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We propose a hyperbolic relaxation of a fourth order evolution equation, with an inertial term 7ju,,, where # € (0, 1]. We prove the
existence of several absorbing sets having different regularities and the existence of a global attractor that is bounded in H*(I) x

{H*(I) n Hy(I)}.

1. Introduction

Leting I ¢ R bean open interval, with |I| < 1, we consider the
following initial-boundary value problem for u : [ x R* —
R:

_ 2
My + Uy = — & Uyyy

1
+ EW” (u )ty  (x,t) € I xRY,

u(x,0) =uy(x), in I, M
u, (x,0) =u; (x), in I,
u=u, =0, in 0I, t>0,

where the function W(p) = ( p2 —1)% is the so-called double-
well potential, 0 < ¢ « 1 and € (0,1] are positive
parameters.

Problem (1), with = 0, was proposed in [1] where the
global dynamics was studied. In particular, the dynamical
behavior of the solutions for small values of the parameter
e was studied by means of numerical experiments. The
existence of three well-differentiated time scales with peculiar
dynamical behavior was showen. In the first time scale of
order O(&?) there is the formation of microstructure (see [2])
in the region where the gradient of the initial datum falls
in the nonconvex region of W; this phenomenon produces
a drastic reduction of the energy of the initial datum. In
the second time scale of order O(1) the equation exhibits a
heat equation-like behavior in the convex regions while slow

motion in the nonconvex ones. In the last time scale of order
O(72) the equation shows a finite-dimensional behavior: the
solution is approximately the union of consecutive segments
and the dynamic is slow.

In [3], the third time scale was studied; the authors proved
the existence of a global attractor &/, c L*(I) (see [4])
that is bounded in H*(I). The time for which the solutions
enter the absorbing set 9B, is of order O(¢™) and it is
consistent with the estimates found in [1]. Moreover the
authors proved the existence of an exponential attractor .7,
with finite fractal dimension of order O(e™'°). In [5] the
authors proved the existence of an inertial manifold .Z, (see
[6]) whose dimension is of order O(¢™'°), and by the n-
dimensional volume elements methods (see [7]) an estimate
of the dimension of the global attractor of order O(e™!) was
found. This estimate is also consistent with the numerical
experiments developed in [1]; in fact it was found that the
wave length of the microstructure is of order o™,

In the last years the viscous and no viscous hyperbolic
relaxation of the Cahn-Hilliard equation has been extensively
investigated. The model was proposed in [8] while in [9] the
existence of a family of exponential attractors was proved.
The viscous and nonviscous perturbation has been studied in
[10] where the existence of a family of global attractors that
are upper semicontinuous with respect to the vanishing of
perturbations parameters was proved. These results have been
extended in 2 and 3 dimensions; see for example [11, 12] and
the references therein.

Due to the similarity of problem (1) to the Cahn-Hilliard
equation we consider it interesting to study the hyperbolic



relaxation of the fourth order evolution equation proposed
in [1]. In particular if v is the solution of the Cahn-Hilliard
equation

v+ A [szAv -w (v)] =0, 2)
with Neumann boundary conditions:

0
—v=—Av=0,

3 3n x €{0,1}, (3)

then

1 (x) = r v (s)ds, (4)

0

is the solution of (1), with # = 0, with the corresponding
boundary conditions:

u=u,=0, x¢€{01}. (5)
In the present work we put the problem in the correct
mathematical framework and prove the existence of a global
attractor &/, . while we have left the proof of the existence of
exponential attractors for a forthcoming paper. In Sections
2 and 3 we define the solution semigroup in the appropriate
spaces and present some important energy estimates. In
Section 4 we prove the existence of several absorbing sets with
different regularities while in the last section we prove the
existence of the global attractor.

