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Assume that 0 < ¢ < min,_, _,7;. Then identities (71) and
(73) are valid, and by differentiating (73) for such t we get

)+ f®)
(75)

() = ZBgo )+ f(t) = ZBx

since x(t — 7;) = @(t — 7;) foreachi=1,...,n.
Now, let 0# M, , € {1,...,n} be such that 7; < t < 7; for
eachi € M,, j € M,. Then

s): {‘;?/(t—rj—s), se [—Tj,t—Tj], (76)

?(t_‘[j_ 0, se(t— i

whenever j € M,, and (70) becomes

x() =2 () 0)+Z ()¢ (0)

‘ZBJ

Y(t-1,-5)p(s)ds

€M, -
-1 (77)
—ZB J (t—T—s)go(s)ds
JEM, T

t
+ J Y (t—s)f(s)ds.
0
By the point (5) of Lemma 4, we get

X0 =L OO0+ % ®)¢0)

‘ZBJ

ieM, T

_ Z B? rirjél"(t—rj —s)(p(s)ds
jeM, 7

(t—1,—-s)@(s)ds

(78)

+Jt5z"(t—s)f(s)ds,
0

and for the second derivative it holds

x0)=Z OO0 +¥®)¢0)

- ZB?J Y(t—1,—-5)p(s)ds

ieM, T

-y (o) [ ewas)

jeM, 7
+f(t)+ L ?(t—s)f(s)ds
(79)

since 2(0) = E. Now, we apply the property (4) of Lemma 4
together with

L(t-7,)=%(t-7,)=0, VjeM,  (80)
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to see that both 2" and ¥ are solutions of

j)=-) By(t-1). (81)
ieM,

Therefore,

X (t)

== Bi<%(t—rk)<p(0)+?(t—rk)¢(o>

keM,

0

Y B[ Y-n-n-9p@ds

ieM, i

t-1;
- ZB?J ?(t—‘rj—rk—s)go(s)ds
jeM, T

+j-0t?(t—‘rk—s)f(s)ds>

- ZB?go(t—Tj)+f(t)

JEM,
= - ZBizx(t_Ti)_ Z B?(p(t—rj)+f(t).
i€eM,; JEM,

(82)

In fact, this is exactly formula (11) since x(¢ — Tj) = ot - Tj)
for each j € M,.
Finally, if max,_, ,7; <t, we have

..... nti =

x(t) =2 ()9 0)+Z ()¢ (0)

n 0
2
_;Bi J'_Ti?(t—ri—s)go(s)ds (83)

+J Y (t—s)f(s)ds.
0

So, differentiating this formula twice and applying (4) of
Lemma 4 result in (11). Hence, one can see that function x(t)
given by (70) really solves (11) and satisfies initial condition
(8) and, moreover, that x € C>((0,00), RY). To see the last
one, one has to put 7,,..., 7, into the computed derivatives,
for example, if 7; := min,_; ,7; < 7; foreachi =1,...,k -

1,k +1,...,n, then by (75) and (82) we get

n

Jlim & (6) = = ) Big (i =) = By (0) + f (v
L i=1
itk

-~ ¥ Bo(s-) @

jeM,

- Bix (0) + f (7) = lim £ (¢),

where M, = {1,...,n} \ {k}. O

It is easy to see that defining functions

7B, ».B, _ o—B,,..-B,
ZoB () = 2P,

..... T, Tseees

(85)

..........

leads to the solution of
#()=Bx(t-1)+-+Bx(t-1,)+ f(t) (86)

with pairwise permutable matrices Bi,...,B, and initial
condition (8). More precisely, we have the following corollary
of Theorem 7.

Corollary 8. Letn > 3, 7,...,7, > 0, T := max;,
Q € C'([-1,0], RY), and let B,,...,B, be N x N pairwise
permutable matrices; that is, B;B; = B;B; for each i,j €
{1,...,n}, and let f : [0,00) — RY be a given function.
Solution x(t) of (86) satisfying initial condition (8) has the
form

(o (1), —r<t<0,
L)+ ¥ ()¢ 0)

n 0

x0=1 Y[ Y-n-99ds

i=1 T

+j%t—s)f(s>ds, o<t

0

(87)

,,,,,

Proof. The corollary can be proved exactly in the same way as
Theorem 7. O
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