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We introduce two general hybrid iterative approximation methods (one implicit and one explicit)
for finding a fixed point of a nonexpansive mapping which solving the variational inequality
generated by two strongly positive bounded linear operators. Strong convergence theorems
of the proposed iterative methods are obtained in a reflexive Banach space which admits a
weakly continuous duality mapping. The results presented in this paper improve and extend the
corresponding results announced byMarino and Xu (2006), Wangkeeree et al. (in press), and Ceng
et al. (2009).

1. Introduction

Let C be a nonempty subset of a normed linear space E. Recall that a mapping T : C → C is
called nonexpansive if

∥
∥Tx − Ty

∥
∥ ≤ ∥

∥x − y
∥
∥, ∀x, y ∈ E. (1.1)

We use F(T) to denote the set of fixed points of T ; that is, F(T) = {x ∈ E : Tx = x}. A self-
mapping f : E → E is a contraction on E if there exists a constant α ∈ (0, 1) and x, y ∈ E such
that

∥
∥f(x) − f

(

y
)∥
∥ ≤ α

∥
∥x − y

∥
∥. (1.2)

One classical way to study nonexpansive mappings is to use contractions to
approximate a nonexpansive mapping [1–3]. More precisely, take t ∈ (0, 1) and define a
contraction Tt : E → E by

Ttx = tu + (1 − t)Tx, ∀x ∈ E, (1.3)
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where u ∈ E is a fixed point. Banach’s contraction mapping principle guarantees that Tt has
a unique fixed point xt in E. It is unclear, in general, what is the behavior of xt as t → 0,
even if T has a fixed point. However, in the case of T having a fixed point, Browder [1]
proved that if E is a Hilbert space, then xt converges strongly to a fixed point of T . Reich [2]
extended Browder’s result to the setting of Banach spaces and proved that if E is a uniformly
smooth Banach space, then {xt} converges strongly to a fixed point of T and the limit defines
the (unique) sunny nonexpansive retraction from E onto F(T). Xu [3] proved Reich’s results
hold in reflexive Banach spaces which have a weakly continuous duality mapping.

The iterative methods for nonexpansive mappings have recently been applied to solve
convex minimization problems; see, for example, [4–7] and the references therein. LetH be a
real Hilbert space, whose inner product and norm are denoted by 〈·, ·〉 and ‖ · ‖, respectively.
Let A be a strongly positive bounded linear operator on H: that is, there is a constant γ > 0
with property

〈Ax, x〉 ≥ γ‖x‖2, ∀x ∈ H. (1.4)

A typical problem is to minimize a quadratic function over the set of the fixed points of a
nonexpansive mapping on a real Hilbert space H

min
x∈F(T)

1
2
〈Ax, x〉 − 〈x, b〉, (1.5)

where T is a nonexpansive mapping onH and b is a given point inH. In 2003, Xu [6] proved
that the sequence {xn} defined by the iterative method below, with the initial guess x0 ∈ H
chosen arbitrarily

xn+1 = (I − λnA)Txn + λnu, n ≥ 0 (1.6)

converges strongly to the unique solution of the minimization problem (1.5) provided
the sequence {λn} satisfies certain conditions. Using the viscosity approximation method,
Moudafi [8] introduced the following iterative iterative process for nonexpansive mappings
(see [9, 10] for further developments in both Hilbert and Banach spaces). Let f be a
contraction onH. Starting with an arbitrary initial x0 ∈ H, define a sequence {xn} recursively
by

xn+1 = (1 − λn)Txn + λnf(xn), n ≥ 0, (1.7)

where {λn} is a sequence in (0, 1). It is proved [8, 10] that under certain appropriate conditions
imposed on {λn}, the sequence {xn} generated by (1.7) strongly converges to the unique
solution x∗ in C of the variational inequality

〈(

I − f
)

x∗, x − x∗〉 ≥ 0, x ∈ H. (1.8)
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Recently, Marino and Xu [11] mixed the iterative method (1.6) and the viscosity
approximation method (1.7) and considered the following general iterative method:

xn+1 = (I − λnA)Txn + λnγf(xn), n ≥ 0, (1.9)

where A is a strongly positive bounded linear operator on H. They proved that if the
sequence {λn} of parameters satisfies the following appropriate conditions: limn→∞λn = 0,
∑∞

n=1 λn = ∞, and either
∑∞

n=1 |λn+1 − λn| < ∞ or limn→∞(λn/λn+1) = 1, then the sequence
{xn} generated by (1.9) converges strongly to the unique solution x∗ in H of the variational
inequality

〈(

A − γf
)

x∗, x − x∗〉 ≥ 0, x ∈ H, (1.10)

which is the optimality condition for theminimization problem:minx∈F(T)(1/2)〈Ax, x〉−h(x),
where h is a potential function for γf (i.e., h′(x) = γf(x) for x ∈ H).

Very recently, Wangkeeree et al. [12] extended Marino and Xu’s result to the setting
of Banach spaces and obtained the strong convergence theorems in a reflexive Banach space
which admits a weakly continuous duality mapping. Let E be a reflexive Banach space which
admits a weakly continuous duality mapping Jϕ with gauge ϕ such that ϕ is invariant on
[0, 1]. Let T : E → E be a nonexpansive mapping with F(T)/= ∅, f a contraction with
coefficient 0 < α < 1 and A a strongly positive bounded linear operator with coefficient
γ > 0 and 0 < γ < γϕ(1)/α. Define the net {xt} by

xt = tγf(xt) + (I − tA)Txt. (1.11)

It is proved in [12] that {xt} converges strongly as t → 0 to a fixed point x̃ of T which solves
the variational inequality

〈(

A − γf
)

x̃, Jϕ(x̃ − z)
〉 ≤ 0, z ∈ F(T). (1.12)

On the other hand, Ceng et al. [13] introduced the iterative approximation method
for solving the variational inequality generated by two strongly positive bounded linear
operators on a real Hilbert space H. Let f : H → H be a contraction with coefficient
0 < α < 1, and let A,B : H → H be two strongly positive bounded linear operators with
coefficient γ ∈ (0, 1) and β > 0, respectively. Assume that 0 < γα < β, {λn} is a sequence in
(0, 1), {μn} is a sequence in (0,min{1, ‖B‖−1}). Starting with an arbitrary initial x0 ∈ H, define
a sequence {xn} recursively by

xn+1 = (1 − λnA)Txn + λn+1
[

Txn − μn+1
(

BTxn − γf(xn)
)]

, n ≥ 0. (1.13)

It is proved in [13, Theorem 3.1] that if the sequences {λn} and {μn} satisfy the following
conditions:

(C1) limn→∞λn = 0,

(C2)
∑∞

n=1 λn = ∞,

(C3)
∑∞

n=1 |λn+1 − λn| < ∞ or limn→∞(λn/λn+1) = 1,

(C4) (1 − γ)/(β − γα) < limn→∞μn = μ < (2 − γ)/(β − γα),
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then the sequence {xn} generated by (1.13) converges strongly to the unique solution x̃ in H
of the variational inequality

〈(

A − I + μ
(

B − γf
))

x̃, x̃ − z
〉 ≤ 0, z ∈ F(T). (1.14)

Observe that if B = I and μn = 1 for all n ≥ 1, then algorithm (1.13) reduces to (1.9).
Moreover, the variational inequality (1.14) reduces to (1.10). Furthermore, the applications
of these results to constrained generalized pseudoinverse are studied.

