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The purpose of this paper is to give some properties of several g-Bernstein-type polynomials to

express the g-integral on [0, 1] in terms of g-beta and g-gamma functions. Finally, we derive some
identities on the g-integral of the product of several g-Bernstein-type polynomials.

1. Introduction

Let g € R with 0 < g < 1. We assume that g-number is defined by [x], = (1 -4")/(1 - q) and
[O]q = 0. Note that lim; .1[x], = x. The g-derivative of amap f : R — Ratx € R\ {0} is
given by

q

_def(x) _ fgx) - f(x)
Dy(f) = dx T (a-Dx (1.1)

(see [1-6]). Forn € N, by (1.1), we get Dj (x") = [n],[n-1], -~ [2],[1], = [n];!. The g-binomial
formula is given by

i=0 1=0

(a+b)! = ﬁ(a +bq) = i <';> q(2) ar1pt (1.2)
q

(see [2,5,7-11]), where (,'Z)q = [n] !/ [kl ![n— k]! = [n],[n—-1],--- [n -k +1],/[K],".
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For a,b € R, the Jackson g-integral of f : R — R is defined by
b 0
[ £ = (1= 3q(br bg") - af (ag?)) (13)
a n=0

(see [1,2,5,6,9,12,13]). From (1.2), we note that

n+1 ~ n Y n\ n . n
k) T \k-1) TT\k) 7T \k-a k)’ 14
q q q q q

By (1.2) and (1.4), we get

1

(1-b)! = (b:q), H(l—qib):iC) 43) by,

i=0 i=0

1 1 © /fm+i—1 ;
-0 (©:a), <1 4'b) Z< >

Let C[0,1] denote the set of continuous function on [0,1]. For f € C[0,1], Bernstein
introduced the following well-known linear operators (see [1, 4,9, 11, 14]):

(1.5)

Bu(f | x) = éf (S) <Z>x"(1 — k= éf(%)Bk,n(x). (1.6)

Here B,(f | x) is called Bernstein operator of order n for f. For k,n € Z.(= NU {0}), the
Bernstein polynomials of degree n are defined by

Bin(x) = <Z> (1 - x)" (17)

(see [1, 3, 4, 11-14]). By the definition of Bernstein polynomials (see (1.6) and (1.7)), we can
see that Bernstein basis is the probability mass function of binomial distribution. A Bernoulli
trial involves performing an experiment once and noting whether a particular event A occurs.
The outcome of Bernoulli trial is said to be “success” if A occurs and a “failure” otherwise.
Let k be the number of successes in n independent Bernoulli trials, the probabilities of k are
given by the binomial probability law:

n k n-k
pu(k) = . p(1-p)"", fork=0,1,...,n, (1.8)
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where p, (k) is the probability of k successes in # trials. For example, a communication system
transmits binary information over channel that introduces random bit errors with probability
¢ = 1073, The transmitter transmits each information bit three times, an a decoder takes a
majority vote of the received bits to decide on what the transmitted bit was. The receiver
can correct a single error, but it will make the wrong decision if the channel introduces
two or more errors. If we view each transmission as a Bernoulli trial in which a “success”
corresponds to the introduction of an error, then the probability of two or more errors in
three Bernoulli trials is

3 3 )
p(k >2) = <2> (0.001)2(0.999) + <3> (0.001)3 = 3(10 6), (1.9)

see [9]. Based on the g-integers Phillips introduced the g-analogue of well-known Bernstein
polynomials (see [4, 5, 9, 11, 15]). For f € C([0,1]), Phillips introduced the g-extension of
(1.6) as follows:

n [k] n
Bn,q(f | x) = Z()f( [n]Z> <k> (1 - x):;ik
n= q

n k
= Zf<%>Bk,n(x,C]), for k,n €7,
n=0 q

(1.10)

