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We study the following second-order periodic system: x” + V'(x) + p(t) = 0 where V(x) has a sin-
gularity and p(t) = p(t + 1). Under some assumptions on the V(x) and p(t), by Moser’s twist
theorem we obtain the existence of quasiperiodic solutions and boundedness of all the solutions.

1. Introduction and Main Result

In the early 1960s, Littlewood [1] asked whether or not the solutions of the Duffing-type equa-
tions

x"+g(x) =e(t), wheree(t+1)=e(t) (1.1)

are bounded for all time, that is, whether there are resonances that might cause the amplitude
of the oscillations to increase without bound. Littlewood suggested studying the following
two cases:

(i) superlinear case: g(x)/x — +ooas x — oo,

(ii) sublinear case: sign(x) - x — +oo and g(x)/x — 0asx — +oo.

The first positive result of boundedness of solutions in the superlinear case (i) was due
to Morris [2]. By means of KAM theorem, Morris proved that every solution of the second-
order system (1.1) is bounded if g(x) = 2x> and e(t) is piecewise continuous and periodic.
This result relies on the fact that the nonlinearity 2x> can guarantee the twist condition of
KAM theorem. Later, several authors (see [3-5]) improved the Morris’s result and obtained
similar results for a large class of superlinear function g(x).
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In 1999, the first result in the sublinear case was proved by Kiipper and You [6] in the
study of

X'+ x| x = e(t), (1.2)

where 0 < a < 1 and e(t) € C*(T). The authors transform (1.2) into a perturbation of an
integrable Hamiltonian system and then prove that the Poincaré map of the transformed sys-
tem is close to a so-called twist map. So, the Moser’s twist theorem guarantees the bound-
edness of all solutions of (1.2). The general sublinear case was considered by Liu [7] under
certain reasonable conditions.

The Littlewood problem for singular potentials is known to be challenging, and there
are only very a few results. Recently, Capietto et al. [8] studied

X'+ V(%) = p(b), (13)

with p(t) is a sr-periodic function and V = (1/2)x2 + (1/(1 - x2)") -1, where x, = max{x,0},
x_ = max{-x,0} and v > 2 is a positive integer. Under the Lazer-Leach assumption that

JT
1+ %f p(to+0)sinfdf >0, Vi eR, (1.4)
0

they prove the boundedness of solutions and the existence of quasiperiodic solution by
Moser’ twist theorem. It is the first time that the equation of the boundedness of all solution is
treated in case of a singular potential.

In this paper, We consider the following sublinearly growing potential:

x"+V'(x) =p(t), (1.5)

where V(x) = x%1 + (1/1-x?)-1, 0<a< 1.
Our main result is the following theorem.

Theorem 1.1. If p(t) € C° is 1-periodic continuous, then all the solutions of (1.5) are bounded.

The idea for proving the boundedness of solutions of (1.5) is as follows. By means of
transformation theory, (1.5) is, outside of a large disc ® = {(x,%) € R? : x> + x> < r?} in
the (x, x)-plane, transformed into a perturbation of an integrable Hamiltonian system. Then,
Poincaré map of the transformed system is close to a so-called twist map in R\ ®. The Moser’s
twist theorem [9] guarantees the existence of arbitrarily large invariant curves diffeomorphic
to circles and surrounding the origin in the (x,x)-plane. Every such curves is the base of
a time-periodic and flow-invariant cylinder in the extended phase space (x,x,t) € R* x R,
which confines the solutions in the interior and which leads to a bound of these solutions.

The paper is organized as follows. In Sections 2.1 and 2.2, we give action-angle var-
iables and some estimates which is useful for our proof. In Section 2.3, we will give an as-
ymptotic expression of the Poincaré map and prove the main result by Moser’s twist theorem

[9].
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2. Proof of Theorem
2.1. Action-Angle Variables and Some Estimates

Without loss of generality and for brevity of arguments, we assume that the average value of
p(t) vanishes; that is, f; p(t)dt = 0. Hence the function P(t) = fg p(s)ds is also 1-periodic in ¢
and is in C®.

