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We investigate the existence and multiplicity of periodic solutions for a class of second-order
differential systems with impulses. By using variational methods and critical point theory, we
obtain such a system possesses at least one nonzero, two nonzero, or infinitely many periodic
solutions generated by impulses under different conditions, respectively. Recent results in the
literature are generalized and significantly improved.

1. Introduction

Consider the following second-order impulsive differential equations:

it(t) + Vy(t,u(t)) =0, t€ (Sk-1,5k),
Ati(sk) = Agk(u(sk)), (Py)
1(0) —u(T) = u(0) —(T) =0,

where si, k = 1,2,...,m, are instants in which the impulses occur and 0 = sy < 51 < 52 <
o < Sy < Smy1 = T, Auu(sk) = u(sy) — u(sy) with i(sy) = lim;_, = (t), gk(u) = grad,Gi(u),
Gr € C'(RV,R), V € CI([0,T] x RN, R), Vi, (t, u(t)) = grad,V(t,u), L > 0is a constant.
Impulsive differential equations can be used to describe the dynamics of processes
which possess abrupt changes at certain instants. Up to now, impulsive differential systems
have been widely applied in many science fields such as control theory, biology, mechanics,
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see [1-7] and references therein. For general theory of impulsive differential equations, we
refer the readers to the monographs as [8-10].

The existence of the solutions is one of the most important topics of impulsive
differential systems. Many classical methods and tools have been used to study them, such as
coincidence degree theory, fixed point theory, and the method of upper and lower solutions.
See [11-15] and references therein.

Recently, some authors creatively applied variational method to deal with impulsive
problems, see [16-21]. The variational method is opening a new approach for dealing with
discontinuity problems such as impulses. However, when the problems studied in [16-21]
degenerate to the cases without impulses, plenty of the corresponding results can also be
obtained. In other words, the effect of impulses was not seen evidently. As pointed out in
[22], these results, in some sense, mean that the nonlinear term V,, plays a more important
role than the impulsive terms g do in guaranteeing the existence of solutions. Due to this
point, Zhang and Li [22] studied the existence of solutions for impulsive differential systems
generated by impulses.

Definition 1.1 (see [22]). A solution is called a solution generated by impulses if this solution
is nontrivial when impulsive terms are not zero, but it is trivial when impulsive term is zero.

For example, if problem (P,) does not possess non-zero solution when g = 0 for all
1 < k < m, then nonzero solution for problem (P)) is called solution generated by impulses.
In detail, Zhang and Li [22] obtained the following theorem.

Theorem A (see [22]). Assume that V, W satisfy the following conditions:

(V1) V is continuous differentiable and there exist positive constants by, by > 0 such that by |u|* <
=V (t,u) < bylul? forall (t,u) € [0,T] x RN;

(V) =V (t,u) < -V, (t,u)u < -2V (t,u) forall (t,u) € [0,T] x RN;
(g1) there exists a 0 > 2 such that ge(u)u < 0G(u) <0, foru €e RN \ {0} andk =1,2,...,m.
Then, problem (Py) possesses at least one non-zero solution generated by impulses.

Motivated by the facts mentioned above, in this paper, we will further study the
existence of solution for problem (P)) generated by impulses under more general conditions.
In addition, we will investigate the multiple solutions and infinitely many solutions
generated by impulses.

Now, we state our results.

Theorem 1.2. Assume that (g1) and the following (V), (V;) hold.

(V]) V is continuous differentiable and there exist positive constants b > 0 and y € (1,2] such
that

~V(t,u) >blu|" VY(tu)e[0,T] xRY; (1.1)

(V) there exists a constant ¢ € [2,0) such that
-V(t,u) <-V,(t, u)u < -V (t,u) V(t,u)€[0,T]x RN, (1.2)

Then, problem (Py) possesses at least one non-zero solution generated by impulses.
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Remark 1.3. 1t is easy to see that (V]), (V;) are weaker than (V1), (V). Therefore, Theorem 1.2
improves Theorem A.

