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We study the tight representation of a semilattice in {0,1} by some examples. Then we introduce
the concept of the complex tight representation of an inverse semigroup S by the concept of the
tight representation of the semilattice of idempotents E of S in {0, 1}. Specifically we describe the
tight representation of a 0-E-unitary inverse semigroup and prove that if o is a tight semilattice
representation of the 0-E-unitary inverse semigroup S in {0,1}, then o is a complex tight repre-
sentation.

1. Introduction

A semigroup is a set equipped with an associative binary operation. A monoid is a semigroup
with an identity. A semigroup S is said to be an inverse semigroup, provided there exists, for
each sin S, a unique element s* in S such that

s =ss"s, s* =s*ss” (1.1)

Good references for inverse semigroups are [1-3].

For a given set X, let I(X) be the set of all bijective functions f : A — B, where A
and B are subsets of X. The multiplication on I(X) is by composition of functions, defined
on the largest possible domain. More precisely, for f, g € I(X), let fog be the function with
dom(fog) = g (ran(g) N dom(f)), and fog(x) = f(g(x)). The involution on I(X) sends a
function to its inverse. I(X) is called the inverse semigroup of partial bijections on X.

By the Wagner-Preston representation theorem, (see [1, 1.5.1]) every inverse semi-
group is an inverse semigroup of partial bijection.
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Let S be an inverse semigroup. An idempotent is an element e € S such that e? = e. The
set of idempotents of S is usually denoted by E(S), or just E. A partial bijection is idempotent
if and only if it is the identity function on its domain.

The natural partial order < on S is defined by

s <t iff s =te for some idempotent e. (1.2)

The natural partial order induces a semilattice structure on the set E(S) of idempotents by
the order

e<f iffe=ef. (1.3)

So, one often refers to E(S) as the semilattices of idempotents of S. For f, g in I(X), f < gif
and only if g restricted to dom(f) is f.
Let B, = {(i,j) : 1 <i,j <n} U {0}. Define a multiplication on B, by

@0, i=j,

; otherwise,

and (i,7)0 = 0(i, j) = 0. Define the involution on B, by (i, j)* = (j,i). The inverse semigroup
B, in called a Brandt semigroup.

2. Tight Representations of Semilattices

In this section we define the tight representation of a semilattice E on {0,1} and introduce
two characteristic functions on E that are tight representations. One can see more about
representations and semilattices in [4-7].

Definition 2.1. Let E be a partially ordered set. A subset F C E is said to be connected if, for
every fi and f; in F, there exists an element f in F such that

f<f, f < fo (2.1)

A component of E is a maximal connected subset of E. For a partially ordered set E with the
minimum element 0, we denote by Enin the set of all minimal elements of E* = E \ {0}.

Definition 2.2. Given a partially ordered set E with smallest element 0, we say that two
elements s and t in E are disjoint, in symbols s L t, if there is no nonzero u € E such that
u < s,t. Otherwise we say that s and t intersect, in symbols s Nt # @.

For any subset U of E, we say that a subset V' C U is a cover for U if, for every nonzero
u € U, there exists v € V such that u N v #0.

A semilattice is a partially ordered set E such that for every s,t € E, theset {u € E: u <
s,t} contains a maximum element.
From now on we will fix a semilattice E.
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Definition 2.3. For a finite subset F C E, define [0, F] to be the subset of E given by
[0,F]={ecE:e<f, VfeF}, (2.2)
and denote by F* the subset of E given by
Ft={e€E:elf, VfeF} (2.3)

It is obvious that 0 € [0, F] and if F is not contained in a component of E*, then [0, F] = {0}.
If F and G are finite subsets of E, we denote by EFC the subset [0, F] N G* of E.

Notice that if F = G = 0, than EFC = E, if F = ¢, EFC = G and if G = @, EFSC = [0, F].

If e < f, then E!¢Vf) = {0} and E*'¢Mf) = §. However E!/}¢} is not necessarily zero. Note
that if e and f belong to different components of E*, then E'¢/"l/} = (0, e]. For elements e and
fin E such that e < f, e is said to be dense in f if EV/}¢} = {0}.

Definition 2.4. Amap o : E — {0,1} is said to be a representation of E in {0,1}, if 0(0) = 0 and
o(x ANy) = o(x)o(y), for all x,y in E. We say that o is tight if for all finite subsets F,G C E,
and for all finite cover H for EFG, one has that

sgn(Zo(h)) =[JeNH] Tt -0a(2)). (2.4)

heH feF 8€G

Proposition 2.5. Let e and f be in E with e being dense in f. Then o(e) = o(f) for every tight
representation o of E in {0,1}.