2. Preliminaries

We begin this section by defining the following Hilbert spaces
that will be helpful for our analysis:

H,. = [H*(I)nHy (D] x L* (1), (6)
V. = D(A)x H (I), (7)

where
D@A)={ueH () :u=u, =0 in 3I} (8)

is the domain of the differential operator A = 9*/0x®. The
above spaces are equipped with the norms

2 & 2 H.o2 9)
166V, = 5 ot + 51

2
&
S g||vxx||2, (10)

2
Il =3

where | - || represents the L? norm. We will denote by (,-) the
inner product in L2(I). We recall that for allu € H*(I) ﬂHé (I
with |I| < 1, we have

lull < Jue | < |- (1)

N

Throughout the paper we will use two norms that are equiv-
alent to (9) and (10) in order to simplify the computation.
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Given functions u € H*(I) N H& (I) and v € L*(I) we define
the function E on % ne DY

_ 1
E@wv) =nv]* + z52||um||2 + Br(v,u), 12)

where f3 € [0, .

Proposition 1. Forall 3 € [0, %] the function E(.,-) induces a
norm equivalent to the norm on 7, ..

Proof. By Schwartz inequality (11) and using the fact that § <
& < 1,7 € (0,1], we get

1 1
Br(v,uy < B Ivllilull < Enzuvuz + Ee‘*lluxxuz
(13)

2
&€
< TP+ S el = D1

From the previous inequality and by definition of E(u, v) we
get

E(v) < 31 ), - (14)

By a different application of Schwartz inequality and from (11)
we get

2
Br (v, < Brlvll lull < 77 IvI* + %uunz
) (15)
& &€ 2
< I+l < vl +
Combining (13) and (15) we get
— 1
E (u,v) > max {gllvﬂz, Zszl|uxx||2} , (16)
and as a consequence
- 1 2
@) 2SIy, - (17)
O

The proof of the following theorem follows from classical
applications of the Faedo-Galerkin method. We will only
show a Lipschitz estimate that will be needed for further
computations.

Theorem 2. For every (uy,u,) € #,, there exists a unique
solution u(t) for the initial value problem (1) such that

ueC, (RS H (DN Hy () NC, (R% L2 (D). (18)

If, moreover, (uy,u,) € 7', then:

&’
u€C, (R*;D(A)nCh (R H(I) n Hy (1))
(19)
NG, (RY L2 (D).



Abstract and Applied Analysis

Proposition 3. For any constant R > 0 there exists a positive
constant K = K(R) such that, for any initial data u,(0), u,(0)
with IIui(O)IIHm <R,i=1,2onehas

e, By, (0) - Ssyn(t)uz(O)HHms < e® Ny (0) - uy O,»
(20)
where S, , (t) is the solution semigroup of the problem (1).

Proof. Let u,, u,, two solutions of (1) with initial data u,(0)
and u,(0). Let, w = u; — u, then we write

1d
Wy + Wy + szwxxxx = EE {W, (ulx) - W’ (uZX)} VAV

We multiply the above equation by w;, in L*(I); then
n £d
2

il + 5 2wl + o

4
dt
=- J W, W,dx
1
2
+6 JI {ulxwxx T Upx Wy [ulx + uZx]} wtd'x
< 2w el + 6lleral ool e
1/2
#12 e (| whu? [, +08,]dx) @
1
<2 {1 18C7 o + 12 ]

1/2
(e T Y P T

2
<2 v (o0t +202) B o

82
< 2K o] wr] < K] + o]

where we have used the following inequality (see [13] and
inequality (11)):

el < Cllulin o < 2C° Jua (23)

The constant K can be explicitly computed using the esti-
mates of the absorbing set presented in the next section.
From the last inequality we get

d 2 2K2 2
Slwwllz, < —lwwlz, , (24)
and then using Gronwall’s lemma we get

|, w)ll5, < X/ (w(0), w, (0))] v, (29

3. A Priori Estimates

In this section we provide useful a priori estimates of energy
type. Equation (1) admits a Liapunov functional of the form:

1 1
E ) =l + e+ 5 | Ww)dx, o

that is not increasing along the solutions; in fact if we multiply
(1) by u, and integrate over I we obtain

d
DB ) =l @)

Moreover, integrating the previous inequality on (0,¢) with
respect to time we get

t
j ||ut||2ds +E(u,u,) = E(ug, ;) - (28)
0

Then for any fixed initial data (4, u;) € ', we have that the
corresponding solution satisfies

n ) & 5
sup 4 - " + >l F = supll(ue, )]
>0 |2 2 150

2
H en

(29)

< E (ug, ).

Moreover if we integrate over R* we get the integral control
RS
|| et < (g 60)

We consider an important estimate that will be useful later.
Let 8 > 0 be a parameter to be determined later; if we multiply
(1) by Bu we obtain

d
i [ e & P + e
I 2 dt (31)
+ 2By = 2Bl

By summing (27) and (31) we get

d d 2
T+ B () + (1= ) ]
Ei 2 2 2 4 (32)
5 g1+ Be s+ 2By
= 2Bu, |’

Using the expression of the energy we can rewrite the
previous in the following way:

g r G+ 13 ol

fl? 1 9
+,8(ut,u)+2ﬁ<E+;4——> =0.

2 2

We will estimate some of the terms of the previous inequality
in the following lemma.



Lemma 4. Fixn < 1 then for all € (0, 1/3) one has

2871 uy, u) < (1-3pB%) ||ut||2 + ﬁ"”x"i + B+ Bluy, u).
(34)

Proof. By Holder’s inequality we get
ol < 2ouclly 10 < ey 111, 39)

then we use Poincaré’s inequality and the fact that |I| < 1 to
conclude that

4
ot < e, 1) (36)

Therefore, for a positive constant ¢, to be determined later, we
have that

¢ 1
R L e e

S+ o (1l ),
a 2 2

Consequently, by choosing the parameters ¢, = 1/12 and 8 <
1/3 we have that

(281 - B) (1)
< 2Bn - Bl 2wl
| /3 11 ﬁl

(37)

(38)

e i+

< (1-3p) IIutII2 + Bl + I

2 —
| ﬁ: B .
C
0

Now, using the previous lemma and (33) we conclude that

th + /3;7d (up 1) + 2877 (up u) + 2BE < 2B11|.  (39)

If we set
O (u,u,) = O(t) = E(u,u,) + Bru,, u), (40)
then from (39) we get
%CD (t) +2BD (t) < 2. (41)

Now, integrating we have that
O (1) < [@(ugyuy) —1] e 2P + 1. (42)

The previous inequality will be used in the next section to
show the existence of absorbing sets for the problem (1).

We remark that the following inequality holds for the
functions E, E, and ®:

q>(t)=E(t)+1Jw(ux)dszzo. (43)
2 J;
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4. Absorbing Sets

In this section we will show the existence of several absorbing
sets for the solution semigroup of (1) in the space # . Also,
assuming further regularity of the initial data, the existence
of a more regular absorbing sets is also shown.

First, notice the following estimate of the nonlinear term
of the energy functional defined in (26). Using (23) we get

1 III

1
3 | W) dx <SPl e - P +
I

1 1]
< PP + 2 (44)

|1|
= _” xx”

We will use this inequality several times in what follows.