In this paper, motivated by Marino and Xu [11], Wangkeeree et al. [12], and Ceng et
al. [13], we introduce two general iterative approximation methods (one implicit and one
explicit) for finding a fixed point of a nonexpansive mapping which solving the variational
inequality generated by two strongly positive bounded linear operators. Strong convergence
theorems of the proposed iterative methods are obtained in a reflexive Banach space which
admits a weakly continuous duality mapping. The results presented in this paper improve
and extend the corresponding results announced by Marino and Xu [11], Wangkeeree et al.
[12], and Ceng et al. [13], and many others.

2. Preliminaries

Throughout this paper, let E be a real Banach space and E∗ its dual space. We write xn ⇀ x
(resp. xn⇀

∗x) to indicate that the sequence {xn} weakly (resp. weak∗) converges to x; as
usual, xn → x will symbolize strong convergence. Let UE = {x ∈ E : ‖x‖ = 1}. A Banach
space E is said to uniformly convex if, for any ε ∈ (0, 2], there exists δ > 0 such that, for any
x, y ∈ UE, ‖x−y‖ ≥ ε implies ‖(x+y)/2‖ ≤ 1−δ. It is known that a uniformly convex Banach
space is reflexive and strictly convex (see also [14]). A Banach space E is said to be smooth if
the limit limt→ 0(‖x + ty‖ − ‖x‖)/t exists for all x, y ∈ UE. It is also said to be uniformly smooth
if the limit is attained uniformly for x, y ∈ UE.

By a gauge function ϕ, we mean a continuous strictly increasing function ϕ : [0,∞) →
[0,∞) such that ϕ(0) = 0 and ϕ(t) → ∞ as t → ∞. Let E∗ be the dual space of E. The duality
mapping Jϕ : E → 2E

∗
associated to a gauge function ϕ is defined by

Jϕ(x) =
{

f∗ ∈ E∗ :
〈

x, f∗〉 = ‖x‖ϕ(‖x‖),∥∥f∗∥∥ = ϕ(‖x‖)}, ∀x ∈ E. (2.1)

In particular, the duality mapping with the gauge function ϕ(t) = t, denoted by J , is
referred to as the normalized duality mapping. Clearly, there holds the relation Jϕ(x) =
(ϕ(‖x‖)/‖x‖)J(x) for all x /= 0 (see [15]). Browder [15] initiated the study of certain classes
of nonlinear operators by means of the duality mapping Jϕ. Following Browder [15], we say
that a Banach space E has a weakly continuous duality mapping if there exists a gauge ϕ for
which the duality mapping Jϕ(x) is single valued and continuous from the weak topology
to the weak∗ topology; that is, for any {xn} with xn ⇀ x, the sequence {Jϕ(xn)} converges
weakly∗ to Jϕ(x). It is known that lp has a weakly continuous duality mapping with a gauge
function ϕ(t) = tp−1 for all 1 < p < ∞. Set

Φ(t) =
∫ t

0
ϕ(τ)dτ, ∀t ≥ 0, (2.2)
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then

Jϕ(x) = ∂Φ(‖x‖), ∀x ∈ E, (2.3)

where ∂ denotes the subdifferential in the sense of convex analysis.
Now, we collect some useful lemmas for proving the convergence result of this paper.
The first part of the next lemma is an immediate consequence of the subdifferential

inequality, and the proof of the second part can be found in [16].

Lemma 2.1 (see [16]). Assume that a Banach space E has a weakly continuous duality mapping Jϕ
with gauge ϕ.

(i) For all x, y ∈ E, the following inequality holds:

Φ
(∥
∥x + y

∥
∥
) ≤ Φ(‖x‖) + 〈

y, Jϕ
(

x + y
)〉

. (2.4)

In particular, for all x, y ∈ E,

∥
∥x + y

∥
∥
2 ≤ ‖x‖2 + 2

〈

y, J
(

x + y
)〉

. (2.5)

(ii) Assume that a sequence {xn} in E converges weakly to a point x ∈ E.
Then, the following identity holds:

lim sup
n→∞

Φ
(∥
∥xn − y

∥
∥
)

= lim sup
n→∞

Φ(‖xn − x‖) + Φ
(∥
∥y − x

∥
∥
)

, ∀x, y ∈ E. (2.6)

Lemma 2.2 (see [7]). Assume that {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1 − αn)an + bn, (2.7)

where {αn} is a sequence in (0, 1) and {bn} is a sequence such that

(a)
∑∞

n=1 αn = ∞,

(b) lim supn→∞bn/αn ≤ 0 or
∑∞

n=1 |bn| < ∞.

Then, limn→∞an = 0.

In a Banach space E having a weakly continuous duality mapping Jϕ with a gauge
function ϕ, an operator A is said to be strongly positive [12] if there exists a constant γ > 0
with the property

〈

Ax, Jϕ(x)
〉 ≥ γ‖x‖ϕ(‖x‖), (2.8)

∥
∥αI − βA

∥
∥ = sup

‖x‖≤1

∣
∣
〈(

αI − βA
)

x, Jϕ(x)
〉∣
∣, α ∈ [0, 1], β ∈ [−1, 1], (2.9)
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where I is the identity mapping. If E := H is a real Hilbert space, then (2.8) reduces to (1.4).
The next valuable lemma can be found in [12].

Lemma 2.3 (see [12, Lemma 3.1]). Assume that a Banach space E has a weakly continuous duality
mapping Jϕ with gauge ϕ. Let A be a strongly positive bounded linear operator on E with coefficient
γ > 0 and 0 < ρ ≤ ϕ(1)‖A‖−1. Then, ‖I − ρA‖ ≤ ϕ(1)(1 − ργ).

3. Main Results

Now, we are a position to state and prove our main results.

Lemma 3.1. Let E be a Banach space which admits a weakly continuous duality mapping Jϕ with
gauge ϕ such that ϕ is invariant on [0, 1]; that is, T([0, 1]) ⊂ [0, 1]. Let T : E → E be a nonexpansive
mapping and f : E → E a contraction with coefficient α ∈ (0, 1). LetA and B be two strongly positive
bounded linear operators with coefficients γ > 0 and β > 0, respectively. Let γ and μ be two constants
satisfying the condition (C∗)

(C∗) : 0 < γ <
βϕ(1)
α

,
ϕ(1) − ϕ(1)γ
ϕ(1)β − γα

< μ ≤ min
{

1, ϕ(1)‖B‖−1, 1 + ϕ(1) − ϕ(1)γ
ϕ(1)β − γα

}

.

