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By applying a variant version of Mountain Pass Theorem in critical point theory, we prove the
existence of homoclinic solutions for the following asymptotically p-linear difference system with
p-Laplacian A(|Au(n — 1)|P2Au(n - 1)) + V[-K (n, u(n)) + W(n,u(n))] =0, where p € (1, +o0),n €
Z,ueRN,K,W :Z xRN — R are not periodic in 7, and W is asymptotically p-linear at infinity.

1. Introduction

Consider the following p-Laplacian difference system:

A<|Au(n ~ VP2 Au(n - 1)) + V[-K(n,u(n) + Wn,um)] =0, nez (L1

where A is the forward difference operator defined by Au(n) = u(n + 1) — u(n), A%u(n) =
A(Au(n)), p € (1,+0), n € Z,u € RN, K, W: Z x RN — R are not periodic in n, W
is asymptotically p-linear at infinity, and K and W are continuously differentiable in x. As
usual, we say that a solution u(n) of (1.1) is homoclinic (to 0) if u(n) — 0asn — +oo.In
addition, if u(n) £0, then u(n) is called a nontrivial homoclinic solution.

When p =2, (1.1) can be regarded as a discrete analogue of the following second-order
Hamiltonian system:

i(t) + V[-K(t,u(t)) + W(t,u(t))] =0, teR. (1.2)
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The existence of homoclinic orbits for Hamiltonian systems is a classical problem and
its importance in the study of the behavior of dynamical systems has been recognized by
Poincaré [1]. If a system has the transversely intersected homoclinic orbits, then it must
be chaotic. If it has the smoothly connected homoclinic orbits, then it cannot stand the
perturbation and its perturbed system probably produces chaotic phenomenon. For the
existence of homoclinic solutions of problem (1.2), one can refer to the papers [2-5].

Difference equations usually describe evolution of certain phenomena over the course
of time. For example, if a certain population has discrete generations, the size of the (1 + 1)th
generation x(n + 1) is a function of the nth generation x(n). In fact, difference equations
provide a natural description of many discrete models in real world. Since discrete models
exist in various fields of science and technology such as statistics, computer science, electrical
circuit analysis, biology, neural network, and optimal control, it is of practical importance to
investigate the solutions of difference equations. For more details about difference equations,
we refer the readers to the books [6-8].

In some recent papers [9-20], the authors studied the existence of periodic solutions
and subharmonic solutions of difference equations by applying critical point theory. These
papers show that the critical point theory is an effective method to the study of periodic
solutions for difference equations. Along this direction, several authors [21-28] used critical
point theory to study the existence of homoclinic orbits for difference equations. Motivated
by the above papers, we consider the existence of homoclinic orbits for problem (1.1) by using
the variant version of Mountain Pass Theorem. Our result is new, which seems not to have
been considered in the literature. Here is our main result.

Theorem 1.1. Suppose that K and W satisfy the following conditions.

(K1) There are two positive constants by and b, such that

bi|x]P < K(n,x) <by|x|P, Y(n,x)€ZxRN. (1.3)

(K2) There is a positive constant bz such that

bs|x]P < (VK(n,x),x) <|VK(n,x)||x| <pK(n,x), V(n,x)€Zx RN. (1.4)
(W1) W(n,0) =0, VW (n,x) = o(|x[P~t) as |x| — 0 uniformly for n € Z.
(W2) There exists a constant R > 0 such that

VW (n, x)|

<~~~ <R, VneZ xeRV. (1.5)
!

(W3) There exists a function Vo, € 1% (Z,R*) such that

VW (n,x) = Voo (n)|x]F *x
| IWenx) - Vel x|

lim =0 uniformly for n € Z,
Jl — oo |x[P~! (1.6)

irZ1fVoo (n) > max{1,pb,}.
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(W4) W (n,x) = (VW (n,x),x) - pW(n,x),

lim W (n,x) = +oo uniformly for n € Z, (1.7)

x| — o0
and for any fixed 0 < ¢1 < ¢z < +00,

W(n, x)

nez, ci<lx|<cy |x|p

> 0. (1.8)

Then problem (1.1) has at least one nontrivial homoclinic solution.

Remark 1.2. The function W (n,x) in this paper is asymptotically p-linear at infinity. The
behavior of the gradient of W (n, x) at infinity is like that of a function V,,(n)|x|"~2x, where
Vo (n) is a real function but not a matrix function. To the best of our knowledge, similar results
of this kind of p-Laplacian difference systems with asymptotically p-linear W (n, x) at infinity
cannot be found in the literature. From this point, our result is new.