4.1. Absorbing Set in I , ,

Proposition 5. For all R, > 1 the set

By = {(u, W) €y O (uu,) < RO} (45)
is bounded, absorbing, and positively invariant for the semi-
group S, (1) in .,
Proof. The set is positively invariant, in fact if (1, u;) € Z,

with ®(u, u;) < R, we have, from (42), that

O (u,u,) <

The boundness of By, follows directly from (42). Now suppose
that (1, u,) are such that ®(uy, u;) < R, with R > R, then
again from (42) we get

[Ry-1]e P +1<R,, Vt>0.  (46)

O (u,u,) <Ry, V=14, (47)
where
1 R-1
= —1 .
=55 og{RO_l} (48)
Then By, is absorbing for the semigroup S, (t). O

Proposition 6. For all R, > 1 one has that the set
B; = {(u, w) € #e,: E(uu,) < Rl} (49)
is absorbing for the semigroup S, ().
Proof. We have from (42) and (43) that
E(uu) < [®@(upuy) - 1]

Now, take (14, 4, ) such that E(uy, u;) < R, with R > R;. Then,
by (42) and (44) we get that

e 2Py, (50)

Ems®msﬁm+ﬂ%m+l

III (51)

_” xx"

]

<E(t)+ E(t) + — 5
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Therefore,

E(uu,) < {E (g uy) + %E(uo,ul)z + |2L| - 1} e 1
3

< {R+ %R2+ m— 1}e72Bt+ 1.
€ 2
(52)
Consequently, we have that
E(uu) <Ry, Vt=13 (53)
where
1 R+ (4/e")R* + (|1 /2) -1
15 = — log ( ) . (54)
28 R -1
O

Now using the equivalence of the norm on %', and (52)
we get

(AT

., < 3 Pl

36 4 1] —2pt
+s—2||(u0,u1)||%,s’n to - 1} e 13
(55)
Let R, > V3. If (ug, uy) € 7 .,y is such that
"(”o’ul)"y/m’ <R, (56)
then we have that
[, ut)||%,m <R,, Vt>1y, (57)
where
1 3{3R+(36/&)R* + 1] /2-1}
Ty = — log = . (58)
28 R -3

Thus, we have proved the following.

Proposition 7. For all R, > /3 one has that the ball

By, = {(wuw) € o Jww)l, <R} 69)

is an absorbing set for the semigroup S, (t) in Z .

4.2. Absorbing Set in %,,. Now suppose that the initial
data has some additional regularity. Then we can prove the
existence of more regular absorbing sets. Let us define the
following space:

Uy, = {H (DnH* ()nHy (D} xH' (1), (60)

equipped with the norm

2y e € e (61)
loudlly, = 2l + 5 oo™

Then we have the following.

Proposition 8. There exists Ry > 0 such that the closed ball

By = {(u, w) €U, - |(u, ”t)”%,,, < R3}, (62)

is a bounded absorbing set for S, (t) in U ,.

Proof. If we multiply (1) by u,,, + u,., and integrate over I we
obtain

d |n ) & 2 1, 2
Al ¢ S il + Sl 000}

(=)t + € s

]t = 3 (I 0] 8-
(63)

Let us denote the differential term of the previous inequality
as

2
&

2 ”uxxxuz + n <utx> ux>

¥ (1) = Tl +
(64)

1
¢ S

We will estimate the right hand side of (63). The first term can
be estimated as follows:

1 1
_5 <[W’ (MX)]x’uxx> < E||‘/v”(ux)"oo”uxx"2
< 2(3uelley + 1) sl
(65)
< 2 (3 + 1) |
4 6R?
<A (8_22 R 1) ~c,
Let us define
W e
4 )1
then we can rewrite the the second term of r.h.s of (63)
1 d 1
_E <[W, (ux)]x’ uxxt> = _aqjl + Z JI W”, (ux) uxtu)zcx’
(67)

and estimate



1
Z J W,” (ux) uxtuﬁzcx
1

S6||uxx||mL gty

S N e | e

< 6"uxx"oo ”uxt” ”uxx“2

5/2 1/2

< 6[u sl

. I

\/i 5/2 (68)
<o L) el sl
n 18( V2 ’
2
< Dl + (L) o

572
r] 18( V2 & 2
Ul | 22 | + Sl

2
n >

= E"uxt”2 T B " xxx" +C,.