(3.1)

Then, for any λ ∈ (0,min{1, ϕ(1)‖A‖−1}), the mapping Sλ : E → E defined by

Sλ(x) = (I − λA)Tx + λ
[

Tx − μ
(

BTx − γf(x)
)]

, ∀x ∈ E (3.2)

is a contraction with coefficient 1 − λτ , where τ := ϕ(1)γ − ϕ(1) + μ(ϕ(1)β − γα).

Proof. Observe that

μ ≤ 1 + ϕ(1) − ϕ(1)γ
ϕ(1)β − γα

⇐⇒ μ
(

ϕ(1)β − γα
) ≤ 1 + ϕ(1) − ϕ(1)γ

⇐⇒ ϕ(1)γ − ϕ(1) + μ
(

ϕ(1)β − γα
) ≤ 1,

ϕ(1) − ϕ(1)γ
ϕ(1)β − γα

< μ ⇐⇒ ϕ(1) − ϕ(1)γ < μ
(

ϕ(1)β − γα
)

⇐⇒ 0 < ϕ(1)γ − ϕ(1) + μ
(

ϕ(1)β − γα
)

.

(3.3)
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This shows that τ := ϕ(1)γ − ϕ(1) + μ(ϕ(1)β − γα) ∈ (0, 1]. Using Lemma 2.3, we obtain

∥
∥Sλ(x) − Sλ

(

y
)∥
∥

=
∥
∥(I − λA)Tx + λ

[

Tx − μ
(

BTx − γf(x)
)] − (I − λA)Ty − λ

[

Ty − μ
(

BTy − γf
(

y
))]∥

∥

≤ ∥
∥(I − λA)Tx − (I − λA)Ty

∥
∥ + λ

∥
∥Tx − μ

(

BTx − γf(x)
) − [

Ty − μ
(

BTy − γf
(

y
))]∥

∥

≤ ‖I − λA‖∥∥Tx − Ty
∥
∥ + λ

[∥
∥
(

I − μB
)

Tx − (

I − μB
)

Ty
∥
∥ + γμ

∥
∥f(x) − f

(

y
)∥
∥
]

≤ ‖I − λA‖∥∥Tx − Ty
∥
∥ + λ

[∥
∥I − μB

∥
∥
∥
∥Tx − Ty

∥
∥ + γμ

∥
∥f(x) − f

(

y
)∥
∥
]

≤ ϕ(1)
(

1 − λγ
)∥
∥x − y

∥
∥ + λ

[

ϕ(1)
(

1 − μβ
)∥
∥x − y

∥
∥ + γμα

∥
∥x − y

∥
∥
]

=
[

ϕ(1)
(

1 − λγ
)

+ λ
[

ϕ(1)
(

1 − μβ
)

+ γμα
]]∥
∥x − y

∥
∥

=
[

ϕ(1)
(

1 − λγ
)

+ λ
[

ϕ(1) − μ
(

ϕ(1)β − γα
)]]∥

∥x − y
∥
∥

=
[

ϕ(1) − λ
[

ϕ(1)γ − ϕ(1) + μ
(

ϕ(1)β − γα
)]]∥

∥x − y
∥
∥

=
(

ϕ(1) − λτ
)∥
∥x − y

∥
∥

≤ (1 − λτ)
∥
∥x − y

∥
∥.

(3.4)
Hence, Sλ is a contraction with coefficient 1 − λτ .

Applying the Banach contraction principle to Lemma 3.1, there exists a unique fixed
point xλ of Sλ in E; that is,

xλ = (I − λA)Txλ + λ
[

Txλ − μ
(

BTxλ − γf(xλ)
)]

, ∀λ ∈ (0, 1). (3.5)

Remark 3.2. For each 1 < p < ∞, lp space has a weakly continuous duality mapping with a
gauge function ϕ(t) = tp−1 which is invariant on [0, 1].

Theorem 3.3. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let T : E → E be a nonexpansive mapping with
F(T)/= ∅, f : E → E a contraction with coefficient α ∈ (0, 1), andA, B two strongly positive bounded
linear operators with coefficients γ > 0 and β > 0, respectively. Let γ and μ be two constants satisfying
the condition (C∗). Then, the net {xλ} defined by (3.5) converges strongly as λ → 0 to a fixed point
x̃ of T which solves the variational inequality

〈(

A − I + μ
(

B − γf
))

x̃, Jϕ(x̃ − z)
〉 ≤ 0, z ∈ F(T). (3.6)

Proof. We first show that the uniqueness of a solution of the variational inequality (3.6).
Suppose that both x̃ ∈ F(T) and x∗ ∈ F(T) are solutions to (3.6), then

〈(

A − I + μ
(

B − γf
))

x̃, Jϕ(x̃ − x∗)
〉 ≤ 0,

〈(

A − I + μ
(

B − γf
))

x∗, Jϕ(x∗ − x̃)
〉 ≤ 0.

(3.7)

Adding (3.7), we obtain

〈(

A − I + μ
(

B − γf
))

x̃ − (

A − I + μ
(

B − γf
))

x∗, Jϕ(x̃ − x∗)
〉 ≤ 0. (3.8)



8 Abstract and Applied Analysis

On the other hand, we observe that

ϕ(1) − ϕ(1)γ
ϕ(1)β − γα

< μ ⇐⇒ ϕ(1) − ϕ(1)γ < μ
(

ϕ(1)β − γα
)

⇐⇒ 1 − γ < μ

(

β − γα

ϕ(1)

)

⇐⇒ 0 < γ − 1 + μ

(

β − γα

ϕ(1)

)

.

(3.9)

It then follows that for any x, y ∈ E,

〈(

A − I + μ
(

B − γf
))

x − (

A − I + μ
(

B − γf
))

y, Jϕ
(

x − y
)〉

=
〈

A
(

x − y
) − (

x − y
)

+ μ
[(

B − γf
)

x − (

B − γf
)

y
]

, Jϕ
(

x − y
)〉

=
〈

A
(

x − y
)

, Jϕ
(

x − y
)〉 − 〈

x − y, Jϕ
(

x − y
)〉

+ μ
〈(

B − γf
)

x − (

B − γf
)

y, Jϕ
(

x − y
)〉

≥ γ
∥
∥x − y

∥
∥ϕ

(∥
∥x − y

∥
∥
) − ∥

∥x − y
∥
∥ϕ

(∥
∥x − y

∥
∥
)

+ μ
〈

B
(

x − y
)

, Jϕ
(

x − y
)〉

− μγ
〈

f(x) − f
(

y
)

, Jϕ
(

x − y
)〉

≥ γ
∥
∥x − y

∥
∥ϕ

(∥
∥x − y

∥
∥
) − ∥

∥x − y
∥
∥ϕ

(∥
∥x − y

∥
∥
)

+ μβ
∥
∥x − y

∥
∥ϕ

(∥
∥x − y

∥
∥
)

− μγ
∥
∥f(x) − f

(

y
)∥
∥
∥
∥Jϕ

(

x − y
)∥
∥

≥ γΦ
(∥
∥x − y

∥
∥
) −Φ

(∥
∥x − y

∥
∥
)

+ μβΦ
(∥
∥x − y

∥
∥
) − μγαΦ

(∥
∥x − y

∥
∥
)

=
(

γ − 1 + μβ − μγα
)

γΦ
(∥
∥x − y

∥
∥
)

=
(

γ − 1 + μ
(

β − γα
))

γΦ
(∥
∥x − y

∥
∥
)

≥
(

γ − 1 + μ

(

β − γα

ϕ(1)

))

γΦ
(∥
∥x − y

∥
∥
) ≥ 0.