Proof. Suppose that o is a tight representation of E in {0,1} and choose e, f in E such that
ElfHel = {0}. Then @ is a cover for E!/¢). So by the definition of tight representation we
have o(f)(1 - o(e)) = 0. Therefore o(f) < o(e). On the other hand, since e < f, then o(e) <

o(f). O

Theorem 2.6. Let E be a semilattice with minimum element 0. If e € Emin, then X(e) is a tight
representation of E in {0,1}.

Proof. Set 0 = X[e0). If X,y € E are such that x < y, then o(x) < o(y). On the other hand if x
and y are disjoint, then o(x) and o(y) are disjoint too. So o(x) < 1 - o(y). More generally, if
F and G are finite subsets of E, and h € E is such that h < f forevery f € F,and h 1 g, for
every g € G, then

o) <[ [oeH] T -0(g)). (2.5)

feF g€G

Conversely, let F, G be finite subsets of E, and let H be a cover for EFC. To prove the inequality

sgn< zo<h>> > [ToHTTA - o(s)), 6)

heH feF 8€G
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we see that if the right-hand side is 0, then the inequality holds obviously. So suppose that
the right-hand side is 1. Then we show that the left-hand side is 1 too. Since 0 = y[¢,.0), We
have F C [e, ) and GN [0, %) = (. Also e € EF' C. Then there exists h € H such that hNe # .
This means that there exists a nonzero t € E such that t < h, e. Since e € E;n, then e < h and
so h € [0,0) and o (h) = 1. Therefore the left-hand side is 1 too. O

By the definition of Enin, one can show that every element of Enin is the minimum
element of some component of E*. But it may happen that some component of E* does not
have a minimum element. So the following theorem holds.

Theorem 2.7. If F is a component of E*, then xr is a tight representation of E in {0,1}.

3. Complex Tight Representations of 0-E-Unitary Inverse Semigroups

The class of E-unitary inverse semigroups is one of the most important in inverse semigroup
theory. When an inverse semigroup contains a zero, then every element of E must be
idempotent. Thus motivated by Szendrei [8], we define the class of 0-E-unitary inverse
semigroups (although she called them E*-unitary). The term 0-E-unitary appears to be due
to Meakin and Sapir [9]. More references for 0-E-unitary inverse semigroups are [10-12].

Throughout this section we define complex tight representations of inverse semi-
groups and prove that every semilattice tight representation on a 0-E-unitary inverse semi-
group is a complex tight representation.

Definition 3.1. An inverse semigroup S with semilattice of idempotent E is E-unitary if, for
every e € E, e < s for some s € S implies that s is idempotent.

Proposition 3.2 (see [1]). Let S be an inverse semigroup. For s,t € S, the following are equivalent:

(i) s <t
(ii) there exists f € E such that s = ft,
(iii) s = ts*s,
(iv) s = ss*t,
(v) s* <t~

Proposition 3.3. Let S be an inverse semigroup and e is an idempotent in E. If s € S such that s < e,
then s is also an idempotent.

Proof. If s < e, then by the previous proposition there exists an idempotent f € E such that
s = ef. Since the semilattice of idempotents is closed under multiplication, we haves € E. O

Definition 3.4. An inverse semigroup S is said to be a 0-E-unitary if, for every nonzero
idempotent e, e < s for some s € S implies s is idempotent. The components of E* are in
the form [s, o0) or (s, o0) for some nonzero element s € S. By Proposition 3.3, if F is any
component of S* =S\ {0}, then FCEor FNE ={.

Lemma 3.5 (see [4]). If S is a O-E-unitary inverse semigroup and s,t € S are such that s*s = t*t
and se = te for some nonzero idempotent e < s*s, then s = t.
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Proposition 3.6. If S is a 0-E-unitary inverse semigroup with zero, then S is a semilattice with
respect to natural order.