(see [4,5,9,11, 15]). Here B, 4(f | x) is called the g-Bernstein operator of order n for f. For
k,n € Z,, the g-Bernstein polynomial of degree n is defined by

n
Bina(x,q) = <k> xF(1 - x);’_k, where x € [0,1]. (1.11)
q

Note that (1.11) is the g-extension of (1.7). That is, limg 1Bk »(x,q) = Bgx(x). For example,
Boi(x,q) =1-x,Bi1(x,q) = x,and By»(x,q) =1- [Z]qx+qx2,. ... Also By ,(x,q) =0fork > n,
because () q = 0. For n, k € Z,, its probabilities are given by

n k n-k
p(x=k) = <k> x*(1 —x)q ,  where x € [0,1]. (1.12)
q

This distributions are studied by several authors and they have applications in physics as
well as in approximation theory due to the g-Bernstein polynomials and the g-Bernstein
operators (see [1-16]). By the definition of the g-Bernstein polynomials, we easily see that
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the g-Bernstein basis is the probability mass function of g-binomial distribution. In this paper
we use the two g-analogues of exponential function as follows:

Eyx) = ((=a)x:0), = (1+ (=907 = 39D g, (113)
n= q°
1 1 & X"
W) g, G (a0 X (114
(see [2—4, 6, 10]). From (1.3), the improper g-integral is given by
w/A n n
feod= -0 5L r(%) (1.15)

nez

(see [6]), where the improper g-integral depends on A. The purpose of this paper is to give
some properties of several g-Bernstein type polynomials to express the g-integral on [0, 1] in
terms of g-beta and g-gamma functions. Finally, we derive some identities on the g-integral
of the product of several g-Bernstein type polynomials.

2. g-Integral Representation of g-Bernstein Polynomials

The gamma and beta functions are defined as the following definite integrals (a > 0, f > 0):

I'(a) = Jm e 1" dt, (2.1)
0
(see [1-11, 14-16])
1 o) a—
B(a, ) = J’O 111 gt = fo ﬁdt. 2.2)

From (2.1) and (2.2), we can derive the following equations:

T(@)T(p)

Taip) (2.3)

F(a+1) =al(a), B(a,p) =

As the g-extensions of (2.1) and (2.2), the g-gamma and g-beta functions are defined as the
following g-integrals (a > 0, > 0):

1/(1-q) )
Ty(a) = fo x*Eqg(—qx)dgx (2.4)
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(see [2-6,10]),
1
B,(a,p) = f x (1= qx)g_ldqx (2.5)
0
(see [2,4,6,10]).

By (2.4) and (2.5), we obtain the following lemma.

Lemma 2.1 (see [2, 6]). (a) I'; can be equivalently expressed as

1- q a-1
T (a) = ( )Z—1 ,  where a > 0. (2.6)
(1-9)
In particular, one has
Tg(a+1) =[a] Tq(a), fora>0, (1) =1 (2.7)

(b) The g-gamma and g-beta functions are related to each other by the following two equations:

Ty(a)T4(B)
Ty(a+p) ’

By(a, )

(1-9)°

Iy(a) = By(a,p) = where a >0, B > 0. (2.8)

Now one takes the g-integral for one g-Bernstein polynomial as follows: for n, k € Z.,

( n L .
7 [ Besaxadp= (1) [ 200ty
0 k g0 1
n\ =k /n-k 141\ (1
OB e e
=0 q 0

_(n nk/n—k ket (7R 1
() 2(0) e

Therefore, by (2.9), one obtains the following proposition.

Proposition 2.2. For n,k € Z., one has

1 n\ =k /n-k n—k—l+1 1
_ k _1\n—k-1
L Bin(gx,q)dgx = q <k> > < l >q( 1) q< 2 >—[n_l+1]q. (2.10)

ql=
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The Proposition 2.2 is closely related to the g-beta function which is given by

1
B,(n,m) = j x”_l(l - qx);"_ldqx, (2.11)
0

1/(1-q)
T,(m) = f i x"Eg(—qx)dyx, (2.12)

(see (2.5)). From Lemma 2.1, one has

T (m)Ty(n)

B,(n,m) = where m,n € N. (2.13)

Ly(n+m)’

By (2.9) and (2.13), one gets

1 n
q* f Bin(qx,q)dgx = <k> By(k+1,n—k+1)
0
q

(2.14)
n\ Iy(k+)I,(n-k+1
= gk + Dly(n i ), where k > -1, n>k-1.
k [y(n+2)
Therefore, by (2.14), one obtains the following theorem.
Theorem 2.3. Forn, k € Z, with k > -1 and n > k — 1, one has
1 n I,(k)Ty(n-k)
_ _ _ q q
fo By (4%, 4)dyx = <k> [k, = k1, ((q - 1) K], +1) eI (2.15)

q

By comparing the coefficients on the both sides of Proposition 2.2 and Theorem 2.3,
one obtains the following corollary.

