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We establish some algebraic results on the zeros of some exponential polynomials and a real
coefficient polynomial. Based on the basic theorem, we develop a decomposition technique to
investigate the stability of two coupled systems and their discrete versions, that is, to find
conditions under which all zeros of the exponential polynomials have negative real parts and the
moduli of all roots of a real coefficient polynomial are less than 1.

1. Introduction

For an ordinary (delay) differential equation, the trivial solution is asymptotically stable if
and only if all roots of the corresponding characteristic equation of the linearized system
have negative real parts while the moduli of all roots of a real coefficient polynomial less
than 1 mean the trivial solution is asymptotically stable for the difference equation. However,
it is difficult to obtain the expression of the characteristic equation corresponding to the
linearized systems. Special cases of the characteristic equation have been discussed by many
authors. For example, Bellman and Cooke [1], Boese [2], Kuang [3], and Ruan and Wei [4-8]
studied some exponential polynomials and used the results to investigate the stability and
bifurcations for some systems. The well-known Jury criterion can be used to determine the
moduli of the roots of a real coefficient polynomial less than one [9, 10], but the calculation is
prolixly.

The purpose of this paper is to provide a new algebraic criterion of zero for some
exponential polynomials and a real coefficient polynomial.
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2. Some Algebraic Results

Let V be a linear space over a number field F and W a subspace of V. A complement space
of Win V is a linear space U of V such that V = W e U. A vector y is said to be the projection
of a vector « along W at U if « = f + y, where p € W and y € U.

Let <4 be a linear transformation on V and W a subspace of V. A subspace W is said
to be a o/ invariant subspace if #a € W for any « € W. Let U be a k-complement space of «#
for W, if

(1) W is a & invariant subspace;

(2) U is a complement space of W in V, thatis, V=W e U;

(3) for any a € U, the projection of (¢4 — kly)a along W at U is always 0.

Let <4, B be two linear transformations on V. We consider that </ and B are (k,1)
concordant if there exist a nontrivial invariant subspaces W of «# and B, and a complement
space U of W in V, such that

(1) at least one of constraints of «#, B on W is a scalar transformation [Ty ;
(2) U is a k-complement space of & or B for W.

Let A, B € R™". We say that A and B are (k,[) concordant if linear transformations <#
and B of R"

A:R" — R", X — AX, forall X € R",
B:R" — R", X BX, forall X € R"
are concordant.

For example, I,, and a reducible matrix A,«, are always in concordance.

Theorem 2.1. Let A,B € R™" be (k,l) concordant. Then there exist an invertible matrix P, such
that

A A I B
1 _ (An 12 1 _ (1, B
PAP _< O k1n2>' PBP _< o Bzz)' @1)
or
1I A B B
_1_ (U, 12 1 _ (Bu B
PAP _< o kIn2>’ PBP _< . B22>, 2.2)
or
4 [An A 1 _ (U, Bn
PAP _< 0 An) PBP = (" KL.)’ (2.3)
or
II A B B
g (L, A 1 _ (Bn Bn
PAP _< - A22>’ PBP _< o kIm), (2.4)

wheren; > 0,1 > 0,11 + 1y = n.
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Proof. Letay, ay, ..., a, be the base of W and a,.1, ..., a, of U. If the constraints of &/ on W are

Iy and U is a k-complement space of &/ for W, then Aa; = la;, i =1,...,r and there exists
aij,...,a,j making Aa; — ka; = ajjo1 + - -+ + arja,, thatis, Aa; = ajj0 + -+ + arja, + kaj, j =
r+1,...,n.So

I -0 a1 -+ am
_ 0 e l ar’r+1 e arn

Alag, ..., 00, &1, 0) = (01, ., Ay, Opi1, oo, Q) 0k -0 | (2.5)
k

Because a subspace W is a B invariant subspace, we can write Ba; = byja; + -+ + bya,, i =
1,...,r,Ba; =bjja; + -+ byjay + -+ bpjay, j=r+1,...,n.50

bii -+ by by - b

by - by by - b

Bal...a, Xpyl, -, 0y) =(A1,..., 0, &ry1, ..., 0y r rr r,r n
( ’ 1 qry ’ s ) ( s r%rs s ’ ) 0 br+1,r+1 br+1,n
bn,r+1 bnn

(2.6)

If the constraint of &/ on W is Il and U is a k-complement space of B for W, then Ba; =
lai, i=1,...,r. Aaj = ajjoy + -+ + Qrj@y + Qpy1,j@p1 + - + Agjty, j=71+1,...,1n.50

l 0 aira A1y
0 -1 Arr+l "t Qrn
A(“l/~"rar1ar+lr-”/an) = (“l/"‘/ar/ar+1/"'/“n) 0 ’ (27)
Arilr+1 " Areln