2. Preliminaries

Let
S = {{”(”)}nez cun) eRN,ne Z},

(2.1)
E= {u €S: D [lAu(n -1 +u(n)f] < +oo},
nez
and for u € E, let
1/p
llul| = {Z[|Au(n -DP + [umn)P] < +oo} ) (2.2)
nez

Then E is a uniform convex Banach space with this norm. As usual, for 1 < p < +oo, let

ZP<Z,RN> = {u es: Suml < +oo}, l°°<Z,]RN> = {u € S :suplu(n)| < +oo}, (2.3)

nez nez

and their norms are given by

1/p
el = <Z|u(n)|p> , Vuel(z,RY),

nez

(2.4)
lull, =sup{lu(n)|:neZ}, VYuel*(Z,RN),

respectively.
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For any u € E, let

p(u) = ZIM(" D = Y [=K(n,u(n) + W(n,u(n))]. (2.5)

neZ nez

To prove our results, we need the following generalization of Lebesgue’s dominated
convergence theorem.

Lemma 2.1 (see [29]). Let {fi(t)} and {gk(t)} be two sequences of measurable functions on a
measurable set A, and let

|f@®)] < gk(t), Vae.teA. (2.6)
If
khf;ofk(t) = f(t), ;}Er;ogk(t) =g(t), Vae. teA,
(2.7)
hm gk(t )dt = f g(t)dt < +oo,
then
hm f fr(t)dt —f f(t)dt. (2.8)
Lemma 2.2. Foru € E,
llalle < el < 2[[uel]- (29)
Proof. Since u € E, it follows that limy,— o |u(1)| = 0. Hence, there exists n* € Z such that
. = luG)| = max|ua()]. (2.10)

Hence, we have

1/p 1/p
llull o < <Z|u(")|p> = [lully = <Z|u(") —u(n—1) +u(n- 1)|p>

nez nez

1/p
< <Z(|u(n) —u(n=1)[+u(n - 1)|)’”>

nez

1/p
< <2”Z(|u(n) —u(n-1) +|u(n- 1)|P)>

nez
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1/p
=z<Z<|Au<n—1>|P + |u<n‘1)'P)>

nez

1/p
= 2<Z(|Au(n -+ Iu(n)|p)>

nez

= 2|l

(2.11)
O

Lemma 2.3. Suppose that (K1), (K2), and (W2) hold. If ux — win E, then VK (n,ux) — VK(n,u)
and VW (n,ux) — VW (n,u) in I’ (R,RN), where p' > 1 satisfies 1/p +1/p' = 1.

Proof. From (K1) and (K2), we have

|VK(n,x)| < pbolx|P™", V(n,x)eZxRN. (2.12)
Hence, from (2.12), we have
VK (n(m)) ~ VK (m, ()P < [ (Jas ()P + fu(myp) ]
< [pba2 e (m) ~ u(mp~ + pba(1+ 27w
< 2% (pba)" Juk(n) - u(m) + 2 (pb2)" (1 + 2P-1)”' lu(n) P

= gk(n).
(2.13)

Moreover, since ux — u in IP(Z,RN) and ux(n) — u(n) for almost every n € Z, hence,

lim g (n) = 27 (pby)" (1 4 2!’-1)’” lu(m)f = g(n), Vae nez,

lim > gi(n) = lim 3 [W (Pb2)" [ (n) = u(m)P + 27 (pb2)” (1 + zp-l)”ﬂu(n)vﬂ]

nez nez

—ovp (PbZ)p,kh_’ff;Z'”k (n) —u(n)P + 27 (pby)" <1 + 2p_1>p,2|u(n)|P (2.14)

nez nez

=2 (pbo)” (1+27) Sfutm)p

nez

= Zg(n) < +00.

nez
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It follows from Lemma 2.1, (2.13), and the previous equations that

Lm 3|V (n, ui(n) = VK (n,u(m)) " = 0. (2.15)

nez

This shows that VK (n,ux) — VK (n,u) in I¥ (Z,RN). By a similar proof, we can prove that
VW (n,ux) — VW (n,u) in IV (Z,RN). The proof is complete. O
Lemma 2.4. Under the conditions of Theorem 1.1, one has

('), 0) = 3 [|Autn = P2 (Au(n - 1), Av(n - 1))

nek (2.16)
+ (VK (n,u(m) = VW (n,u(n)),0(n)))

for u,v € E, which yields that

(¢'(u),uy = Z [|[Au(n—1)]" + (VK(n,u(n)),u(n)) - (VW (n,u(n)), u(n))]. 2.17)

nez

Moreover, ¢ is continuously Fréchet-differential defined on E; that is, ¢ € C'(E,R) and any critical
point u of ¢ on E is classical solution of (1.1) with u(+oo) = 0.

