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The existence and uniqueness of local strong solutions for a nonlinear equation are investigated in the Sobolev space C([0, T);
H*(R)) NC'([0,T); H*'(R)) provided that the initial value lies in H*(R) with s > 3/2. Meanwhile, we prove the existence of global

weak solutions in L®([0, 00); L*(R)) for the equation.

1. Introduction

Coclite and Karlsen [1] investigated the well posedness
in classes of discontinuous functions for the generalized
Degasperis-Procesi equation:

Uy -y, +4h' (W) u,

=h" () ui +3h" () U Uy, + h () Uy s w
which is subject to the condition
W @l <clul,  h@) < clul, (2)
or
W] <e,  h@l<clul, (3)

where ¢ is a positive constant. The existence and L' stability of
entropy weak solutions belonging to the class L'(R)n BV(R)
are established for (1) in paper [1].

In this work, we study the following model:

Up — Uy + mh' (u)u,
(4)

=h" () ui +3h" W u +H (Wu

xuxx XXX

where m is a positive constant and h(u) € CIfm = 4
and h(u) = u?/2, (4) reduces to the classical Degasperis-
Procesi model (see [2-13]). Here, we notice that assumptions

(2) and (3) do not include the case h(u) = v°. In this paper, we
will study the case h(u) = u’, and m is an arbitrary positive
constant.

In fact, the Cauchy problem of (4) in the case h(u) = u’
is equivalent to the following system:

2 3 2
Up — Upy, + 3’ uy, = 6+ 18uu u,, + 3uu,,,,

(5)

u (0,x) = uy (x).

Using the operator (1 —92)™" to multiply the first equation of
the problem (5), we obtain

u, +3ulu, + (m—1) (1 - aﬁ)’lax (u3) =0, ©)

u(0,x) = uy(x).

It is shown in this work that there exists a unique
local strong solution in the Sobolev space C([0,T); H*(R)) N
C'([0,T); HY(R)) by assuming that the initial value u,(x)
belongs to H*(R) with s > 3/2. In addition, we prove the
existence of global weak solutions in L*°([0, 00); L*(R)) for
the system (6).

This paper is organized as follows. Section 2 investigates
the existence and uniqueness of local strong solutions. The
result about global weak solution is given in Section 3.



2. Local Existence

In this section, we will use the Kato theorem in [14] for
abstract differential equation to establish the existence of
local strong solution for the problem (6). Let us consider the
following problem:

dv
dt

Let X and Y be Hilbert spaces such that Y is continuously and
densely embedded in X, andletQ : Y — X be a topological
isomorphism. Let L(Y, X) be the space of all bounded linear
operators from Y to X. In the case of X = Y, we denote
this space by L(X). We illustrate the following conditions in
which o, 0,, 03, and o, are constants depending only on
max{llylly, Izl -

(i) H(y) € L(Y, X) for y € X with
I(H (y) - H (2)) ] < o1]ly - 2] Il

+HW)v=g(©), t>0, v(0)=v,. (7)

V,Z,w €Y,
(8)

and H(y) € G(X,1,pB) (ie., H(y) is quasi-m-

accretive), uniformly on bounded setsin Y.

(i) QH(y)Q™' = H(y) + A(y), where A(y) € L(X) is
bounded, uniformly on bounded sets in Y. Moreover,

I(A(y)-A@)w|x <o)y -2|ylwlx, yzeYweX

)

(iii) g : Y — Y extends to a map from X into X, is
bounded on bounded sets in Y, and satisfies

l90) - 9@y < osly-2ly, yzev.  (0)

la) -g@lx < oilly -zl ryzex )

Kato Theorem (see [14]). Assume that conditions (i), (ii), and
(iii) hold. If vy € Y, there is a maximal T > 0 depending only
on ||vylly and a unique solution v to the problem (7) such that

v=v(,v) € C([0,T);Y)nC ([0,T); X).  (12)

Moreover, the map v, — v(:,v,) is a continuous map fromY
to the following space:

C([0,T);Y)nC' ([0,T); X). (13)

In order to apply the Kato theorem to establish the local
well posedness for the problem (6), we let H(u) = 3uzax, Y =
H'(R), X = H"'(R), A = (1-32)"%, g(u) = (m-1)A"%0, (),
and Q = A’. We know that Q is an isomorphism of H® onto
H*'. Now, we cite the following Lemmas.

Lemmal. The operator A(u) = u*d, withu € H'(R), s > 3/2
belongs to G(H* ' (R), 1, B).