Apnr+l " Qun
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Because a subspace W is a B invariant subspace, we can write Ba; = byja; + - + by, i =
1,...,r.Becauseaj €U (j =7 +1,...,n), Baj - kaj € W, then there exists by}, ..., b,; making
Ba]‘ Zbl]‘al +-~~+b,ja,+ka]~, j=1"+1,...,1’l.80

bin -+ b1y b o b

brl brr br,r+1 br,n

o T (2.8)

B(alr-"/ar1a7+1/"-/an) = (alf"-/“rar+1/"-/an)

Other situations are similar. O

3. Algebraic Criterion of Zero for Some Exponential Polynomials
From Section 2, we have the following theorem on the roots of exponential polynomial.

Theorem 3.1. Let A, B € R" be (k,I) concordant, T a constant, T > 0, f(A) a polynomial about A. If
Ao is a root of

|FO)L - A= Be7| =0, (3.1)
then
u=f(A) —ae™" (3.2)
is an eigenvalue of A, or
v =(f(o) —a)e™” (33)
is an eigenvalue of B, where a = k or 1.
Proof. Without loss of generality, assume that
PAP™ = (AS l’:}f) PBP™ = (llg g;z) (3.4)
Because \g is a root of
|f(x)1n ~ A-Bet| =0,
F) Iy — Ayt — 1y e ) (35)

O f()‘O)Inz - kInz - B22€_AOT 0,
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then

| Q) L, = Ay = 1,77

-0 or | F(Ao) Iy, — kI, — Bye™| = 0. (3.6)

If | f(Xo) Ln, — A11 — lInle’)‘OT| =0, thenu = f(\) - le™7 is an eigenvalue of A.
If | f(Xo) I, — kI, — Boe 7| =0, then v = (f (L) - k)el” is an eigenvalue of B.

As a application of Theorem 3.1, consider a BAM neural network model with delays:
X=-aX+f(Y(t-7)),

. (3.7)
Y = -bY + g(X(t-12)),

where X € R",Y € R",a > 0,b > 0. Assume that f, g € C!, and f(0) = 0,g(0) = 0.
Under the hypothesis, the origin O is an equilibrium of (3.7), and the linearization of
system (3.7) at the origin O is

X =-aX+BY(t-1),

) (3.8)
Y = -bY + B, X(t — 12),
where B1, B, are Jacobi matrices.
The associated characteristic equation of (3.8) is
A, +al, —-Bie™™|
—Bye™™ AL, +al,| ~ 0. (3.9)

Since A = —a, A = —b have no influence on the stability of system (3.7), thenlet A # —a, A # —b.
We have

A+ a)(A+b)I, —e*™*™BB,| = 0. (3.10)
Let uy,uy,...,u, be eigenvalues of By B,. From Theorem 3.1, we have
A+a)A+b)—ue™ =0, (k=1,2,...,n), (3.11)
where T = 71 + 1, that is,
A+ (a+b)A+ab-ue™ =0. (3.12)
Consider

X+(@a+b)d+ab-ue™ =0, wu = cp + dii. (3.13)
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O
Lemma 3.2. If maxi<k<n|ux| > ab, then (3.12) has a root iw(()k) (wo > 0), and
1 1/2
) _ 2 | (212 2 _12)2 3.14
w! \/2[ <a +b>+\/<(a b2) +4|uk|>] ) (3.14)
7are determined b
0 Y
[ k]? (k) ()
wo] =crcosw, ‘T —disinw, T,
(3.15)
a+b=csin wék)'r —dj cos w(()k)T.
Proof. Let iw (w > 0) be a root of (3.13), then
—w? +i(a+b)w + ab — (cx + dxi)(cos wt + isinwT) = 0. (3.16)
Separating the real and imaging parts, the roots can be obtained. O
Lemma 3.3. Re(dA/dT)| _.® .00 > 0.
i 0
Proof. Differentiating both sides of (3.13) with respect to T gives
-1 _ -\t
<d_J\> =2)L+a+b uge ’ (3.17)
dr Urle ™7
that is,
©]?
-1 w, 5
Re <d_)‘> - M @+ 2] | >0, (3.18)
dr =1 =P
J 0
2 2 2 2
where A = (a +b)*[w\"] + [w"1 [[w{"] - ab] . O

Theorem 3.4. Let 7y = min{Tél),Téz), e /Tén) }.

(1) If maxi<k<n|tk| < ab, then the zero solution of (3.7) is absolutely stable.