Proof. Firstly, we show that ¢ : E — R. Let u € E, by (2.9) and (K1), we have

> K(n,u(n) < > balu(n)P < b2 ||ul. (2.18)
nez nez
By (W2), we get
1
[W(n,x)| = J (VW (n,sx),x)ds| < Rlx[’, Y(n,x)e€ZxRN. (2.19)
0
Hence, from (2.9) and (2.19), we have
D W(n,u(n)| < D IW(n,u(m)| < > Rlu(n)” < R2||ull’. (2.20)
nez nez nez

It follows from (2.5), (2.18), and (2.20) that ¢ : E — R. Next we prove that ¢ € C!(E,R).
Rewrite ¢ as follows:

¢(u) = p1(u) + 2 (u) — p3(u), (2.21)
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where

pr(u) = %ZIAu(n D, ga(u) = > K(mu(n), ¢sw):=>Wmun).  (222)

nez nez nez
It is easy to check that ¢; € C!(E,R) and

(g1 (), 0) = 3| Au(n - DP*(Au(n - 1), Ao(n - 1)), Vu,v€E. (2.23)

nez

Next, we prove that ¢; € C'(E,R), i =2, 3, and

(i (), v) = %(VK (n,u(n)),v(n)), YuveE, (2.24)
(g (1), 0) = %(VW(n,u(n)),v(n))f Vu,v € E. (2.25)

For any u, v € E and for any function 0 : R — (0, 1), by (K2), we have

é]g[%l(VK(nlu(n) +0(t)hv(n)), v(n))| < szgzg[gﬁlu(n) +0(Hho(m)" o(n)]

<2y 3 (P + o Yo
2 (2.26)

-1 -1
< 27 pba [ Judlly” ol + [0l |

< +o00.

Then by the previous equations and Lebesgue’s dominated convergence theorem, we have

) o 2(u+ ho) — a(u)
<(P2(u)’v> - hlgr()l+ h

= hllrr(}+%é[K(n,u(n) + hv(n)) — K(n,u(n))]
(2.27)
= hllrr(}+é(VK(t,u(n) +0(Hhv(n)),v(n))

= 3 (VK(n,u(n)),v(n)), Vu,v€E.

nez
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Similarly, we can prove that (2.25) holds by using (W2) instead of (K2). Finally, we prove that
@i € CY(E,R), i =2,3. Let uxy — uin E; then by Lemma 2.3, we have

(s (k) = 95 (w), 0} |

> (VK(n,u(n)) = VK (n,u(n)),v(n))

nez

(2.28)
< > IVK(n,ug(n)) - VK(n,u(n))|o(n)]

nez

1/p'
<ol [ZWK(n, ur(n)) - VK(n,u(n))V’/:I — 0, k— oo, YUEE.

nez

This shows that ¢, € CYE,R). Similarly, we can prove that ¢3 € C (E,R). Furthermore, by a
standard argument, it is easy to show that the critical points of ¢ in E are classical solutions
of (1.1) with u(£o0) = 0. The proof is complete. O

Lemma 2.5 (see [30]). Let E be a real Banach space with its dual space E* and suppose that ¢ €
C!(E,R) satisfies

max{¢(0), ¢(e)} <mo <7 < inf p(u), (2.29)

for some g <1, p>0,and e € E with |le|| > p. Let ¢ > 11 be characterized by

c= %(rélfgggé(p(Y(T)), (2.30)

where T = {Y € C([0,1],E) : Y(0) =0,Y(1) = e} is the set of continuous paths joining 0 to e; then
there exists {uy} ey C E such that

o) — ¢, 1+ ul)|l¢' (u)||;. — 0 as k — oo. (2.31)

3. Proof of Theorem 1.1
Proof of Theorem 1.1. We divide the proof of Theorem 1.1 into three steps.

Step 1. From (W1), there exists pg > 0 such that

VW (n,x) < %mp—l, Vn ez, |x| < po, (3.1)
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where C; = min{1/p, b1 }. From (3.1), we have

W(n,x) = J‘l(VW(n, sx),x)ds

° (3.2)

G

Wlxw, VneZ, |x| < po.