Lemma 2. Assume that H(u) = 3uzax with u € H*(R) and
s > 3/2. Then, H(u) € L(H*(R), H**(R)) for all u € H*(R).
Moreover,

I(H (1) - H (2)) wlgr < 0y llu = 2]l g [[wll s

u,z,w € H (R).
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Lemma 3. Fors > 3/2, u,z € H'(R) and w € H*\, it holds
that A(u) = [A°, 36”0, )A™ € L(H*™") for u € H® and

I(A(w) = A()wlgs < 0yllu = 2l gsllwll gt (15)

The above three Lemmas can be found in Ni and Zhou
[15].

Lemma 4. Let u,z € H® withs > 3/2 and g(u) = (m —
l)Afzax(zf). Then, g is bounded on bounded sets in H® and
satisfies

H < 03”“ - Z”HS’

lg @) - g(2)
(16)

Hs—l S 0-4"14 - Z”Hs—l.

lg ) - g(2)

Proof. For s, > 1/2, we know that [[uvlgewr <
cllull g0 gy 1Vl 0 (ry- Consequently, we have

lg@) - 9@, < |’ - 2

Hs!
2 2
< cllu = zlges (lullFer + VI3

< osllu — 2|l gs»

96D g @l < el -2

Hs2

3 3
< c”u -z

Hsfl

2 2
< cllu =zl (NealFps + 1175 )
< oyllu — 2| g1

17)
O

Using the Kato Theorem, Lemmas 1-4, we immediately
obtain the local well-posedness theorem.

Theorem 5. Assume that u, € H’(R) with s > 3/2. Then,
there exists a T > 0 such that the system (5) or the problem (6)
has a unique solution u(t, x) satisfying

u(t,x) € C([0,T); H*(R)nC' ([0,T); H™ (R)). (18)

3. Weak Solutions

In this section, our aim is to establish the existence of global
weak solutions for the system (6). Firstly, we prove that the

solution of the problem (5) is bounded in the space L*(R) and
L*®(R).

Lemma 6. The solution of the problem (5) with m > 0 satisfies

[ 8 cerar - [ L0 @oF
JR K,Kdx = JR mlu(gn dg = JR m +E2|u0 (E)l dé,

(19)

where K| = u — aixu, and K = (m — aix)flu. Moreover, there
exist two constants ¢, > 0 and ¢, > 0 depending only on m such
that

G ||“0||L2<R) < allullpg < OZ"uONLZ(R)' (20)
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Proof. Setting K; = u—09> uand K = (m—-02,) 'uand using
the first equation of the problem (5), we obtain u = my — y,
and

d
— K,Kd
dtJ.R 1R ax
oK, ) oK,
= —Kd K,—dx =2 —Kd
L ot “L 15t % JR ot ¥

=2 j [—3mu2ux + 6ui + 18u,u,, + 3u2uxxx] Kdx
R

=2 [omd, () + (), | Kdx

(mu3) K, -u’K,, dx

XXX

Il
el

[mu3] K, -’ (mK, —u,)dx

1]
el

3
wudx,
R

I
e

(21)

Using the Parseval identity and (21), we obtain (19) and (20).
O

From Theorem 5, we know that for any u, € H*(R) with

s > 3/2, there exists a maximal T' = T(1;) > 0 and a unique
strong solution u to the problem (6) such that

ueC([0,T); H (R)nC ([0,T); H' (R).  (22)
Firstly, we study the following differential equation:
po=3u’(t,p), tel0,T),
p(0,x) = x.

(23)

Lemma 7. Let u, € H', s > 3, and let T > 0 be the maximal
existence time of the solution to the problem (6). Then, the
problem (23) has a unique solution p € CY([0,T) x R,R).
Moreover, the map p(t,-) is an increasing diffeomorphism of
Rwith p,(t,x) > 0 for (t,x) € [0,T) X R.

Proof. Using Theorem 5, we obtain u € Cl([0,T); H}(R))
and H*™! € C'(R). Therefore, we know that functions u(t, x)
and u,(t, x) are bounded, Lipschitz in space, and C" in time.
Using the existence and uniqueness theorem for ordinary
differential equations derives that the problem (23) has a
unique solution p € C*([0,T) x R, R).

Differentiating (23) with respect to x gives rise to the
following:

d
— DPx = 6uux t, x> te [0) T) >
ar? .p)p (24)

P« (0) x) =1,

from which we obtain
t
Py (t,x) = exp (J 6uu, (1, p (1, x)) dT) : (25)
0

For every T' < T, using the Sobolev imbedding theorem
yields that

sup |u (T, x)l < 0.
(1,x)€[0,T")xR * (26)
It is inferred that there exists a constant K, > 0 such that
Pyt x) = e Kot for (£,x) € [0,T) x R. Tt completes the proof.
O

Lemma 8. Assume that u, € H°(R),s > 3/2. Let T be the
maximal existence time of the solution u to the problem (6).
Then, it has

o ()l oo < [luip]l e V£ € [0,TT, (27)

where ¢ > 0 is a constant independent of t.