(2) If minjck<n|ux] > ab,maxjck<n Reuy < ab, then the zero solution of (3.7) is
asymptotically stable when T € [0, 7y) and unstable when T > 7y, and (3.7) undergoes
a Hopf bifurcation at the origin 0 when T = T].(k), j=01,..., k=12,...,n, where

T= T].(k) is defined in Lemma 3.2.

(3) If minj<k<, Re uyx > ab, then the zero solution of (3.7) is unstable for all T > 0.
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Proof. For T = 0, (3.13) becomes
A2+ (a+b)A+ab - (ck +dyi) = 0. (3.19)
Let A = a+if be aroot of (3.19). Separating the real and imaginary parts, we can obtain

a>—p*+(a+b)a+ab-c, =0,
(3.20)
2ap + (a+b)p— dy = 0.

Hence, a = (-(a+b) + \/(a +b)? —4(ab-cy)) /2. If cx <0, then a < 0. Using Lemmas 3.2 and
3.3 the conclusions follow. O

4. Algebraic Criterion of Zero for Some Real Polynomial

Theorem 4.1. Let A, B be (k,1) concordant. If f(z) be a polynomial about z, zy is a root of

|z [f(z)I - A] - B| =0, (4.1)
then
u= f(z0) - azy" (4.2)
is an eigenvalue of A, or
v = 2"[f(z0) - a (4.3)

is an eigenvalue of B, where a = k or L.

Proof. Let us assume that

4 [An A 4 _ ([l Bp
PAP _< o k) rt=(0h ). (4.4)

Because zj is a root of
|z [f(z)I - A] -B| =0,

Z(r)n [f(Z())In1 - A11] - Hm *
O Zgl [f(ZO)Inz - kInz] - Bzz

(4.5)

=0,

then

|Zgl [f(Zo)In] — A11] — lIn1 | =0 or |ZOm [f(Zo)In2 — kInz] — B22| =0. (46)



8 Abstract and Applied Analysis

If [z [ f (z0) I, — A11] = U, | = 0, then u = f(z) — az,™ is an eigenvalue of A.
If |23 [ f (z0)In, — kI,] — Bo| = 0, then v = zi'[ f (z0) — a] is an eigenvalue of B.
For the application of Theorem 4.1, consider the discretization of BAM neural network
(3.7). LetU(t) = X(t— 1), V() =Y(t), T = (11 + 7»), then (3.7) can be rewritten as

U(t) = —al(t) + f(V(t - 1)),

| (4.7)
V(t) = -bV(t) + g(U(t)).
Let M(t) = U(tt), N(t) = V(t1), then (4.7) can be rewritten as
M(t) = —atM(t) + Tf(N(t - 1)),
. (4.8)
N(t) = -brN(t) + Tg(M(t)).
Let h = 1/m,m € N,, using an Euler method to (4.8), we obtain
My = M, —hatM,, + htf (Np-m),
(4.9)
Ny =N, —hbtN, + htg(M,).
Let Z, = (ME,NI,NT ,...,NI_ ). Using the notation, (4.9) can be expressed as
Zu =F(Z,,71), (4.10)
where F = (F',F} ,F],...,F}) and
(1-hat)M, + htf(Ny_m), k=-1,
Fr =4 (1-hbTt)N, + htg(M,), k=0, (4.11)

Nn—kr 1SkSm

It is clear that 0 is also an equilibrium of (4.10). The linearization of (4.10) at the origin 0 is

Zyi1 = A(T)zn, (4.12)
(1 - har)I, 0 0 -+ 0 hth
B htB, 1-hbt)l, O --- 0 O
A(r) = 0 I, o -0 0 . (4.13)
0 0 o --- I, 0

The characteristic equation of (4.12) is

|zI - A(T)| = 0. (4.14)
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Since |1 — hat| < 1,|1 — hbt| < 1, hence there is no influence on the stability of (4.10). Let
z#1—hart,z#1 - hbrt, then (4.14) can be rewritten as

z"(z -1+ har)z™(z - 1 + hbt)I, — (hT)*B1B,| =0. (4.15)

Let uy (1 < k < n) be an eigenvalue of B; B,. Using Theorem 4.1, we have
[2"(z -1+ hat)][2"(z - 1 + hbT)]I, - (hT)*u) = 0. (4.16)

It is clear that the stability of system (4.10) is determined by the distribution of the roots of
(4.16). Next, we consider a special case of system (3.7)

X=-aX+ f(X(t-1)), (4.17)
where X € R", which is a Hopfiled neural network with delay. Its discrete system is
My = (1 —hat)M,, + htf (Mp_m). (4.18)
The linear part is
M1 = (1 - hat)M,, + htBM,,_,. (4.19)
It is clear that we only need to discuss the distribution of the roots

z™(z -1+ har) = hruy, (4.20)

where uy (1 < k < n) is an eigenvalue of B. O

Lemma 4.2. Let maxj<k<n Re uy < a. There exists a T > 0 such that for 0 < T < 7T, all roots of (4.20)
have moduli less than one.