1
(& |x[PsP~'ds =
0 2

Letp =po/2and S = {u € E | |[u|| = p}; then from (2.9), we obtain

lullo < po, llully <2p, Vues, (3.3)

which together with (2.9), (3.2), and (K1) implies that

p(u) = %ZIM(H =D = Y [-K(m,u(n) + W(n,u(n))]

nez nez

1 C
> =S Au(m =D +br 3 u(m)f = 3 lum)P
pneZ nez neZp

1 ) (3.4)
> min = b f = Ll
(p-1)C

C
zclnunr’—;lnunp= . HulP =1 >0, ues.

Step 2. From (K1), we have

p(u) = %ZIAu(n =D = D [FK(n,u(n) + W(n,u(n))]

nez nez

< LS\ Autn =) + 5,3 jum)f - SW(n, u(n)
pneZ nez nez

(3.5)
< max{ b Hul? = Sw o, utm)

nez

= CollullP - D W (n,u(n)).

nez
By (W2) and (W3), we get

. pW(n,x)

o P =V, (n) uniformly for n € Z. (3.6)
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Let W(n, x) = pW (n,x) — V,(n)|x|P; it follows from (W2), (W3), (2.19), and (3.6) that

W(n,x) < <pR + s;pVoo(n)> [x|”, VxeRN, |x1|iinooW|(:|””x) =0. (3.7)
Define E; := {u(n) = xe™ : x e RN, n € Z} c E with
inf Voo (n) > max(1,pby ) (1+ 1= en=11|"). (3.8)
By an easy calculation, we have
JalP = (14 [1 = 1) g (3.9)
In what follows, we prove that for some u € E; with |ju|| = 1, ¢(su) — - ass — oco.

Otherwise, there exist a sequence {si} with sy — oo as k — oo and a positive constant C3
such that ¢(sxu) > —Cs for all k. From (3.5), we obtain

& o) o, Lo Wosut) Ly mp

p = p p

Sk Sk neZ_ Sk nez (310)
1 <-W(n,su(n 1.
<C- Ly W) Liey oyulp.
nez Sk pz
It follows from (3.7) that

w w

M < <pR + sup Voo(n)> lu(n)F, w — 0 as k— oo. (3.11)
S5 7 Sk

Hence, from Lebesgue’s dominated theorem and (3.11), we have

s W swum) _

S as k — oo. (3.12)
Sk

nez

It follows from (3.8), (3.9), (3.10), and (3.12) that

Cs 1 .
— ——<Cy— fV, —
’ Sp © p(1+|1 = el-ln-11[P) inf Ve (m) <0 as k — oo, (3.13)

which is a contradiction. Hence, there exists e € E with ||e|| > p such that ¢(e) < 0.
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Step 3. From Step 1, Step 2, and Lemma 2.5, we know that there is a sequence {u};ey C E
such that

o) — ¢, 1+ [luel)||¢' (ux)||z. — 0 as k — oo, (3.14)

where E* is the dual space of E. In the following, we will prove that {1 } ¢y is bounded in E.
Otherwise, assume that ||uk|| — oo as k — oo. Let zx = uy/||uk||; we have ||zx|| = 1. It follows
from (2.5), (2.16), (3.14), and (K2) that

Cy > po(ui) — (¢ (ux), ux)
= > (YW (n, ux(n)), ux(n)) - pW (1, ux (n))]

nez

+ D' [pPK (n, ux(n)) = (VK (n, ux(n)), ux (n))] (3.15)

nez

> > [(VW(n,ux(n)), ux(n) = pW (£, u(n))] := W (m, ui(n).

nez nez

Set Qi(a,f) ={ne€Z:a<|ux(n)| <P} for 0 < a < f. Then from (3.15), we have

Ciz > Whmuwm)+ > Wmuemn)+ >, Wnuen). (3.16)
neQ (0,a) neQy(a,p) neQy (f,+w)

From (K1), (K2), and (3.14), we get

o(1) = (¢ (ux), ux)
= D [l Auk(n = 1))P + (VK (n, ux(n)) = VW (n, ux (1)), u (n))]

nez

> > [[Auk(n = 1) + bslux ()| = (VW (n, ux(n)), ux(n))]

nez

> min {1, ba}||ugll” = (VW (1, ux(n)), ui (n)) (3.17)

nez

= Cs|luxllP = D (VW (n, ux(n)), ux (n))

nez

= ||lux| <C5 B Z (VW(n,uk(n)),uk(n))>’

ez [P

which implies that

lim SUPZ (VW(TI, uk(n))/ uk(Tl)) |Zk(7l)|p = lim SUPZ (VW(TL, U (n))ruk (71)) > Cs.