Then if 7 € (0,1/2) and setting ¥ := ¥, + ¥,, C := C, + C,

we have

d &
S+ g P+ Sl < C (69)
To conclude the proof we note that
1
¥ 2 (wu)ly,, + 5 Il
= 1l ot = el
n 3
il - Ml - sl o

1 2 3
2 )l - SR

1
= Sl ul, -
and that
L [CRS  P
el (312, + 1)

2

6
< 2wy, + SR (SR +2)

(71)

= 2||(u, ut)";M +,.

From the previous inequalities we get

1
5|

- <V¥Y< 2||(u, ut)";[w7 +,. (72)
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Then from (72) we get

d 1 —
—VY+-¥Y<C+g¢ =C, 73
a2 @ 73)

and by Gronwall’s lemma we obtain
¥ (1) < (¥(0) - 2C) e 4 2C,

)k, <2 (o)l +&-28) e (0
+4C + 2¢,.
Then if (uy, u,) € %, such that

o, udlly,, < R (75)

we have that

”(u, ”t)”?zm <Ry, Vtz1y, (76)
where
2R +2¢, - 46)
T, :=2lo — = 77
v g<R2—4C—2c1 77)
and this concludes the proof. O

4.3. Absorbing Set in 7,. We consider the space 7/, as
defined in (7), equipped with the norm defined in (10). By
considering more regular initial conditions we can prove the
following result.

Proposition 9. There exists R, > 0 such that the closed ball

By = {(u, u,) € V ey : [|us, ut)"%m < R4} (78)

is a bounded absorbing set for the semigroup S, (t) in 7’ .

; then we obtain

XXXX?

Proof. Multiply (1) by ..., + u
d n 2 82 2
o Ml S o

1 2
+n <utxx’uxx> + zH“xxx” } (79)

[ s A

= 5 (W (@)

+(1-1)

xxxxt T uxxxx> N
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We call 6,(¢) the differential term of the previous inequality
and we estimate the r.h.s.:

2 {[W 4] )
= <[W ()], o)
LW @] i)

_E <W”’ (le) Mix’ uxxx> - 2

= —12J Ut Uy dX — ZJ (3ui ) Uy X
I

< ot + 122 ] Bt
< 2t (St + 1)
12
< &'R; <£—2R§ + 1) = A,
(80)

Let us define

0, (t) = J W (uy) i, dox; (81)

N

then
(W' ()] )
=5 ('@,

1
Y <W”I (ux) u)zcx’ uxxxt>

| =

> uxxxt>

(82)
_ = <WH

Usexcx> Unxext >

__i - IH 2
- dte + <[W ) xx ’uxxt

1

" 2
t2 J; W (uy) ugu, dx.

We estimate the last two terms of the previous equality:

n J w" (u,) uxtuxxxdx

=6 L uxuxtuxxxdx

< 6t oo lttelloo sl e

/ /
[ et ™

< 6||u "uxt" "Mxx”2

XXX

RZR3?
<”2“ Zi)WmmWWwM

XXXX

R2R3/2 2
(uzm zz)uwmw+waf

1 R2R3/2 2 82
< ?(12 PR +5R§+ Sl

[\S]

2
&€
= E"uxxxxuz + A,

(W ),

x> uxxt>

<Wiv (ux) ufcx + W’" (ux) 2uxxuxxx’ uxxt>

N | —

x T xxt

= 12J ui Uy dX + 24J U Uy Uy Uy AX
I 1

<12 ([t 1t

P2t ool et} ot

<12 (et ]
32t et ) ot
< Dt + 72 (Jt el ot
)

[2\/§R§R3 2R,R;\ 2]’
+2< )
& &

< g||um||2 +72
= Tl + A,

(83)

Then if we set 0(t) = 0,(t) + 0,(¢) we get
d 2
ge () +||(u, ut)||% <A +A,+ A=A (84)

Moreover we have

0(t) >

1
5"”%”2

"
278 - Z“uxxtuz -

1 1
> | u)ly, - R

1
= Nl -



2

70y 11 [ e

0(t) < ”(”> ”t)l

T e OGO P

< 2| (u, uy)|

A N

+ (3t + 1) et

<ofwu)ly, + 2R+ (SR +1) 2R

&2 &2

= 2||(u, ut)nz%n +a,.