Corollary 2.4. Forn, k € Z, with k > -1 and n > k — 1, one has

nk /n—k gl Tk T,k + 1)
1y - , 2.1
;‘( l >q( 2 [n—-1+1], [y(n+2) 216)
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According to this result one can say that the g-integral of g-Bernstein polynomials from

0 to 1 is symmetric. Now one considers the g-integral for the multiplication of two g-Bernstein
polynomials which is given by the following relation:

J‘é Bk,n(qx/ q)Bk,m(q”"‘“'lx,q)d x n m ! n+m-2k
an—k2+2k == k k IO ka(l B qx)q+ dqx
q q

(2.17)
n m 1 - ok
= <k> <k> J‘o urm2k (1 —qu)q dqu.
q q
For n,k, m € Z,, one can derive the following equation (2.20) from (2.17):
1+1
It B (0, 0)Bin (4", )dgx_ (n /m & (3),D'ql)
gk 2k k ] k ey [n+m+1-2k+1],
o (2.18)
_ 2k-1+1
) (0) g
k ] k 0 [n+m-1+1],
Therefore, one obtains the following theorem.
Theorem 2.5. For m,n, k € Z.., one has
2k-1+1
! N\ fm\ 2 (), * )
Bk - 3) Bk m n-k+1 q)d,x = nk—k>+2k q )
[ romamnrtmapac- (1) (7) FCE
q q'=
(2.19)

Form,n, k € Z,, by (2.5) and (2.9), one gets

1

B x,q)B n=k+ly g)d,x n m

Jo Bin( qln:'fz(jk L <k> <k> By(n+m-2k+1,2k+1).  (220)
q q

Therefore, by Theorem 2.5 and (2.20), one obtains the following corollary.

Corollary 2.6. For k > -1 and n+ m — 2k > -1, one has

_ 2k-1+1
2% (%F),(-D* 1g(*5") | Ty(n+m-2k+ )T,k +1)

- (2.21)
[n+m-1+1], [y(n+m+2)

1=0



8 Abstract and Applied Analysis

By the same method, the multiplication of three g-Bernstein polynomials is given by
the following relation: for k,n,m, s € Z.,

[3 Bin (%, ) Bion (475412, @) Bies (472 x, ) dgx
q3k+2nk—3k2 +mk

— n m s ! 3k _ n+m+s—3k
-(0),(),(0) ot
q q q
-(0.().0)
“\k/ \k/ \k
q q q
= " " ° S (3K (l+1> _1\! ! n+m+s-3k+1
(0,0, 2 v [
q q q q
A WA WA VE W EEE P 1
_<k>q<k>q<k>q§<l>qq 2 e [n+m+s-1+1],°

Therefore, by (2.22), one obtains the following theorem.

1
n+m-+s— 3k
L w1~ qu) dgu (2.22)

Theorem 2.7. For n,m, s, k € Z., one has

Jz Bin (qx, Q)Bk,m <qn—k+1x’ q> Bis <qn+m—2k+1x’ q> dqx

3k /3k _ _1\43k
_ ek -3k mk N (TN (5 3 q(3k ) (-1 - ‘
k k k) =\ 1 [n+m+s—1+1],

q q q q

From (2.5) and (2.22), one has

(2.23)

[y Bin (2, 4) Bim (g7 5%, ) Brs (g7 21 x, g) dyx
q3k+2nk—3k2 +mk

n m s
= By(n+m+s-3k+1,3k +1).
k q k q k q

Therefore, by Theorem 2.7 and (2.24), one obtains the following corollary.