Indeed, taking
V(t,u) =—ul —[uf, 1<y<g¢<2, Gi(u)=—[ul’, (1.3)

all conditions in Theorem 1.4 are satisfied, but conditions in Theorem A cannot be satisfied.

Theorem 1.4. Assume that (V1), (V2) hold. Moreover, the following conditions are satisfied:

(V) Vi (t, u1 — up) = Vi (t, ur) — Vi, (t, u2);
(H1) 23t Ge(u) < 0and

-3 G -3".G
max{limsup(M),limsup<M>}<A, O<AC%<b3, (1.4)
u—0

|u Jul > +oo0 [u

where by = min{1/2, by} and Cy is a constant which will be defined in Section 2;

(Ha) there exists a constant vector & = (&',&2,...,&N) € RN \ {0} such that 37", Gk(¢) <
fo V(t,&)dt.

Then, there exists B > 0 such that problem (Py) possesses at least two non-zero solutions generated by
impulses; moreover, their norms are less than B.

Remark 1.5. Compared with Theorem A, Theorem 1.4 deals with the multiple solutions
generated by impulses. In Theorem A and Theorem 1.2, impulses are superquadratic.
However, some impulses which are subquadratic can satisfy the conditions of Theorem 1.4.

Example 1.6. Let V(t,u) = —|u|?. It is easy to see that conditions (V;), (V2), and (V3) hold. Let
T=1m=1,¢=(1,0,...,0),and

—2uf?, lu <1,
Gi(u) = (1.5)
—6lu| +4, |ul>1.

Then, we have

Gi(w) _ i —Gi(w) _

lim sup_ msup 0,
um0 e fuf
(1.6)
T
-2=Gi(¢) < f Vit ¢)dt =-1.
0

Hence, conditions (H;) and (H>) in Theorem 1.4 are satisfied.
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Theorem 1.7. Assume that (V1), (V») hold. Moreover, the following conditions are satisfied:

(H;) let

maxjujp [~ 24y Ge(w)]

a = lim inf > ,
B = lim sup —22k=1 Sk '
2 7
lu] = +o0 ul

and TbZC%a < b3p.

Then, for every A € A := (Tby/p,bs/ C%a), problem (Py) possesses an unbounded
sequence of solutions generated by impulses.

Example 1.8. Let V(t,u) = (-1/2)[ul>, T=1, m=1, N =1,

2nl(n+2) -1 2nl(n+2)!+1
M= T mr 1)y "T T Amr 1)y (1.8)

r(n+1)! [(n + 1) - n!z] sin@r(n+ 1) - ay)), |ul € | J[an bal,
gi(u) = neN (1.9)

0, otherwise,
and g = max{0,2u}. Let
g=g1+8 —G= f g(b)dt. (1.10)
0

Then, -G is a C! function with -G’ = g. From the computation of Example 3.2 in [23], one
has C; = v2, b, =1/2, by = 1/2 in this case and

~G(an) _

.  G(by) _
nlir}?oo 2 1, nlir}?oo m =5. (1.11)
Moreover,
lim inf_G(zu) =1, limsup _G(Z”) = 5. (1.12)
|u\%+oo u |u|_>+oo u

In addition, -G is nondecreasing. By the monotonicity of -G, one has

max[-G(u)] = -G(p). (1.13)

[ul<p
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Hence, we have
a=1, p=5. (1.14)
Then, for A € [1/10,1/4], problem
i) -u=0, t#s,

Air(s1) = Ag(u(st)), (1.15)
u(0) - u(1) = 1(0) - (1) = 0

possesses an unbounded sequence of solutions generated by impulses.

Remark 1.9. In Theorem 1.7, substituting p — +oo and |u| — +oo with p — 0 and |u| — 0%,
applying part (g) of Lemma 2.4 instead of part (f) in the proof, we can obtain a sequence of
pairwise distinct solutions generated by impulses.

The paper is organized as follows. In Section 2, we present some preliminaries. In
Section 3, we give the proof of our main results.