(3.10)

Applying (3.10) to (3.8), we obtain that x̃ = x∗ and the uniqueness is proved. Below, we use
x̃ to denote the unique solution of (3.6). Next, we will prove that {xλ} is bounded. Take a
p ∈ F(T), and denote the mapping Sλ by

Sλ := (I − λA)T + λ
[

T − μ
(

BT − γf
)]

, ∀λ ∈ (0, 1). (3.11)

From Lemma 3.1, we have

∥
∥xλ − p

∥
∥ ≤ ∥

∥Sλxλ − Sλp
∥
∥ +

∥
∥Sλp − p

∥
∥

≤ (1 − λτ)
∥
∥xλ − p

∥
∥ +

∥
∥(I − λA)Tp + λ

[

Tp − μ
(

BTp − γfp
)] − p

∥
∥

= (1 − λτ)
∥
∥xλ − p

∥
∥ + λ

∥
∥−Ap + p − μ

(

Bp − γfp
)∥
∥

≤ (1 − λτ)
∥
∥xλ − p

∥
∥ + λ

[‖I −A‖∥∥p∥∥ + μ
∥
∥Bp − γfp

∥
∥
]

,

(3.12)
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where τ := ϕ(1)γ − ϕ(1) + μ(ϕ(1)β − γα) ∈ (0, 1]. It follows that

∥
∥xλ − p

∥
∥ ≤ 1

τ

[‖I −A‖∥∥p∥∥ + μ
∥
∥Bp − γfp

∥
∥
]

. (3.13)

Hence, {xλ} is bounded, so are {f(xλ)}, {AT(xλ)} and {BT(xλ)}. The definition of {xλ}
implies that

‖xλ − Txλ‖ = λ
∥
∥Txλ − μ

(

BTxλ − γf(xλ)
) −ATxλ

∥
∥ −→ 0, as λ −→ 0. (3.14)

If follows from reflexivity of E and the boundedness of sequence {xλ} that there exists {xλn}
which is a subsequence of {xλ} converging weakly to w ∈ E as n → ∞. Since Jϕ is weakly
sequentially continuous, we have by Lemma 2.1 that

lim sup
n→∞

Φ(‖xλn − x‖) = lim sup
n→∞

Φ(‖xλn −w‖) + Φ(‖x −w‖), ∀x ∈ E. (3.15)

Let

H(x) = lim sup
n→∞

Φ(‖xλn − x‖), ∀x ∈ E. (3.16)

It follows that

H(x) = H(w) + Φ(‖x −w‖), ∀x ∈ E. (3.17)

Since

‖xλn − Txλn‖ = λn
∥
∥Txλn − μ

(

BTxλn − γf(xλn)
) −ATxλn

∥
∥ −→ 0, as n −→ ∞. (3.18)

We obtain

H(Tw) = lim sup
n→∞

Φ(‖xλn − Tw‖) = lim sup
n→∞

Φ(‖Txλn − Tw‖)

≤ lim sup
n→∞

Φ(‖xλn −w‖) = H(w).
(3.19)

On the other hand, however,

H(Tw) = H(w) + Φ(‖T(w) −w‖). (3.20)

It follows from (3.19) and (3.20) that

Φ(‖T(w) −w‖) = H(Tw) −H(w) ≤ 0, (3.21)
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which gives us, Tw = w. Next, we show that xλn → w as n → ∞. In fact, since Φ(t) =
∫ t

0 ϕ(τ)dτ, ∀ t ≥ 0 and ϕ : [0,∞) → [0,∞) is a gauge function, then for 1 ≥ k ≥ 0, ϕ(kx) ≤
ϕ(x) and

Φ(kt) =
∫kt

0
ϕ(τ)dτ = k

∫ t

0
ϕ(kx)dx ≤ k

∫ t

0
ϕ(x)dx = kΦ(t). (3.22)

Following Lemma 2.1, we have

Φ(‖xλn −w‖)

= Φ
(∥
∥(I − λnA)Txλn + λn

[

Txλn − μ
(

BTxλn − γf(xλn)
)] − (I − λnA)w − λnAw

∥
∥
)

≤ Φ(‖(I − λnA)Txλn − (I − λnA)w‖)

+ λn
〈

Txλn − μ
(

BTxλn − γf(xλn)
) −Aw, Jϕ(xλn −w)

〉

≤ Φ
(

ϕ(1)
(

1 − λnγ
)‖xλn −w‖)

+ λn
〈(

I − μB
)

Txλn + μγf(xλn) −Aw, Jϕ(xλn −w)
〉

≤ ϕ(1)
(

1 − λnγ
)

Φ(‖xλn −w‖)

+ λn
〈(

I − μB
)

Txλn −
(

I − μB
)

w + μγf(xλn) − μγf(w), Jϕ(xλn −w)
〉

+ λn
〈(

I − μB
)

w + μγf(w) −Aw, Jϕ(xλn −w)
〉

≤ ϕ(1)
(

1 − λnγ
)

Φ(‖xλn −w‖) + λn
〈(

I − μB
)

Txλn −
(

I − μB
)

w, Jϕ(xλn −w)
〉

+ λnμγ
〈

f(xλn) − f(w), Jϕ(xλn −w)
〉

+ λn
〈(

I − μB
)

w + μγf(w) −Aw, Jϕ(xλn −w)
〉

≤ ϕ(1)
(

1 − λnγ
)

Φ(‖xλn −w‖) + λn
∥
∥
(

I − μB
)

Txλn −
(

I − μB
)

w
∥
∥
∥
∥Jϕ(xλn −w)

∥
∥

+ λnμγ
∥
∥f(xλn) − f(w)

∥
∥
∥
∥Jϕ(xλn −w)

∥
∥ + λn

〈(

I − μB
)

w + μγf(w) −Aw, Jϕ(xλn −w)
〉

≤ ϕ(1)
(

1 − λnγ
)

Φ(‖xλn −w‖) + λnϕ(1)
(

1 − μβ
)‖xλn −w‖∥∥Jϕ(xλn −w)