System (1.5) is equivalent to the planar Hamiltonian system

X=y+P), y=-Vx), 2.1)

where Hamiltonian is #(x, y,t) = (1/2)y* + V(x) + yP(t).
In order to introduce action and angle variables, we first consider the auxiliary auton-
omous system

X=y, y=-V(, (2.2)
which is integrable with the Hamiltonian

Hy(x,y) = %yZ +V(x). (2.3)

The closed curves Hy(x,y) = h > 0 are just the integral curves of (2.2). Denote by Ty(h) the
time period of the integral curve I';: Ho(x,y) = h and by I the area enclosed by the closed
curve I['y,. Let

_ p1/(+a)
1 Pu=h0. (2.4)

Then, V(-ap) =V (fy) = h
It is easy to see that

Bn
Iy(h) = Zf \/2(h-V(s))ds, Yh>0,

(2.5)
To(h) = Ij(h) = j Z(h V(s Vh > 0.
Denote
P ap
I.(h) =2f \/2(h -V (s))ds, I_(h) = ZI \/2(h =V (-s))ds,
0 0
(2.6)

Pn 1

1
R v e L v =
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Then,

Io(h) = I.(h) + L.(h),  To(h) =T-(h) + T.(h). (2.7)

The following estimates on the functions I, I_, and Iy and T, T-, and Ty are crucial for
this paper. We first estimate I, and T,. Since L. is the area enclosed by the closed curve I', and
y-axis when x > 0, we can easily prove that

hl/(1+u)

I.(h) =2f:h\/2(h—x“+1)dx=2f \/2(h - x**1)dx. (2.8)

0

Let x = th'/(*9 then we get
1 1
L.(h) = 2f \/2h(1 - tia) g1/ 1+ gt = 24/2p (/D 1/ () j V1 - ti+adt, (2.9)
0 0
Since T, (h) = I, (h), we have

1
T, (h) = 2\@(% + %)h-““)“/ (L+a) f V1 - tl+adt, (2.10)
0

a+

We now give the estimates on the function I_ and T_.
Lemma 2.1. One has
d"T_(h)
dhn

drIL(h)
dhr

hn < Chfl/Z,

(2.11)

K" < Ch1/2,

wheren = 0,1,...,6, h — +oo. Note that here and below, one always uses C, Cy, or C() to indicate
some constants.

Proof. Now, we estimate the first inequality. We choose V(s)/h = 1 as the new variable of
integration, then we have

1

T_(h) = fo ;ds = J‘1 vk dmn.
~a V2(h = V(s)) 0 V/(s( ) 4 2(1- )

(2.12)

Since V(s) = (1/(1 - %)) -1 and V(s)/h = 1, we have s = \/nh/(1 + njh). By direct compu-

tation, we have

25 2y/nh(1+nh)?
(1-s2)? Vitnh

V'(s) = (2.13)
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then we get

(=3/2)!

1 7111
d ’
(=(3/2) = n)! IO m(1+nh)(3/2)+n 1

When 0 < 77 < h™! and h sufficient large, there exits Cy such that 1 — 7 > Cy, so we have

T (h) = n=01,...,6. (2.14)

ht n ht n
J‘ ! (3/2)+ dn < CJ n—dﬂ
© y2n(1-m)(1+1h) O y2n(l-n) (2.15)
c (™
< C_ 71”_(1/2)6171 < Ch—(l/Z)—n'
0Jo
Since h™2/3 < 1 < 1, we have
W3 <1+h3<1+nh<1+h, (2.16)

then

Tlnhn

Jd 1,ln dﬂ . c J‘l drl
w2 (=) (14 i) A2 (L= ) (L4 )" (14 h)
1
scf ! dn
w20 J2n(1 =) (1+ k)™
! 1
< Cf dn
o fon (1 - 2
1

< Ch-(1/2-n

(2.17)

dn < Ch~(/2n,

e

Observing that there is Cy > 0 such that \/T -7 > Cowhen k! << h™??and h — +oo, we
have

h72/3 h72/3

" ~(3/2)-n 1
dn < Cih I |
Lﬂ 2ﬂ0—nﬂl+nm6””"ﬂ 1 e WZﬂl—mnwzn
Cy, - - L 1 Ci,_ 1 e (2.18)
<=h (3/2) nI —dn="tn (3/2)-n_ |h
- G o 12 L Co 11"1*1

_ G —(3/2)-n 2/3 —(1/2)-n
= ch (h-h"*) < Ch .

By (2.15)-(2.18), we have T™ (h) < Ch-/2-", n = 0,1,...,6



6 Abstract and Applied Analysis

The proof of the second inequality is similar to the first one, so we only give the brief
proof.
We choose V(s)/h = 1 as the new variable of integration, so we have

Os _ 1 oy 1t
oh V" 7 \1+nyh’

25  2y/nh(1+1h)?
(1-s2) Vitnh

(2.19)

V'(s) =

By direct computation, we have

I_(h) = f \/2(h -V (s))ds = h f V201~ "3/2 dn. (2.20)

V(1 +nh)