(85)
Then putting all together we get
1
z“(u, ut)”;m —a, <0(t) <2||(u, ut)“;m +a,. (86)
From the previous inequality we get
d 1 a, ~
—0)+-0(t)<A+—=:=A 87
0O 50H <A+ (87)
and by Gronwall’s lemma
0(t) < [0(0) - 2A] /P + 2A, (88)
Using again (86) we get
2 2 ~1 -
[u)l, <2 20 ), +a, - 2A] e
’ ' (89)
+4A + 2a,.
Then if (uy, u,) € 7', such that
oo wdlly, < R, (90)
then there exists R, > 0:
”(u, ut)"%w’ < R4, Vt > Ty» (91)
where
2(2R* +a, - 24)
Ty = 2log | ————— (92)
% g y
Ri —4A - 2a,
and this concludes the proof. O
5. Global Attractor

In this section we will show the existence of a global attractor
for the semigroup S,,(f) in #,,. Since we have already
proved the existence of the absorbing set in %, then it is
sufficient (see, e.g., [4] or [14] for general results or [15] for
a recent application on a weakly damped wave equation) to
prove that, for any fixed bounded set B ¢ #,, the solution
semigroup S, (t) admits the decomposition:

E,V]’

Sey (1) = Loy (8) + N, (1), (93)

Abstract and Applied Analysis

such that

(C1) sup sup |

L . (t)z < 00,
20 zeZ,, 1 "7/5:'1 (94)

(C2)  lim <|22;};“N&,7 (t)z"%m} =0. (%)

Let B C ', be a fixed bounded set and let (4, u;) €
B C X, We will define the decomposition of S, , as follows:

Sen (t) (ug 1) = (1),
Ls,n (t) (MO’ ul) = (h’ ht) ’ (96)
Ns,r] (t) (uO’ul) = (V’ Vt) >

where h and v are solutions of the following problems:

2
ﬂhtt + ht +é hxxxx - (thx
1
= EW” (hx) hxx — KUy
h(x,0) =0, ©7)
h, (x,0) =0,
h=h,_=0, indl
2
MV + Ve + € Viex — OV
1 " 1 "
= EW (ux) Upx — EW (hx) hxx’
v(0) = uy, (98)
v (0) = uy,
v=v,=0, indl,
where
6V2
as 2R 5 6vE. (99)
&€

Before showing that the semigroups L, , (t) and N, (t) satisty
the conditions (94) and (95), respectively, we consider the
following lemma (see [9]) that will be useful for the sequel.

Lemma 10. Let v : R* — R be an absolutely continuous
function which fulfills, for some v > 0 and almost every t > 0,
the differential inequality

%w O +2y @) < fOy), (100)
where f is a positive function satisfying
Lt f(y)dy<vt+c, Vt=0. (101)
Then
v(t)<cy(0)e™, t=0. (102)
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5.1 The Semigroup L, (t). Due to the similarity of problem
(97) to (1), Proposition 9 still holds in this setting. We will
omit the proof. Consequently we get that condition (94) holds
by noting that (h(0), h,(0)) = (0, 0).

Moreover by (97), multiplying the equation by h, and
integrating over I, we get that there exists a constant ¢ > 0
such that

d n 2 82 2
LA+ S

o3 [ wndxs S s atum} 1
I

+ ||ht||2 = aluy, hy,) < clu.