Proof. When 7 = 0, (4.20) has an m-fold root z = 0 and a simple root z = 1 at 7 = 0. Consider
the root z(t) such that z(0) = 1. This root depends continuously on 7 and is a differential

function of T:
= <z§ + Z@>
- dr dr

Hence, |z(t)| < 1 for all sufficiently small 7 > 0. Thus, all roots of (4.20) lie in |z(t)| < 1 for
sufficiently small positive 7 and existence of the maximal T follows. O

dlz|*
dr

=2(-a+Reux)h <0. (4.21)

z=1,7=0

Lemma 4.3. Assume that the seep size h is sufficiently small. Let maxi<x<n|ti| < 1, then there are no
roots of (4.20) with moduli one for all T > 0.
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Proof. Let z = e™"/™ be a root of (4.20) when T = 7*, then

1
cos g - (1 - hat}) cosw* = hricy,
: (4.22)
sin ¥ 2 ppr — (1 - hbry) sinw* = htidy,
where uy = ¢x +idy, hence
w_ (@) By (4.23)

Z
S T T T 2~ har)

Let |ux| < a, for sufficiently small h > 0, | cos (w*/m)| > 1, which yields a contradiction. The
proof is complete. O

Lemma 4.4. If the seep size h is sufficiently small, then

dlz|?
ar o >0, (4.24)
T=T W=W
where T*, w*satisfy (4.22).
Proof. Consider the following equation:
izt & iz
dr o - \Tdr  Tar =1 w=w
. (4.25)

0.

2 (m+1)(1 - cos(w*/m)) + m(1 - t}ha) (1 - cos(w*/m)) .
.

(m+1)*+(1- hcn‘,j)2 +2m(m +1)(1 - hat}) cos(w*/m)

Using Lemmas 4.1-4.4 and Theorem 1 of [11], we have the following results.

Theorem 4.5. (1) If maxy<k<n|tii| < a, then the zero solution of (4.10) is unstable for T > 0.

(2) If mini<k<p|uk| > a, maxi<k<nli < a, then the zero solution of (4.18) is asymptotically
stable when T € (0,7*), where T* = min{t},7},...,7,}, and (4.10) undergoes a Naimark-Sacker
bifurcation.

(3) If mini<x<, Re uy > a, then the zero solution of (4.10) is unstable for all T > 0.
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Figure 1: Two phase-locked oscillations: x1(tf) = x2(t + Pr/3) = x3(t + 2Pr/3), y1(t) = y2(t + Pr/3) =
yg(t + ZPT/3)

5. Computer Simulation

To illustrate the analytical results found, let us consider the following particular case of (3.7):

X1 =—-Xx1+ 2tanh(y2(t - Tl))/
Xy = —Xx9 + 2tanh(y3(t - Tl))/
3'(3 = —-Xx3 + 2tanh(y1 (t - Tl))/
(5.1)
¥ = -2y - L5 tanh(xo(t — 1)),
y'z = —2y2 -15 tanh(xe,(f - TZ))/

V3 = —2y3 — L5 tanh(x; (t — 1)),

where 71, T, are parameters.

Using the conclusions of Theorem 3.4, the phase-locked periodic solutions appear with
71 + 7o = 1.731. See Figure 1.
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Figure 2: Two phase-locked oscillations: x1(n) = x2(n + Pr/3) = x3(n +2Pr/3), y1(n) = y2(n + Pr/3) =
Y3 (71 + PT /3)

For the special case of (4.8), we have the following equations:

X1 = (1= Th)x1, + 2Thtanh(Yon-m),
X241 = (1 - Th)x;n +27h tal’lh(]/g,,n_m),
X301 = (1= Th)x3, + 2Thtanh (y1,n-m),
(5.2)
Yius = (1 =27h)y1, — 1.5Thtanh(x2 n-1m),
Yous1 = (1 = 27h) Yy, — 1.5Thtanh(x3 5-1m),

Y3us1 = (1 —27h)ys, — 1.5Thtanh(x1 5-1m),

where T = 1.731,m = 3, h = 1/m. The phase-locked periodic solutions appear. See Figure 2.
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