By (2.20), we can easily get

1) = 1) + 19 (1) = 372 f S B

d
( (3/2) —n+1)! VI (14 qh)(3/2)+n—1 n
(2.21)
. 3/ J‘ V2(1-n) "
(-(3/2) —n)! NG (1 + nh)(3/2)+n n,
wheren =0,1,...,6.
By the similar way in estimating T (h), we get
1) <chV2=, 19 (h) < ChO/2, (2.22)
which means that
1) <ChVd 4 =0,1,...,6. (2.23)
Thus, we complete the proof of Lemma 2.1. O
Remark 2.2. Tt follows from (2.10) and Lemma 2.1 that
hliTmT_(h) =0, hl_i)rﬂ)()ﬁ(h) = +o0. (2.24)

Thus, the time period Ty(h) is dominated by T. (k) when h is sufficiently large. By Ty(h) =
I;(h), we know Iy(h) is dominated by I. (k) when h is sufficiently large.
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Remark 2.3. 1t also follows from the definition of Iy(h), I_(h), I, (h) and Remark 2.2 that

e ;Z(nh) ‘ < Colo(h), forn>1. (2.25)
In particular,
ch(1/2+1/(+a) < [ () < CR(1/2141/ () (2.26)

Remark 2.4. Note that h = hy(Ip) is the inverse function of Iy. By Remark 2.3, we have

nd"h{l)

I
ar

< Coh(I), formn>1. (2.27)

We now carry out the standard reduction to the action-angle variables. For this pur-
pose, we define the generating function S(x,I) = [./2(h - V(s))ds, where T is the part of
the the closed curve I';, connecting the point on the y-axis and point (x, y).

We define the well-known map (6,1) — (x,y) by

oS oS
y=5,0,  0=5500D. (2.28)

It is well-known that the map is symplectic, since

dx Ndy = dx A (Sxxdx + Sy1dl) = Sypdx Ndl,

(2.29)
dO ANdI = (Sxdx + SppdIl) AdI = Sy d A dI.
From the above discussion, we can easily get
1 x 1
- ds |, ify>0,
To(h(x,y)) J‘—ah 2(h(x - V(s
o | V2(h(x,y) - V() 230)
1 J‘x 1 .
1- ds |, ify<0.
To(h(x,]/)) —an \/Z(h(x/y) —V(s))
Bn
I(x,y) = L(h(x,y)) =2 J’ V2(h(x, ) - V(s))ds. (2.31)
—ay
In the new variables (0, I), the system (2.1) becomes
g-9H  p__0H (2.32)

or’ 00’
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where

H(6,1,t) = ho(I) + Hi(I,6,1), (2.33)

where hy(I) is the inverse function of Iy(H) and Hi(I,0,t) = y(I,0)P(t).
In order to estimate Hi(I,6,t), we need the estimate on the functions x(I,0) and
y(I,0). For this purpose, we first give some definitions which are very similar to those in [4].
Define a function L in terms of h and V by

L(x,I) = —F;I—III + %(W - %) (2.34)

and a linear differential operator acting on functions of x, I, according to
hy \% 1
L(f) _7{<f7x>x_§f}+f“ (2.35)

where f(x,I) is a smooth function, and we denote .£" = Lo--.0 £.
—

The following equality (its proof can be found in [4]) is crucial for the proof of the fol-
lowing lemmas:

d (* 1 * 1
dl f J(s:1) N V(s)ds - f £(f) N V(s)ds 036
X 1 ’
+ f(x, I) J‘_ah L(S, I)\/h_—mds

Before giving the estimates on x(I,0) and y(I,0), we now prove some lemmas which
will be used frequently in the following proof.

Lemma 2.5. Suppose that there is a constant Cg such that |g(x, )| < Col ™, then one can find a con-
stant C{y and C such that, for —a; < x <0,

o g(sI)

—ay VI =V (s)

ds

< CyI'*\/h-V(x), (2.37)

V'(x)

\/h-V(x) I B \/% < C I ay + x). (2.38)
Proof. We now prove (2.37). Let

G(x,I):I’k—Vh_V(x) F(x,I) = ) g(s,I);dS, (2.39)

Vi) WS Ve
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then

F(-ap, I) = lim G(x,I) =0.
X——ay

By direct calculation,

Since

we have

that is

OF(x,I)| _ 1 N 1
552 e e s e i
0G(x,I) _ I_k<<V'<x>>2 + (h- V<x>>V"<x>> 1
ox (V'(x))? VE-V(x)
Vi < (= x?)’ +4x24(1 =)
(1-22)
(V@) + (- VE)V'(@)
(V'(x))?
By |g(x, I)| < CoI %, there is C) = 2Cy such that
: _k<<V'<x>>2 + (h- V<x>>v"<x)> 1
- CloI -
(V'(x)) (h-V(x)
< OF (x,I)/0x
T \2h -V (x)
- ( (V'(x))* + (h - V<x>>V"(x>> 1
- (V'(x))? V-V (x)’
B CE)@G(x,I) COFGD) 6G(x,I),

which means that

ox ~ ox ~ 9 ox

-CyG(x,I) < F(x,I) < CyG(x,I).