> 3.18
koo B i (m) P < ]l (3.18)
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Let 0 < € < C5/3. From (W1), there exists a, > 0 such that

VW (n,x)| < ZxPt for |x < a, uniformly for n € Z. (3.19)
2 Y

Since ||zk|| = 1, it follows from (2.9) and (3.19) that

[VW (1, ux(n))| £
> ————lamlP < Y, SlamP<e VkeN (3.20)
ey k@) neon a2
For s > 0, let
h(s) := inf{W(n,x) |nez, xeRN with |x|> s}. (3.21)

Thus, from (W4), we have h(s) — +o0 as's — +oo, which together with (3.16) implies that

meas(Q (B, +0)) < Co_ 0, aspf— +co. (3.22)

n(p)

Hence, we can take f, sufficiently large such that

Z |z (n)[” < % (3.23)

neQy (ﬂg,+w)

The previous inequality and (W2) imply that

VW (1, ux (n))|

ool lzZe(mPP <R D |z <e, VkeN (3.24)

neQy (ﬂ5,+oo) neQyx (ﬂg,+oo)

Next, for the previous 0 < a, < f, let

Ce = inf{ Win, x)

P :nEZ,xERNwitha£§|x|§ﬂg},
x

(3.25)

VW (n, )
=max{% :n€7Z, x € RN with a, < |x| Sﬂg}.
x

From (W4), we have ¢, > 0 and

W (n,ux(n)) > colux(n)ff,  Vn € Qx (ae, Be)- (3.26)
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From (3.15) and (3.26), we get

S mmlPe—— S )l

neQy (e fe) ekl e )
1 1—

<S——= > —W(nu(n) (3.27)
”uk” ner(aE,ﬂE)Cg

< Gy —0 ask— oo,
Cs“”k”p

which implies that
VW (n,ur(n
> e utl mp<d, S P —0 ask—w. (308

g (n)]P™!

TlEQk(ag,ﬁE) neQy (“E:ﬂe)

Therefore, there exists ko > 0 such that

[VW (n, uy(n))|

~—“|zk(n)|’ <&, Vk > k. 399
nEQk(ag,ﬁE) |uk(n)|p ! ( . )

It follows from (3.20), (3.24), and (3.29) that

Z(Vw(n’uk(n))’uk(n))IZk(n)I”SZWIZk(n)IP<3£<C5, Vk > ko (3.30)

= Juse(n)|” = NGO
which implies that
. VW (n,ur(n)), ur(n
hmsupz( (n, i ( )3, K( ))|zk(n)|’”<C5, (3.31)
nooo ncl [uic ()]

but this contradicts to (3.18). Hence, ||ux|| is bounded in E.

Going to a subsequence if necessary, we may assume that there exists u € E such that
ur — uas k — oo. In order to prove our theorem, it is sufficient to show that ¢'(1) = 0. For
any a € Zwitha >0, let y,(t) = 1 fort € Z[-a, a] and let y,(t) = 0 for t € Z(—o0, —a)UZ(a, ).
Then from (2.16), we have

(' () = ¢' (), xa(ux — 1))
= D0 [Bu(n =1 (Aug(n = 1), Aug(n 1) = Au(n - 1)

neZl[-a,al

- > |Au(n-1)P?(Au(n-1), Aug(n-1) - Au(n - 1))

neZl[-a,al

+ >, (VK(muk(n) - VK(n,u(n)), u(n) - u(n))

neZl-a,al
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- > (YW u(n)) = VW (n,u(n)), ux(n) - u(n))

neZl-a,al

> ([ Auklly gy + 18Uy = D [Auk(n =1 |Au(n -1)]

neZl-a,al

- D Aum - Au(n - 1)

neZl-a,al
> (VK(n,uk(n)) - VK (n,u(n)), ux(n) - u(n))
neZl-a,al
- D (VW(nuk(n)) - VW (n,u(n)), ux(n) - u(n))
neZl-a,al
> (| Awllpg g ap + 1Ay 2y = 1Az aa]llAukllm = [l Aukllrzi-a,a1 IIAullm aa]