∥
∥

+ λnμγα‖xλn −w‖∥∥Jϕ(xλn −w)
∥
∥ + λn

〈(

I − μB
)

w + μγf(w) −Aw, Jϕ(xλn −w)
〉

=
[

ϕ(1)
(

1 − λnγ
)

+ λn
(

ϕ(1)
(

1 − μβ
)

+ μγα
)]

Φ(‖xλn −w‖)

+ λn
〈(

I − μB
)

w + μγf(w) −Aw, Jϕ(xλn −w)
〉

=
[

ϕ(1) − λn
(

ϕ(1)γ − ϕ(1) + μ
(

ϕ(1)β − γα
))]

Φ(‖xλn −w‖)

+ λn
〈(

I − μB
)

w + μγf(w) −Aw, Jϕ(xλn −w)
〉

≤ [

1 − λn
(

ϕ(1)γ − ϕ(1) + μ
(

ϕ(1)β − γα
))]

Φ(‖xλn −w‖)

+ λn
〈(

I − μB
)

w + μγf(w) −Aw, Jϕ(xλn −w)
〉

.

(3.23)
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Thus,

Φ(‖xλn −w‖) ≤ 1
ϕ(1)γ − ϕ(1) + μ

(

ϕ(1)β − γα
)

〈(

I − μB
)

w + μγf(w) −Aw, Jϕ(xλn −w)
〉

.

(3.24)

Now, observing that xλn ⇀ w implies Jϕ(xλn −w) ⇀ 0, we conclude from the last inequality
that

Φ(‖xλn −w‖) −→ 0, as n −→ ∞. (3.25)

Hence, xλn → w as n → ∞. Next, we prove that w solves the variational inequality (3.6).
For any z ∈ F(T), we observe that

〈

(I − T)xλ − (I − T)z, Jϕ(xλ − z)
〉

=
〈

xt − z, Jϕ(xλ − z)
〉

+
〈

Txt − Tz, Jϕ(xλ − z)
〉

= Φ(‖xλ − z‖) − 〈

Tz − Txt, Jϕ(xλ − z)
〉

≥ Φ(‖xλ − z‖) − ‖Tz − Txt‖
∥
∥Jϕ(xλ − z)

∥
∥

≥ Φ(‖xλ − z‖) − ‖z − xt‖
∥
∥Jϕ(xλ − z)

∥
∥

= Φ(‖xλ − z‖) −Φ(‖xλ − z‖) = 0.

(3.26)

Since

xλ = (I − λnA)Txλn + λn
[

Txλn − μ
(

BTxλn − γf(xλn)
)]

, (3.27)

we can derive that

λn
[

Axλn −
(

I − μB
)

xλn

]

= (I − λnA)Txλn − (I − λnA)xλn + λn
(

I − μB
)

Txλn − λn
(

I − μB
)

xλn + λnγf(xλn).

(3.28)

That is

[

A − I + μ
(

B − γf
)]

xλn = − 1
λn

[

(I − λnA)(I − T)xλn + λn
(

I − μB
)

(I − T)xλn

]

. (3.29)
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Using (3.26), for each p ∈ F(T), we have

〈[

A − I + μ
(

B − γf
)]

xλn , Jϕ
(

xλn − p
)〉

= − 1
λn

[〈

(I − λnA)(I − T)xλn , Jϕ
(

xλn − p
)〉

+ λn
〈(

I − μB
)

(I − T)xλn , Jϕ
(

xλn − p
)〉]

= − 1
λn

〈

(I − T)xλn − (I − T)p, Jϕ
(

xλn − p
)〉

+
〈

A(I − T)xλn , Jϕ
(

xλn − p
)〉

− 〈

(I − T)xλn − (I − T)p, Jϕ
(

xλn − p
)〉

+ μ
〈

B(I − T)xλn , Jϕ
(

xλn − p
)〉

≤ 〈

A(I − T)xλn , Jϕ
(

xλn − p
)〉

+
〈

B(I − T)xλn , Jϕ
(

xλn − p
)〉

≤ ‖A‖‖xλn − Txλn‖
∥
∥Jϕ

(

xλn − p
)∥
∥ + μ‖B‖‖xλn − Txλn‖

∥
∥Jϕ

(

xλn − p
)∥
∥

≤ ‖xλn − Txλn‖M,

(3.30)

whereM is a constant satisfyingM ≥ supn≥1{‖A‖‖Jϕ(xλn − p)‖, μ‖B‖‖Jϕ(xλn − p)‖}. Noticing
that

xλn − Txλn −→ w − T(w) = w −w = 0. (3.31)

It follows from (3.30) that

〈(

A − I + μ
(

B − γf
))

w, Jϕ
(

w − p
)〉 ≤ 0. (3.32)

So, w ∈ F(T) is a solution of the variational inequality (3.6), and hence, w = x̃ by the
uniqueness. In a summary, we have shown that each cluster point of {xλ}(at λ → 0) equals
x̃. Therefore, xλ → x̃ as λ → 0. This completes the proof.

According to the definition of strongly positive operatorA in a Banach space E having
a weakly continuous duality mapping Jϕ with a gauge function ϕ, an operator A is said to be
strongly positive [12] if there exists a constant γ > 0 with the property

〈

Ax, Jϕ(x)
〉 ≥ γ‖x‖ϕ(‖x‖),

∥
∥αI − βA

∥
∥ = sup

‖x‖≤1

∣
∣
〈(

αI − βA
)

x, Jϕ(x)
〉∣
∣, α ∈ [0, 1], β ∈ [−1, 1],

(3.33)

where I is the identity mapping. We may assume, without loss of generality, that γ < 1.
Therefore, if 0 < γ < γϕ(1)/α, then we have the Corollary 3.4 immediately. Indeed, putting
B = I and β = 1, we have

ϕ(1) − ϕ(1)γ
ϕ(1)β − γα

=
ϕ(1) − ϕ(1)γ
ϕ(1) − γα

< 1 <
1 + ϕ(1) − ϕ(1)γ

ϕ(1) − γα
=

1 + ϕ(1) − ϕ(1)γ
ϕ(1)β − γα

. (3.34)

Taking μ ≡ 1 in Theorem 3.3, we obtain the following result.
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Corollary 3.4 (see [12, Lemma 3.3]). Let E be a reflexive Banach space which admits a weakly
continuous duality mapping Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let T : E → E be a
nonexpansive mapping with F(T)/= ∅, f : E → E a contraction with coefficient α ∈ (0, 1), and A a
strongly positive bounded linear operator with coefficient γ > 0 and 0 < γ < γϕ(1)/α. Then, the net
{xλ} defined by

xλ = (I − λA)Txλ + λγf(xλ), (3.35)

converges strongly as λ → 0 to a fixed point x̃ of T which solves the variational inequality:

〈(

A − γf
)

x̃, Jϕ(x̃ − z)
〉 ≤ 0, z ∈ F(T). (3.36)

Corollary 3.5 (see [11, Theorem 3.6]). Let H be a real Hilbert space. Let T : H → H be a
nonexpansive mapping with F(T)/= ∅, f : H → H a contraction with coefficient α ∈ (0, 1), and A a
strongly positive bounded linear operator with coefficient γ > 0 and 0 < γ < γ/α. Then, the net {xλ}
defined by

xλ = (I − λA)Txλ + λγf(xλ), (3.37)

converges strongly as λ → 0 to a fixed point x̃ of T which solves the variational inequality

〈(

A − γf
)

x̃, x̃ − z
〉 ≤ 0, z ∈ F(T). (3.38)

Theorem 3.6. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let T : E → E be a nonexpansive mapping with
F(T)/= ∅, f : E → E a contraction with coefficient α ∈ (0, 1), and A and B two strongly positive
bounded linear operators with coefficients γ > 0 and β > 0, respectively. Let x0 ∈ E be arbitrary and
the sequence {xn} generated by the following iterative scheme:

xn+1 = (I − λnA)Txn + λn
[

Txn − μ
(

BTxn − γf(xn)
)]

, ∀n ≥ 0, (3.39)

where γ and μ are two constants satisfying the condition (C∗) and {λn} is a real sequence in (0, 1)
satisfying the following conditions:

(C1) limn→∞λn = 0 and
∑∞

n=1 λn = ∞,

(C2)
∑∞

n=1 |λn+1 − λn| < ∞ or limn→∞(λn/λn+1) = 1.

Then, the sequence {xn} defined by (3.39) converges strongly to a fixed point x̃ of T that is obtained
by Theorem 3.3.

Proof. We first prove that {xn} is bounded. Take a p ∈ F(T), and denote

Sλn := (I − λnA)T + λn
[

T − μ
(

BT − γf
)]

. (3.40)
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Using Lemma 3.1, we have

∥
∥xn+1 − p

∥
∥ ≤ ∥

∥Sλnxn − Sλnp
∥
∥ +

∥
∥Sλnp − p

∥
∥

≤ (1 − λnτ)
∥
∥xn − p

∥
∥ +

∥
∥(I − λnA)Tp + λn

[

Tp − μ
(

BTp − γfp
)] − p

∥
∥

= (1 − λnτ)
∥
∥xn − p

∥
∥ + λn

∥
∥−Ap + p − μ

(

Bp − γfp
)∥
∥

≤ (1 − λnτ)
∥
∥xn − p

∥
∥ + λn

[‖I −A‖∥∥p∥∥ + μ
∥
∥Bp − γfp

∥
∥
]

= (1 − λnτ)
∥
∥xn − p

∥
∥ + λnτ

[‖I −A‖∥∥p∥∥ + μ
∥
∥Bp − γfp

∥
∥
]

τ

≤ max

{

∥
∥xn − p

∥
∥,

τ
[‖I −A‖∥∥p∥∥ + μ

∥
∥Bp − γfp

∥
∥
]

τ

}

,

(3.41)

where τ := ϕ(1)γ − ϕ(1) + μ(ϕ(1)β − γα) ∈ (0, 1]. By induction, it is easy to see that

∥
∥xn − p

∥
∥ ≤ max

{

∥
∥x0 − p

∥
∥,

τ
[‖I −A‖∥∥p∥∥ + μ

∥
∥Bp − γfp

∥
∥
]

τ

}

, ∀n ≥ 0. (3.42)

Thus, {xn} is bounded, and hence so are {yn}, {ATxn}, {BTxn}, and {f(xn)}. Now, we show
that

lim
n→∞

‖xn+1 − xn‖ = 0. (3.43)

From the definition of {xn}, it is easily seen that

Sλn+1xn − Sλnxn = (I − λn+1A)Txn + λn+1
[

Txn − μ
(

BTxn − γf(xn)
)]

− (I − λnA)Txn − λn
[

Txn − μ
(

BTxn − γf(xn)
)]

= (λn − λn+1)ATxn + (λn+1 − λn)Txn + μ(λn − λn+1)
(

BTxn − γf(xn)
)

= (λn+1 − λn)(I −A)Txn + μ(λn − λn+1)
(

BTxn − γf(xn)
)

.

(3.44)

It follows that

‖xn+2 − xn+1‖ = ‖Sλn+1xn+1 − Sλnxn‖
≤ ‖Sλn+1xn+1 − Sλn+1xn‖ + ‖Sλn+1xn − Sλnxn‖
≤ (1 − λn+1τ)‖xn+1 − xn‖ + |λn+1 − λn|‖(I −A)Txn‖
+ μ|λn − λn+1|

∥
∥BTxn − γf(xn)

∥
∥

≤ (1 − λn+1τ)‖xn+1 − xn‖ +
(

1 + μ
)|λn+1 − λn|M

= (1 − λn+1τ)‖xn+1 − xn‖ +
(

1 + μ
)

λn+1τ
|λn+1 − λn|

λn+1τ
M,

(3.45)
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where M is a constant satisfying M ≥ sup{‖(I − A)Txn‖, ‖BTxn − γf(xn)‖}. From condition
(C2), we deduce that either

∑∞
n=1 |λn+1 − λn|M < ∞ or limn→∞((λn+1 − λn)/λn+1τ)M = 0.

Therefore, it follows from Lemma 2.2 that limn→∞‖xn+1 − xn‖ = 0. It then follows that

‖xn − Txn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − Txn‖

= ‖xn − xn+1‖ + λn
∥
∥Txn − μ

(

BTxn − γf(xn)
) −ATxn

∥
∥ −→ 0.

(3.46)

Next, we prove that

lim sup
n→∞

〈−(A − I + μ
(

B − γf
))

x̃, Jϕ(xn − x̃)
〉 ≤ 0. (3.47)

Let {xnk} be a subsequence of {xn} such that

lim
k→∞

〈−(A − I + μ
(

B − γf
))

x̃, Jϕ(xnk − x̃)
〉

= lim sup
n→∞

〈−(A − I + μ
(

B − γf
))

x̃, Jϕ(xn − x̃)
〉

.

(3.48)

If follows from reflexivity of E and the boundedness of a sequence {xnk} that there exists
{xnki

} which is a subsequence of {xnk} converging weakly to w ∈ E as i → ∞. Since Jϕ is
weakly continuous, we have by Lemma 2.1 that

lim sup
n→∞

Φ
(∥
∥
∥xnki

− x
∥
∥
∥

)

= lim sup
n→∞

Φ
(∥
∥
∥xnki

−w
∥
∥
∥

)

+ Φ(‖x −w‖), ∀x ∈ E.