2. Preliminaries

In order to prove our main results, we give some definitions and lemmas that will be used in
the proof of our main results. Let

H% = {u :[0,T] — RN |uis absoltely continuous, u(0) = u(T), i € L2([o, T],]Ri")}.

(2.1)
Then, H; is a Hilbert space with the inner product
T
(u,v) = f [(u(), o) + (i(t), (t))]dt, Yu,ve Hj, (2.2)
0
where (-, -) denotes the inner product in RV . The corresponding norm is defined by
T 1/2
llul| = <f [|u(t)|2 + |u(t)|2]dt> , VueH;j. (2.3)
0

1/2
Let |- = (jOT [u(t)|?) ~ denote the norm of Banach space of L¥ ([0, T],R). Since (H1, || -||) is
compactly embedded in C([0, T], RY) (see [24]), we claim that there exists a positive constant
C; such that

lull, < Callull, (2.4)
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where ||u]|o = maxeqo,ry|u(t)|.
To study the problem (P,), we consider the functional I defined by

I(u) = fOT [%MZ —V(t,u)

dt+ Ain (u(sk)). (2.5)
k=1

Similar to the proof of Lemma 1 of [22] (see also [20, 21]), we can easily prove the following
Lemma 2.1.

Lemma 2.1. Suppose V € C'[0,T] x RN — R, Gx € C'(RN,RN), k = 1,2,...,m. Then, I is
Frechét differentiable with

T m
I'(wv = fo [t -V, (t, u)v]dt + )Lng(u(sk))v(sk), (2.6)
k=1

for any u and v in Hy. Furthermore, u is a solution of (Py) if and only if u is a critical point of I in
H!.
T

Lemma 2.2 (see [24, 25]). Let E be a real Banach space and I € C'(E,R) satisfying the (P.S.)
condition. Suppose 1(0) = 0 and

(I1) there are constants p, p > 0 such that I|op, > 5, where B, = {x € E | ||x|| < p},
(I2) thereisan e € E \ B, such that I(e) < 0.

Then, 1 possesses a critical value ¢ > .

If E is a real Banach space, denote by Wx the class of all functionals ® : E — R
possessing the following property: if {u,} is a sequence in E converging weakly to u and
liminf, ., ,®(u,) < ®(u), then {u, } has a subsequence converging strongly to u. For example,
if E is uniformly convex and g : [0,+o0) — R is a continuous, strictly increasing function,
then, by a classical results, the functional u — g(||u||) belongs to the class Wx.

Lemma 2.3 (see [26]). Let E be a separable and reflexive real Banach space; let ® : E — R be
a coercive, sequentially weakly lower semicontinuous C* functional, belonging to Wx, bounded on
each bounded subset of E, and whose derivative admits a continuous inverse on E*; ] : E — Ra
C! functional with compact derivative. Assume that ® has a strict local minimum uy with ®(ug) =
J (uo) = 0. Finally, setting

o = max{O, lim Sup%,lim sup% },

llull = +o0

(2.7)
I ()

ued-1(0,+00) D(u)’

assume that a < ['. Then, for each compact interval [a,b] C (1/f,1/a’) (with the conventions
1/0 = +o00,1/ + o0 = 0), there exists B > 0 with the following property: for every A € [a, b] and every
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C! functional ¥ : E — R with compact derivative, there exists & > 0 such that, for each u € [0, 6],
the equation

D' (x) = AJ'(x) + p¥'(x) (2.8)

has at least three solutions in E whose norms are less than B.

Now, we recall a result which insures infinitely critical points. For all r > infx®, we
put

(SUP e+ (onry ¥ (X)) = ¥ ()
p(r) = inf ,
xe®1((~o0,r)) r—®(x) (2.9)
y =liminfg(r), 6:= liminf ¢(r).
r—+oo

7 — (infx®)*

Lemma 2.4 (see [27]). Let X be a reflexive real Banach space, let @ : X — R be a (strongly)
continuous, coercive, and sequentially weakly lower semicontinuous and Gateaux differentiable
function, and let ¥ : X — R be a sequentially weakly upper semicontinuous and Gateaux
differentiable function. One has

(e) for every r > infx® and every A € (0,1/¢(r)), the restriction of the functional ® — \¥
to @ ((—oo,7)) admits a global minimum, which is a critical point (local minimum) of
O - \¥in X.