Proof. Let&(x) = (1/2)e”™, we have (1 — afc)_lg =& ffor
allg € L*(R)and u = & * K, (t,x). Using a simple density
argument presented in [7], it suffices to consider s = 3 to
prove this lemma. Let T be the maximal existence time of the
solution u to the problem (6) with the initial value u, € H 3(R)
such thatu € C([0,T), H*(R)) N C'([0, T), H*(R)). From (6),
we have

u, +3uu, = —(m—1)& % (3u2ux). (28)
Since
& * (3u2u ) _ ! e 32y d
x) = 2 ) n n
3(* —x+n_ 2 3 oo x—1, 2
=3 j_ooe uu”dr]—EL e uu,dn

L R SR B PR
=ELOe "udr]—ij e u’dy,

X

du(t,p(t,x)) dp (t, x)

up (£ p (6,%)) + u (8 p (X))

dt dt
= (ut + 3u2ux) (t,pt.x),
(29)
from (29), we have
du(t, CIl’t(t, x)) _ mz—l J p(tx) 1P
- (30)

m-—1(*® _ _
- J e 1Pt "|u3d17.
2 p(t,x)



Using Lemma 6 and (30) derives that

du(t, p (t, x))
dt

_ [e.0]
< Im-1] J Pl 2 g

< > -

_ o
< M J M3d1’]
2 —co

31
m-1 (3D
< Pl ol

< cfluao | 2y 14110
< cllull e,

where ¢ is a positive constant independent of t. Using (31)
results in the following:

t t
—C JO "u”Loo(R)dt + uo S u (t, p (t, x)) S Cc JO "u”Loo(R)dt + uO.
(32)

Therefore,

|u(t p(£.2))] < lu (t, p (£:20)]| 1
t (33)
< gl + € L R

Using the Sobolev embedding theorem to ensure the uniform
boundedness of u, (s, #) for (s,7) € [0,¢] x R witht € [0, ™,
from Lemma 7, for every ¢t € [0, T"), we get a constant C(t)
such that

e 0 < Py (%) < Y, xeRr (34)

We deduce from (34) that the function p(t,-) is strictly
increasing on R with lim, _,,  p(t,x) = oo aslong ast €
[0, T"). It follows from (33) that

t
ot (& )z = Ju (8 2 (69 10 < ol +ch sl
(35)

Using the Gronwall inequality and (35) derives that (27)
holds. -

For a real number s with s > 0, suppose that the function
uy(x) is in H(R), and let u,,, be the convolution u,, = ¢, * u,

of the function ¢,.(x) = el 4¢)(£_l/ *x) and u, such that the
Fourier transform @ of ¢ satisfies ¢ € C°, (&) > 0, and
@ = 1forany & € (-1, 1). Then, we have u,y(x) € C*. It
follows from Theorem 5 that for each ¢ satisfying 0 < & < 1/2,
the Cauchy problem,

Uy — Upey + 3mu2ux = 6ui + 18uu,u,, + 3u2uxxx,
(36)
u (0) x) = usO (x) >

has a unique solution u,(t,x) € C*([0,T); H*®). Using
Lemmas 6 and 8, for every ¢ € [0, T'), we obtain

"”s (t, x)"LZ(R) S C””e (0, x)"LZ(R) S C””O"LZ(R)’

Jute (8 ) o < e (0, )| o™ < €™
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Sendingt — T, we know that inequalities (37) are still valid.
This means that for ¢ € [0, 00), (37) hold.
Now, we state the concepts of weak solutions.

Definition 9 (weak solution). We calla functionu : R, xR —
R a weak solution of the Cauchy problem (5) provided that

(i) u € L2(R; L*(R));
(i) wy — Upey + 3mulu, = 612 + 18U i, + 3u’u,,, in

D'([0,00) x R), that is, for all ¢ € Cy°([0,00) X R)
there holds the following identity:

J J- (u ((Pt - q)txx) + mu3(Px - u3(Pxxx) dxdt
‘ (38)

+J Uy (x) ¢ (0, x) dx = 0.
R

Theorem 10. Let uy(x) € L2(R). Then, there exists a weak
solution u(t, x) € L®([0, 00); L*(R)) to the problem (5).

Proof. Consider the problem (36). For an arbitrary T > 0,
choosing a subsequence ¢, — 0, from (37), we know that
u. is bounded in L* and IIusnII 2® is uniformly bounded

&
in L*(R). Therefore, we obtain that ugn is bounded in L*(R).
Therefore, there exist subsequences {u, } and {u;}, still
denoted by {usn} and {u;}, are weakly convergent to v in
L*(R). Noticing (38) completes the proof. O
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