(3.49)

Let

H(x) = lim sup
n→∞

Φ
(∥
∥
∥xnki

− x
∥
∥
∥

)

, ∀x ∈ E. (3.50)

It follows that

H(x) = H(w) + Φ(‖x −w‖), ∀x ∈ E. (3.51)

From (3.46), we obtain

H(Tw) = lim sup
i→∞

Φ
(∥
∥
∥xnki

− Tw
∥
∥
∥

)

= lim sup
i→∞

Φ
(∥
∥
∥Txnki

− Tw
∥
∥
∥

)

≤ lim sup
i→∞

Φ
(∥
∥
∥xnki

−w
∥
∥
∥

)

= H(w).

(3.52)
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On the other hand, however,

H(Tw) = H(w) + Φ(‖T(w) −w‖). (3.53)

It follows from (3.52) and (3.53) that

Φ(‖T(w) −w‖) = H(Tw) −H(w) ≤ 0. (3.54)

This implies that Tw = w. Since the duality map Jϕ is single valued and weakly continuous,
we get that

lim sup
n→∞

〈−(A − I + μ
(

B − γf
))

x̃, Jϕ(xn − x̃)
〉

= lim
k→∞

〈−(A − I + μ
(

B − γf
))

x̃, Jϕ(xnk − x̃)
〉

= lim
i→∞

〈

−(A − I + μ
(

B − γf
))

x̃, Jϕ
(

xnki
− x̃

)〉

=
〈−(A − I + μ

(

B − γf
))

x̃, Jϕ(w − x̃)
〉

=
〈(

A − I + μ
(

B − γf
))

x̃, Jϕ(x̃ −w)
〉 ≤ 0

(3.55)

as required. Finally, we show that xn → x̃ as n → ∞

Φ(‖xn+1 − x̃‖)

= Φ
(∥
∥(I − λnA)Txn + λn

[

Txn − μ
(

BTxn − γf(xn)
)] − (I − λnA)x̃ − λnAx̃

∥
∥
)

≤ Φ(‖(I − λnA)Txn − (I − λnA)x̃‖)

+ λn
〈

Txn − μ
(

BTxn − γf(xn)
) −Ax̃, Jϕ(xn+1 − x̃)

〉

≤ ϕ(1)
(

1 − λnγ
)

Φ(‖xn − x̃‖) + λn
〈(

I − μB
)

Txn + γμf(xn) −Ax̃, Jϕ(xn+1 − x̃)
〉

= ϕ(1)
(

1 − λnγ
)

Φ(‖xn − x̃‖)

+ λn
[〈(

I − μB
)

Txn + γμf(xn) −
(

I − μB
)

Txn+1 − γμf(xn+1), Jϕ(xn+1 − x̃)
〉

+
〈(

I − μB
)

Txn+1 + γμf(xn+1) −
(

I − μB
)

x̃ − γμf(x̃), Jϕ(xn+1 − x̃)
〉

+
〈(

I − μB
)

x̃ + γμf(x̃) −A(x̃), Jϕ(xn+1 − x̃)
〉]

= ϕ(1)
(

1 − λnγ
)

Φ(‖xn − x̃‖)

+ λn
[〈(

I − μB
)

(Txn − Txn+1), Jϕ(xn+1 − x̃)
〉

+ γμ
〈

f(xn) − f(xn+1), Jϕ(xn+1 − x̃)
〉

+
〈(

I − μB
)

(Txn+1 − x̃), Jϕ(xn+1 − x̃)
〉

+ γμ
〈

f(xn+1) − f(x̃), Jϕ(xn+1 − x̃)
〉

+
〈

I −A − μ
(

B − γf
)

x̃, Jϕ(xn+1 − x̃)
〉]
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= ϕ(1)
(

1 − λnγ
)

Φ(‖xn − x̃‖)

+ λn
[

ϕ(1)
(

1 − μβ
)‖xn − xn+1‖

∥
∥Jϕ(xn+1 − x̃)

∥
∥ + γμα‖xn − xn+1‖

∥
∥Jϕ(xn+1 − x̃)

∥
∥

+ ϕ(1)
(

1 − μβ
)‖xn+1 − x̃‖∥∥Jϕ(xn+1 − x̃)

∥
∥ + γμα‖xn+1 − x̃‖∥∥Jϕ(xn+1 − x̃)

∥
∥

+
〈

I −A − μ
(

B − γf
)

x̃, Jϕ(xn+1 − x̃)
〉]

≤ ϕ(1)
(

1 − λnγ
)

Φ(‖xn − x̃‖)

+ λn
[

ϕ(1)
(

1 − μβ
)‖xn − xn+1‖M′ + γμα‖xn − xn+1‖M′

+
〈

I −A − μ
(

B − γf
)

x̃, Jϕ(xn+1 − x̃)
〉]

+ λn
[

ϕ(1) − μ
(

ϕ(1)β − γα
)]

Φ(‖xn+1 − x̃‖),
(3.56)

where M′ is a constant satisfying M′ ≥ supn≥0‖Jϕ(xn+1 − x̃)‖. It then follows that

Φ(‖xn+1 − x̃‖)

≤ ϕ(1)
(

1 − λnγ
)

1 − λn
[

ϕ(1) − μ
(

ϕ(1)β − γα
)]Φ(‖xn − x̃‖)

+ λn

[

ϕ(1)
(

1 − μβ
)

1 − λn
[

ϕ(1) − μ
(

ϕ(1)β − γα
)]‖xn − xn+1‖M′

+
γμα

1 − λn
[

ϕ(1) − μ
(

ϕ(1)β − γα
)]‖xn − xn+1‖M′

+
1

1 − λn
[

ϕ(1) − μ
(

ϕ(1)β − γα
)]

〈

I −A − μ
(

B − γf
)

x̃, Jϕ(xn+1 − x̃)
〉

]

=

(

1 − λn

[

ϕ(1)γ − (

ϕ(1) − μ
(

ϕ(1)β − γα
))]

1 − λn
[

ϕ(1) − μ
(

ϕ(1)β − γα
)]

)

Φ(‖xn − x̃‖)

+ λn

[

ϕ(1)
(

1 − μβ
)

1 − λn
[

ϕ(1) − μ
(

ϕ(1)β − γα
)]‖xn − xn+1‖M′

+
γμα

1 − λn
[

ϕ(1) − μ
(

ϕ(1)β − γα
)]‖xn − xn+1‖M′

+
1

1 − λn
[

ϕ(1) − μ
(

ϕ(1)β − γα
)]

〈−A − I + μ
(

B − γf
)

x̃, Jϕ(xn+1 − x̃)
〉

]

.