Proof. Let s,t € S. If there is no nonzero u € S such that u < s,t, then st = 0. So 0 is the
infimum of s,t. Now suppose that there exists a nonzero element u such that u < s,t. By [1],
w*u < s*sand u*u <t*t. Let f = s*st*t. Then u*u < f. Setting s; = sf and t; = tf, we have

sis1 = fs'sf = f = ft'tf = t{t. (3.1)
Since
siw'u=sfu'u=su'u=u=tu'u=tfu'u=tuu, (3.2)

by Lemma 3.5 we have s; = t;. So
st't =ss*st't =sf =51 =t =tf =ts"s. (3.3)

Since 0#u; < si,t; we may apply the above argument to si,u1,f; in order to prove that
s*tt* = t*ss*, which implies that t*s = ss*t.
The fact that u < s, t implies that su*u = u = tu*u. So

tsu*u = t'tu*u = u*u. (3.4)

Since S is 0-E-unitary, #*s is an idempotent. Also we can prove similarly that ts* is an
idempotent. Thus st*t = ts*t = tt*s. Therefore

st't = ts*s = tt*s = ss™t. (3.5)
We claim that st*t is the infimum of s, t. It is obvious that st*t < s, t. Since
u=su'u=sfu'u=ss'st'tu'u = st'tu*u, (3.6)

then u < st*t. O

Note that if o is a representation of an inverse semigroup S in the complex plane
(as a Hilbert space), then o(e) = 0 or 1, for every idempotent element e € E(S). Such
representations are called complex representations.

Now we will fix an inverse semigroup S with 0.

Definition 3.7. A complex representation o of S on the complex plane is said to be tight if the
restriction of o to E(S) is a tight representation of E(S) in {0, 1}.

From the definition one can show that if s is a minimum element of S* = S\ {0}, then
Xlso,0) 15 @ complex tight representation on S. Also if T is a component of S*, then yr is a
complex tight representation on S.
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Since every 0-E-unitary inverse semigroup is a semilattice with zero, a representation
of Sin {0, 1} is both a representation of the semilattice S in {0, 1} and a complex representation
of the inverse semigroup S.

Theorem 3.8. Let S be a 0-E-unitary inverse semigroup and let o be a representation of S in {0,1}.
If o is tight as a semilattice representation, then it is tight as a complex representation.

Proof. Suppose that o is a semilattice tight representation of S in {0,1}. Let F and G be finite
subsets of E and H a cover for EFC. Since E C S, then EFC C SFG. Since H is a cover of EFC,
then there is a cover K of S € such that H C K. Therefore

S < Yok (37)

heH kekK

and hence

sgn< zo<k>> > [TeHIT0 - o(s)). 8

kek feF g€G

Then ol is a tight representation of E in {0, 1} and therefore o is a complex tight representa-
tion of Sin {0,1}. O

References

[1] M. V. Lawson, Inverse Semigroups, the Theory of Partial Symmetries, World Scientific Publishing, River
Edge, NJ, USA, 1998.
[2] A. L. T. Paterson, Groupoids, Inverse Semigroups, and Their Operator Algebras, vol. 170 of Progress in
Mathematics, Birkhduser Boston, Boston, Mass, USA, 1999.
[3] G.B. Preston, “Inverse semi-groups,” Journal of the London Mathematical Society, vol. 29, pp. 396—403,
1954.
[4] R. Exel, “Inverse semigroups and combinatorial C*-algebras,” Bulletin of the Brazilian Mathematical
Society, vol. 39, no. 2, pp. 191-313, 2008.
[5] D. B. McAlister, “Groups, semilattices and inverses semigroups,” Transactions of the American
Mathematical Society, vol. 192, pp. 227-244, 1974.
[6] D. B. McAlister, “Groups, semilattices and inverses semigroups II,” Transactions of the American
Mathematical Society, vol. 196, pp. 351-370, 1974.
[7] M. Petrich and N. R. Reilly, “A representation of E-unitary inverse semigroups,” The Quarterly Journal
of Mathematics, vol. 30, no. 119, pp. 339-350, 1979.
[8] M. B. Szendrei, “A generalization of McAlister’s P-theorem for E-unitary regular semigroups,” Acta
Scientiarum Mathematicarum, vol. 51, no. 1-2, pp. 229-249, 1987.
[9] J. Meakin and M. Sapir, “Congruences on free monoids and submonoids of polycyclic monoids,”
Journal of Australian Mathematical Society Series A, vol. 54, no. 2, pp. 236-253, 1993.
[10] M. V. Lawson, “The structure of 0-E-unitary inverse semigroups. I. The monoid case,” Proceedings of
the Edinburgh Mathematical Society, vol. 42, no. 3, pp. 497-520, 1999.
[11] G. M. S. Gomes and ]J. M. Howie, “A P-theorem for inverse semigroups with zero,” Portugaliae
Mathematica, vol. 53, no. 3, pp. 257-278, 1996.
[12] D. B. McAlister, “E-unitary inverse semigroups over semilattices,” Glasgow Mathematical Journal, vol.
19, no. 1, pp. 1-12, 1978.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