(f) if y < +oo, then, for each A € (0,1/y), the following alternative holds:

either
(f1) @ — AW possesses a global minimum
or
(f2) there is a sequence {x,} of critical points (local minima) of ® — AW such that

lim ®(x,) = +oo. (2.10)

n—+oo

(g) if 6 < +oo, then, for each A € (0,1/6), the following alternative holds:

either
(g1) here is a global minimum of ® which is a local minimum of ® — ¥
or

(g2) there is a sequence of pairwise distinct critical points (local minima) of @ — AW, with
limy, 0o P(x,,) = infx D which weakly converges to a global minimum of ®.

3. Proof of the Main Results

In this section, we give the proof of our main results in turn. C;, i = 1,2, ... denote different
constants.
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Proof of Theorem 1.2. We firstly show that I satisfies the P.S. condition. Assume that {u;} ey C

H% is a sequence such that {I(u,-)}]-GN is bounded and I'(uj) — 0asj — +oo. Then, there
exists a constant C, > 0 such that

[T(u)| <G |I'(wj)| <Gy VjeN (3.1)

By (3.1), (2.4), (2.5), (2.6), (V]), (V}), and (g,), we have

2.,
2C + Calluy|| 2 21(uy) = 51 (uj)u;
2\ (M.
= <1—§> J‘O |u]| dt
+f 2
o L0
m 2 m
+ ZZGk (uj(sk)) — 5ng(“i(5k))”f(sk)
k=1 k=1
T T
> (1—3” |uj|2dt+z<1—9)f bl | (32)
0 0 0 0
2\ (M. 2
2 (1-5) ) bl
Q y-2 TN .
w21 )Ml | gt
P -2 -2 2
> min{ (1-3 ),2(1- £ )bl g I
Q 2
> min{ (1= 3 ), 2(1 - § )oct '}

It follows from (3.2) that {u;} jen 18 bounded in H% In a similar way to Lemma 2 in [22],
we can prove that {u;};qy has a convergent subsequence in Hj. Hence, I satisfies the P.S.
condition.

Second, we verify (I1) of Lemma 2.2. By (g,) and (2.4), there exists a 6; > 0 such that,
for any [|ul|e < 61,

Vit )~ 2V (1, u]-)] dt

1
Ge(w)l < = |ul®. (3.3)
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By (2.4), there exists a 0 < 6 < 1 such that, for any ||u|| < 6, the inequality [|u||, < 61 holds.
Then for u € H% with ||u|| = 6o, 6o small enough (0 < &9 < min{(Zbsz)l/z_Y,é}) such that

the following inequality holds

I( )>1fT|'(t)|2dt+bfT| (t)let—LII I3
u 23 . u o u 4:C1 Ul

(1 -2 1
> min{ 5, b}l |} - Flul?

By (V), there exist Cs, C4 > 0 such that
-V(t,u) <Cslul®+Cyq, V(tu)e[0,T] xR".
By (g,), there exist Cs, Cs > 0 such that

Gr(u) < —Cslul’ +Cs, VYueR", ke (1,2,...,m).

To verify (I;) of Lemma 2.2, choose u € H% such that u(sx) #0 for some k € {1,2,...