(3.57)
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Put

γn = λn

[

ϕ(1)γ − (

ϕ(1) − μ
(

ϕ(1)β − γα
))]

1 − λn
[

ϕ(1) − μ
(

ϕ(1)β − γα
)] ,

δn =
1 − λn

[

ϕ(1) − μ
(

ϕ(1)β − γα
)]

[

ϕ(1)γ − (

ϕ(1) − μ
(

ϕ(1)β − γα
))]

×
[

ϕ(1)
(

1 − μβ
)

1 − λn
[

ϕ(1) − μ
(

ϕ(1)β − γα
)]‖xn − xn+1‖M′

+
γμα

1 − λn
[

ϕ(1) − μ
(

ϕ(1)β − γα
)]‖xn − xn+1‖M′

+
1

1 − λn
[

ϕ(1) − μ
(

ϕ(1)β − γα
)]

〈−A − I + μ
(

B − γf
)

x̃, Jϕ(xn+1 − x̃)
〉

]

.

(3.58)

It follows that from condition (C1), limn→∞‖xn+1 − xn‖ = 0 and (3.47) that

lim
n→∞

γn = 0,
∞∑

n=1

γn = ∞, lim sup
n→∞

δn ≤ 0. (3.59)

The inequality (3.57) reduces to the following:

Φ(‖xn+1 − x̃‖) ≤ (

1 − γn
)

Φ(‖xn − x̃‖) + γnδn. (3.60)

Applying Lemma 2.2, we conclude that Φ(‖xn+1 − x̃‖) → 0 as n → ∞; that is, xn → x̃ as
n → ∞. This completes the proof.

Remark 3.7. In comparison to the results in [13, Theorem 3.1], the strong convergence in a real
Hilbert space is extended to the strong convergence in a reflexive Banach space which admits
a weakly continuous duality mapping.

Setting B ≡ I, and μ ≡ 1 in Theorem 3.6, we obtain the following result.

Corollary 3.8. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let T : E → E be a nonexpansive mapping with
F(T)/= ∅, f : E → E a contraction with coefficient α ∈ (0, 1) and A a strongly positive bounded
linear operator with coefficient γ > 0 and 0 < γ < γϕ(1)/α. Let x0 ∈ E be arbitrary, and let the
sequence {xn} be generated by the following iterative scheme:

xn+1 = (I − λnA)Txn + λnγf(xn), ∀n ≥ 0, (3.61)

where {λn} is a real sequence in (0, 1) satisfying the following conditions:

(C1) limn→∞λn = 0 and
∑∞

n=1 λn = ∞,

(C2)
∑∞

n=1 |λn+1 − λn| < ∞ or limn→∞(λn/λn+1) = 1.
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Then, the sequence {xn} converges strongly to a fixed point x̃ of T which solves the variational
inequality

〈(

A − γf
)

x̃, Jϕ(x̃ − z)
〉 ≤ 0, z ∈ F(T). (3.62)

Acknowledgments

The author is supported by Naresuan University and the Thailand Research Fund under
Grant no. TRG5280011. Finally, the author would like to thank the referees for reading this
paper carefully, providing valuable suggestions and comments and pointing out amajor error
in the original version of this paper.

References

[1] F. E. Browder, “Fixed-point theorems for noncompact mappings in Hilbert space,” Proceedings of the
National Academy of Sciences of the United States of America, vol. 53, pp. 1272–1276, 1965.

[2] S. Reich, “Strong convergence theorems for resolvents of accretive operators in Banach spaces,”
Journal of Mathematical Analysis and Applications, vol. 75, no. 1, pp. 287–292, 1980.

[3] H.-K. Xu, “Strong convergence of an iterative method for nonexpansive and accretive operators,”
Journal of Mathematical Analysis and Applications, vol. 314, no. 2, pp. 631–643, 2006.

[4] F. Deutsch and I. Yamada, “Minimizing certain convex functions over the intersection of the fixed
point sets of nonexpansive mappings,” Numerical Functional Analysis and Optimization, vol. 19, no.
1-2, pp. 33–56, 1998.

[5] R. Wangkeeree and U. Kamraksa, “A general iterative method for solving the variational inequality
problem and fixed point problem of an infinite family of nonexpansive mappings in Hilbert spaces,”
Fixed Point Theory and Applications, vol. 2009, Article ID 369215, 23 pages, 2009.

[6] H.-K. Xu, “An iterative approach to quadratic optimization,” Journal of Optimization Theory and
Applications, vol. 116, no. 3, pp. 659–678, 2003.

[7] H.-K. Xu, “Iterative algorithms for nonlinear operators,” Journal of the London Mathematical Society.
Second Series, vol. 66, no. 1, pp. 240–256, 2002.

[8] A. Moudafi, “Viscosity approximation methods for fixed-points problems,” Journal of Mathematical
Analysis and Applications, vol. 241, no. 1, pp. 46–55, 2000.

[9] S. Plubtieng and T. Thammathiwat, “A viscosity approximation method for equilibrium problems,
fixed point problems of nonexpansive mappings and a general system of variational inequalities,”
Journal of Global Optimization, vol. 46, no. 3, pp. 447–464, 2010.

[10] H.-K. Xu, “Viscosity approximation methods for nonexpansive mappings,” Journal of Mathematical
Analysis and Applications, vol. 298, no. 1, pp. 279–291, 2004.

[11] G. Marino and H.-K. Xu, “A general iterative method for nonexpansive mappings in Hilbert spaces,”
Journal of Mathematical Analysis and Applications, vol. 318, no. 1, pp. 43–52, 2006.

[12] R. Wangkeeree, N. Petrot, and R. Wangkeeree, “The general iterative methods for nonexpansive
mappings in Banach spaces,” Journal of Global Optimization. In press.

[13] L.-C. Ceng, S.-M. Guu, and J.-C. Yao, “Hybrid viscosity-like approximationmethods for nonexpansive
mappings in Hilbert spaces,” Computers & Mathematics with Applications, vol. 58, no. 3, pp. 605–617,
2009.

[14] W. Takahashi, Nonlinear Functional Analysis. Fixed Point Theory and Its Applications, Yokohama
Publishers, Yokohama, Japan, 2000.

[15] F. E. Browder, “Convergence theorems for sequences of nonlinear operators in Banach spaces,”
Mathematische Zeitschrift, vol. 100, pp. 201–225, 1967.

[16] T.-C. Lim andH. K. Xu, “Fixed point theorems for asymptotically nonexpansivemappings,”Nonlinear
Analysis: Theory, Methods & Applications, vol. 22, no. 11, pp. 1345–1355, 1994.



Submit your manuscripts at
http://www.hindawi.com

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Mathematics
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Mathematical Problems 
in Engineering

Hindawi Publishing Corporation
http://www.hindawi.com

Differential Equations
International Journal of

Volume 2014

Applied Mathematics
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Probability and Statistics
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Mathematical Physics
Advances in

Complex Analysis
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Optimization
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Combinatorics
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

International Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Operations Research
Advances in

Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Function Spaces

Abstract and 
Applied Analysis
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

International 
Journal of 
Mathematics and 
Mathematical 
Sciences

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

The Scientific 
World Journal
Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Algebra

Discrete Dynamics in 
Nature and Society

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Decision Sciences
Advances in

Discrete Mathematics
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com

Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Stochastic Analysis
International Journal of