(2.24)

Corollary 2.8. For k > -1/3 and n+ m+ s — 3k > -1, one has

) Tt me+s-3k+1)T,Gk+1)

3k /3k (_1)l+3kq( )
kz‘=0<l>q[n+m+s—l+1]q_ T,(n+m+s+2) (2.25)
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ForseN,letny,ny,...,ns, k € Z,. Then one has

f; By, (9%, q) <Hf§11 By i (‘72;:1"’_*”9@ Q> d,,x)

sk+k X ine—k2(3)

q

m n ns ! K ny+-+ns—sk
= ‘e x(1=gx) " dx
q q q

(2.26)
s sk k 1
_ nm L) . n Z 5 (_1)1q<151> J‘ xn1+--»+ns—sk+ldqx
k k k) =5\ ! 0
q q q q
m 1y ng Szk sk (_1)l+5kq<5k_zl+1>
“\k k k) &\1) [m+--+n-1+1],°
q q q q
Therefore, by (2.26), one obtains the following theorem.
Theorem 2.9. For s € N, let ny,no, ..., ng, k € Z,. Then one has
1 s5—1 ; )
f Bk,m (qx/ 4) <HBk,ni+1 <qzl=lnl_lk+1xl q) > dqx
0 i=1
(2.27)

s sk—1+1
_ gsiin e (M) (1) 0D
k q k [n1+...+ns_l+1]q.

q1=0
By (2.5) and (2.26), we get

J‘S Bk,m (qx, q) <1_[1S=_11 Bk,ﬂm <qZ;:1nrik+1 X, q> dqx>
sk+k i ingi-k2(5)

q

ny ny Ng
— k k k Bq(sk+1,n1+-.-+ns—sk+l) (228)
q q q
(m ny ns\ Ty(sk+1)Iy(ng +--+ns—sk+1)
"\ k k k Lo(ny+--+n5+2) ’
q q q

By comparing the coefficients on the both sides of Theorem 2.9 and (2.28), one obtains the
following corollary.

Corollary 2.10. For s € N, let k > -1/sand ny + --- + ng — sk > —1. Then one has

s sk—I+1
o (1)) ek on e e ng sk 1)

Z - (2.29)
= [+ +ns-1+1], Ly(ny +- +n5+2)
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For n € Z,, one gets

nl-( 1)+
Jy Bon(qx,q) <H?lez,n <q (2) 1x,q>)dqx

S (- )+1

q

(F107) )0

(2.30)
n_/n n+1 n+1
= B, +1, +1
iz0 \ 1 2 2
q
[ T+ (T,(n(n+1)/2+1))?
-\ (T, + 1) T,(n(n+1)+2) )’
Therefore, by (2.30), one obtains the following theorem.
Theorem 2.11. For n € Z,, one has
' < nl-(1)+1
J Bou(qx,9)( ] [Bin <q 200X, LI> dgx
0 I=1
) . (2.31)
n+
_ quzl(nl—<é)+l)l (TC4(n+1)) (T4(n(n+1)/2+1))
(T TG+ 1))’ Ti(n(n+1)+2) )
From (2.30), one can also derive the following equation:
Jo Bon(a,9) (H}ile,n (q"l’@”xr q) )dqx
qz;;l (ni=(})+1)1
n /n e (! () [t ()
= 2 (-1)q* 2 f x dgx (2.32)
i=0 \? q 1=0 I 0

) <n+1> () 1
2 (-1rqt> [n(n+1)/2+l+1]q'

q

I
A~
% Ny
7
N~
N

'g
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By comparing the coefficients on the both sides of Theorem 2.11 and (2.30), one can see that

I
n<n+1>/z(”("*Z”/z)q(—l)lq< 3')

[n(n+1)/2+l+1]q

= Bq(n(n2+ D) +1,n(n2+ D) +1>. (2.33)

1=0

Therefore, by (2.33), one obtains the following corollary.

Corollary 2.12. For n € Z,, one has

1+1
n(n+1)/2<n(n 11)/2>q(_1)lq( 2 ) ) (rq(n(n + 1)/2 + 1))2 (2.34)
< [n(n+1)/2+1+1], Ty(n(n+1)+2) ’
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