Hence, we obtain

t2 T T
1 <& fo it Rt + Cslle fo o

= Gst” > Ju(si)|” + C7,
k=1

(3.4)

(3.5)

(3.6)

(3.7)

where Cy is a positive constant. Since 6 > 2, ¢ € [2,0), (3.7) implies I (tu) — —ccast — oo.So,
for t large enough, e = tu satisfies condition (I). By the Mountain Pass Lemma (Lemma 2.2),
I possesses at least one non-zero critical point. Then, by Lemma 2.1, problem (P;) has at least

one non-zero solution.
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Finally, we verify that the solution is generated by impulses. Suppose gx = 0 and u is
a solution for problem (P;). Then, by (V]) and (V;),

T
0= fo [|u|2 - Vu(t,u)u] dt
T " ,
> fo [|u| +b|ul ]dt

T T
zf |u|2dt+b||u||g2f uf?dt
0 0 (3.8)

T T

> f |i|*dt + bc{‘2||u||Y‘2f |uldt
0 0

> rnin{1,bC¥72||u||Yf2}||u||2

. -2
= min{ [[u|l®, bC}?|u|)"}.

This implies that u = 0, that is, problem (P;) does not possess any non-zero solutions when
impulses are zero. Hence, by Definition 1.1, the non-zero solution obtained above is generated
by impulses. O

Proof of Theorem 1.4. In order to apply Lemma 2.3, we let

T
| [Lawp-
o) = [ [F10F -V ue)ar, .
J(u) = = Gr(u(s)).

k=1
Obviously, E = Hy is a separable and uniformly convex Banach space. By (V;), we have
balul* < ©(w) < bllull®, (3.10)

where b; = min{1/2,b;} and by = min{1/2,b,}. Hence, by (3.10) and Lemma 2.1, we can
obtain that ®(u) is a coercive, C! functional, and bounded on each bounded subset of E.
For a sequence {u,} C Hyp, if u, — u € Hy and lim inf,_ ®(u,) < ®(u), then u, —
u € C[0,T]. This means that fOT[(—l/Z)lu(t)l2 — V(t,u(t))]dt is weakly continuous. Hence,
we have that ®(u) = (1/2)]u||® + jOT[(—l /2)|u(t)]> = V (¢, u(t))]dt is sequentially weakly lower
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semicontinuous and lim inf,_, o, |[u||* < ||u||*>. Therefore, {u,} has a subsequence converging
strongly to u, that is, ®@(u) belongs to Wx. For any u € H; \ {0}, we have

T
(@0 ) = [ 100, 0(0) = (Vit, (), u(t)

T
> [ o, uw) + biutop)ar .
0
> min{1, by }|u*.
S0, limjy)|— oo (D' (), u) /||u|| = +o0, that is, @' is coercive. For any u, v € H!, one has
T
(D' (1) - D' (v), u—-v) = fo (u(t) —o(t), u(t) —ot))dt
T
- fo (Valt, u(t)) = Va1, 0(8)), () - 0(£))dt
(3.12)

T
> f () - o(t), i(t) - o(t))dt
0

T
+ f bi|u(t) — v(t)|*dt
0

> min{1, by }|ju - o|*.

So, @' is uniformly monotone. By [28, Theorem 26.A(d)], we have that (@) exists and is
continuous. For any u,v € H. L

(J'(w), ) = = gk (u(sk))u(sk). (3.13)
k=1

Let u, — u € Hy, thenu, — u € C[0,T]. Hence, J'(u,) — J'(u), ¥'(u,) — ¥'(u) asn — co.
Therefore, we have that J' is a compact operator by [28, Proposition 26.2]. In addition, ®@ has
a strict local minimum 0 with ®(0) = J(0) = 0. In view of (H3), there exist 1 > 7 > 0 such
that

-3 Gelw) < Aluf (3.14)
k=1

for any |u| € [0, 72) U (71, +o0). By the continuity of Gk, >;/.; Gk (u) is bounded for any |u| €
[72, 71]. We can choose Cg > 0 and o > 2 such that

m
=Y Gi(u) < Aluf® + Cs|ul (3.15)
k=1
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forany u € RN . Hence, by (2.4), we have
J(u) < ACT|[ul|* + CsCf Jul® (3.16)

for all u € H}. By (3.16) and (H1), we obtain

: ( ) : 1 8 1 o-2 1
J(u < -+ < — . 17
lim sup @) lim sup - [[ae| <1 (3.17)

u—0 u—0

On the other hand, by (H1), — 3} Gk (1) > 0. Then, one has

—Zﬁl G (u(sk)) _ _Z?ﬂ Gk(”(sk))hu(Sk)\STl + —Zﬁl Gk(u(sk))l\u(sk)|>7'1
D(u) - D(u) D(u)