Then integrating the above equation on (0, t) and using (30)
we get that there exist constants A > 0 and B > 0 such that

t t
j I |Pds < A+CJ i, ds
0 0 (104)

< A+ Bt'2,

Consequently, for any y > 0 there exists a constant C,, > 0
such that

t
J I [Pds<y t+C,. (105)
0

5.2. The Semigroup N,,(t). Let § > 0 be a parameter to be

determined later and let us multiply, in L*(I), (98) by 2v, + Bv.
Then we get

d
g {’I""t “2 + Wﬁ("t) V> + 82 ”Vxtz
B

+ 5||v||2 +avy|?

LW (1) =W (1) = W' () v, D)}

(106)
+@=nB) [l + £ Blviel”
B /
- 5 <W (ux) -w (hx) ’Vx>
= <htx’W, (ux) - W’ (hx) - W” (hx) Vx> .
We estimate the term involving W and its derivatives:
W ) -w ).
_§ <W” (kx) Vi Vx>
-2 (1-3K2) vidx (107)
I

> 6BVl oo 7
w%’

Ro[lv. I,

where k, (x) is between h, (x) and u, (x) and satisfies ||k, ||, <
1V, lloo- Moreover we have

<W (ux) -W (hx) - W, (hx) Vi 1>
= (W' (h,+k.)-W'(h,),v,)
= <W” (sx) %x’ Vx>

= 12J sxkxvxdx 4J k.v.dx
I

(108)

> -aly, .

where k L (x) is between 0 and v,(x), s, (x) is between 0 and
k. (x) and [Is,llo < lkelloo < 1velloo
thatv > k v, > 0.

We denote as F the differential term of (106) and prove
that it induces a norm that is equivalent to that of 7 . Then
from (99) and (107) we have that

. Moreover we have used

) =l - 2| - || &

el el - £ (09

B[l

> T+ v > v»u;c,,,

Moreover we have

@ <l + Ll + B

By
5 vl

+ 82||Vxx||2 +
ol + W k|| il

3
< Sl + Byl + vl

vl + 4 (3, + 1) v

~

3 122R
< £’7||Vt"2 + </3 v ra+ Tz + 4) ||v,€x||2

=—11||vtll +AS ||v

x|

< |, Vt)"%&n’
(110)

where we have used the same argument as (107) and (108) and
where

— 2 12vV2R
A=—2<ﬁ+sz+oc+L
&

&

+4), c=max{3,Z}.
(111)

Then we have

|vvdlly, < F @ < el - (112)
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We estimate the right hand side of (106):
(o W' (1) =W () =W () v,)
= (oW () v+ (W () = W () 4)
= (hp24h b v, + 12 (K - ul) uy, )
= (h,, 12h,v, (2h,, —u,,) — 12vuu,.)

= <ht’ lzvx [hx (hxx - Vxx) - uxuxx]>

- <ht’ 12Vx [ 2Vxx x Vx“xx])

/2

<24 "ht“ (J Vi xxhx)
1/2

e 12 ( | o)

< 24| [velloolPcleo el
12 vl o fotel oo vl

< 12 el @ el + 1

B

12\/’

| sxxl)

2
<o [ [vel

< {3+

(113)

where
(2R, +R;). (114)
Then it remains to estimate the following term:

@=nB) vl + B’ vl

vl - v () - (), v

n
> Bl + B Ivaal® (115)

V2

vl - 6=,

> B2l + el

Then, using the above estimates, we can rewrite (106) in the
following way:

d /s 2
7 O+ LT 05 ol

02 2 5
< @”htﬂ |l (e)

2
o
< @"ht”sz(t).

Abstract and Applied Analysis

Then by Lemma 10 and from (105) we conclude that there
exists a positive constant K such that

F (t) < KF (0) e P21 117)

and consequently from (112) we conclude
[ )l < Kl ol e " s)

This shows that the semigroup N, (t) satisfies condition (95)
and hence we have proven the following.

Theorem 11. The semigroup S,,(t) possesses a connected
global attractor o, C ¥ , , that is bounded in 7' ,
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