+ >, (VK(muk(n) = VK(n,u(n)), u(n) - u(n))

neZl-a,al

= > (YW w(m) - VW (n,u(m)), we(m) - u(m)
neZl-a,al

= (18wl ey = NAuIG g oy) (1Al g0 = 1AWl lpz o))
+ > (VK uk(n) - VK (n,u(m), we(m) - u(m)
neZl-a,al

- > (YW u(n)) = VW (n,u(n)), ux(n) —u(n)).

neZl-a,al
(3.32)
Since ¢'(ux) — 0as k — +oo and uy — u in E, it follows from (3.14) that
(¢ (ux) = @' (), Ya(ux —u)) — 0 as k — oo,

Z (VK(n,ux(n)) - VK(n,u(n)), ux(n) —u(n)) — 0 as k — oo,
neZl-a,al (333)

Z (VW (n,ux(n)) = VW (n,u(n)), ux(n) —u(n)) — 0 as k — oo.
neZl-a,al

It follows from (3.32) and (3.33) that || Auk||lrz[-aa — |Aullrzi-aa as k — +oo.
For any w € CP (R, RY), and assume that for some A € Z with A > 0, supp(w) C
Z[-A, A]. Since

klim Aux(n—-1) = Au(n-1), Vae nez,

| (Iaui(n - 1) 2 Au(n - 1), Aw(n -1)) |
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1
< pT|Auk(n—l)|”+ %|Aw(n—1)|”’, Vnez k=1,2,...,

-1 1
lim [p—|Auk(n—1)|p+ ~|Aw(n-1)FP
k= cicaall P p
p-1..
= kh_{I;O”Auk”;Z[—A,A] + ;”Awnfpz[_A,A]
p-1 1
= T”Au”;Z[—A,A] + E”Aw”;z[-A,A]
-1 1
- 3 [p—|Au(n— DPP + ~|Aw(n - 1P| < +oo,
nez-a,AlL P p

then, we have

S <|Auk(n ~DIP2Aue(n-1), Aw(n - 1))
neZ[-A,A]

— 3 <|Au(n —DP2Au(n - 1), Aw(n - 1))
nezZ[-A,A]

as k — oo. Noting that

Z (VK (n,ux(n)), w(n)) — Z (VK(n,u(n)),w(n)) as k — oo,

neZ[-A,A] nezZl-A,A]
> (YW(n,uk(n), w(n) — (VW (n,u(n)),w(n)) ask — co.
nez[-A,A] nezl-A,A]

Hence, we have

(¢'(u), w) = kli_r)x;(go’(uk),w) =0,
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(3.34)

(3.35)

(3.36)

(3.37)

which implies that ¢'(u) = 0; that is, u is a critical point of ¢. From (K1) and (W1), we know
that u #0. In fact, if u = 0, we have from (2.5), (K1), and (W1) that ¢(u) = 0. On the other
hand, from Step 1, Step 2, and Lemma 2.5, we know that ¢(u) = ¢ > 0. This is a contradiction.

The proof of Theorem 1.1 is complete.

4. An Example

Example 4.1. In problem (1.1),letp =3/2, and

1 1
K(n,x) = <1 + |x|3/—2+1>|xl3/2, W(n,x) = a(n)|x|3/2<1 -

(In(e + |x[))"/*

O

>, (4.1)
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where a € [*(Z,R*) with infza(n) > 3. One can easily check that K satisfies conditions (K1)
and (K2) with by =1, b, =2, and b = 3/2. An easy computation shows that

3 -1/2 1 a(n)|x|1/2x
VW(n, = — 1- ,
(1) = 5200k x< (In(e + |x|)>“2> " 2e+ [xl)(In(e + |x))? .
5/2 ’

3 _ a(n)|x|
(VW (n,x),x) - sW(n,x) 2(e + |x[) (In(e + |x)))**

Then it is easy to check that W satisfies (W1)-(W4). Hence, K(n, x) and W (n, x) satisfy all
the conditions of Theorem 1.1 and then problem (1.1) has at least one nontrivial homoclinic
solution.
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