< Co + _Z?:1 Gk(u(sk))|lu(5k)\>‘l'1
~ O(u) D(u)

(3.18)

Co Alu(si)l?
- 2 + 2
bs||ull bs||ul|
Co  ACHu|?

-_ 2 2 4
ballull”  bsllull

where Cy is a positive constant and f|, denotes the restriction of the functional f to the set
A. Hence, we have

AC? AC?
limsupLu) < limsup< G >+ 1> <—1<1 (3.19)
jul—oo P ™ e \baflul® b3 bs

Combining (3.18) with (3.19), one has a' < 1.
By {H»}, we obtain

, Ju) _ -2 Ge(@)
= 1.
ﬂ uelIf}':(I]loo)(D(u) : —ng(t, é)dt il

(3.20)

Then, for each compact interval [a,b] C (1/f,1/a'), 1 € [a,b], there exists B > 0 with the
following property: for every f(t), there exists 6 > 0 such that, for each y € [0, 6],

D' (x) = J'(x) + p¥' (x). (3.21)

Let p = 0, then we can obtain that problem (P;) has at least three solutions in E whose norms
are less than B. 0

Finally, by Theorem 4 in [22], we can prove that problem (P;) does not possess any
non-zero periodic solutions when impulses are zero. By Definition 1.1, problem (P;) has at
least two solutions generated by impulses.
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Proof of Theorem 1.7. Let

aw = [ [Sor - viue)a, .
W) = -3 Geu(si).
k=1

Similar to the proof of Theorems 3.1 and 3.3 in [27], it is easy to see that the functionals @, ¥
satisfy the regularity assumptions required in Lemma 2.4. Let us now verify that

Y < +oo. (3.23)

Let {p,} be a sequence of positive numbers such that p, — +oo and

maXjusp, [~ Skt Gr ()]

maXjujsp, [~ Skt Gr(1)]
= .

lim > = lim inf (3.24)
n— +0o P p—+wo p
If we put, for every n € N,
2
Pnb3
n="5" (3.25)
c

then, by (2.4) and (3.10), ®(u) < r, implies that |lu||,, < pn. Since 0 € @ 1((~00,1,)), the
following inequality holds:

(supxefb’l((—oo,rn))lp(x)> -¥(x)

g (ry) = inf

x€D1((—o0,r)) ry — D(x) (3:26)
< Cimaxusy, [~ iy Ge(w)]
- pubs
Hence,
CZ
0<y< -2 <o (3.27)
bs
From A € A := (Tby/p,bs/Cla), we have
Ac (o, %) (3.28)
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Fix A € A and let us verify that the functional I = ® — A¥ is unbounded from below. In fact,

by the choice of A and the positivity of §, one has that there exists a sequence {y,} in R” such
that limy, _, o |ys| = +o0 and - >}, Gk(yn)/|yn|2 >Tb,/\. Let v, (t) = y,. Then,

I(vn) —f [-V(t,v,)]dt - A [ ch(vn):l
< <Tb2 _ )L_ZZ]:l Gk(y”) > |]/n|2~

2
Yal

(3.29)

Note that Tby — A(— 371, Gk (yn)/ lyx|*) <0, I has no global minimum. Hence, by Lemma 2.4,
there is a sequence {x,} of critical points (local minima) of @ — AW such that lim,, _, ,,,®(x,) =
+00. By Theorem 4 in [22], we can prove that problem (P)) does not possess any non-
zero periodic solutions when impulses are zero. Therefore, by Definition 1.1, the solutions
obtained above are all generated by impulses. O
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