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)
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That is,

< CI™*\/h -V (x). (2.47)

'v«x) f g(s, 1)

1
h-V(x)

Thus, we complete the proof (2.37).
Now, we prove (2.38). Let

& (an+x)

* 1
G(x,I)=1 , F(x,I)= f g(s,I) ——=ds. (2.48)
Vh-V(x) —_— Vh-V(s)
Then, we have
F(-ap,I) = lim G(x,I) =0. (2.49)
X——ap
By direct computation, we have
OF (x,I) 1 L1
= X, [)———————| < CpI " ——,
=5 ‘g( Vaven |- Vv 0
GGCLI)_I%<1+_V%xﬂah+x)> 1 '
ox 2(h=V(x)) /\/h-V(x)
Since V"(x) > 0 and h = V(-ay, + x), it follows that for
V'(x) (an) 1
e <7 231
so for C} > 2Cy + 1, we have
,0G(x,I) OF(x,I) ,0G(x,I)
< ax = ox < ox (2:52)
which means that
-CG(x,I) < F(x,I) < C|G(x,I). (2.53)
By the definition of G(x, I), we have
‘Vh—V@ﬂ%LD < CiI*(ay, + x). (2.54)

Thus, we complete the proof of (2.38) and Lemma 2.5. O
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By Lemma 2.5, we have the following Lemma which is important to our estimation.

Lemma 2.6. One can find a constant C such that, for —ay, < x <0,

* L(x,I) C .
ak< e —~ s >‘ < Vi )1 kDA /h =V (x), (2.55)
wl (7 L(x,I) C —(k+1)
d < v —= s >‘ < —h_v(x)l (ap + x), (2.56)

where 0 < k < 6.

Proof. When k =1, we have

X

x 1 1 x 1
o Uh = V(s) ds) - Ia,, () Vi-V(s) ds+ Lfah N V(s) as

(2.57)

By the definitions of L and £, we have |L| < CI"! and |£(L)| < CI2. By (2.37), we obtain

—I Vh-V. 2.58
J \/h V(s (238)
Suppose that k = I, we have
I \/h-V. 2.59
<I \/m > (259)
We now proven that when k =1+1,
ot f I VR -V, 2.60
(Vi) v =
By direct computation, we have
L L x /1’+1(L)
al+1 J = ds)=1o"(pm al—m—n = ds
I < WTE > { 1 (L"(£))or W TETe e
(2.61)

where {fi, f2,..., fn} denotes linear combination of functions f, ..., f, with integer coeffi-
cientsand 0 <m+mn<1.
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Since | £(L)| < CI"2, we have £*1(L) < CI-"2). By (2.37), we obtain

x _£l+1 (L)

——ds I ED\/h-V. 2.62
an V=V (s) (262

By direct computation, we get
(L™ (L)) < CItmn+) (2.63)

By assumption (2.59), we have

C
al m-n f I (I-m-n+1) h-V. 2.64
(L g ooy o
So, we have
C

or(Lm(f))amm —I\/h-v. 2.65
e ([ ot < preay 265)

By (2.62) and (2.65), we have
oLt f —I"\h-V. 2.66
(el 250

Thus, we have proved (2.55).

The inequality (2.56) can be proved by (2.38), and the process of proof is similar to
that of (2.55), so we omit it.

Thus, we have proved Lemma 2.6. O

Now, we give the estimates of x(I,0) and y(I, 0).
Lemma 2.7. For I sufficient large and —ay, < x < 0, the following estimates hold:

o"x(I,0)
oIn

a"y(1,6)

Ii’l
oI

" < Clx(L,6) +1],

for0<n<6. (2.67)

Proof. We now prove the first inequality. It is sufficient to prove that

o"x(I,0)

ITl
oI

<C(1 +x). (2.68)
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Case k = 1. Differentiating (2.30) by I and noting 1/T, = h;, we have

ds + hyoy J‘ ! ds |. (269)

i \2(h(x,y) - V(5))

1

0=nhp
j V2(h(x,y) - V()

Now, we choose V (s)/h = 1 as the new variable of integration, so

x 1
o ds
-[—ah \/2(h(x,y) -V(s))

5 J-V(x)/h \/E 1 dn

=0r
o Vis(th)\21-7y)

V'xth - Vh1h1/2 J'WxW’ (1/2)h™Y2V'h; — hY/2V"(8s/0I) 1
h? \/2(1 1) (V')? \2(1-7)

_ X1 _ I’l] Z_’_E
V2(h=V) h\2(h-V)V' h

dn

N J<V(x)/h (1/2)h—1/2vlhI - hl/ZV"(aS/aI) \/E Klds
0 (V)2 Va(=v) B
(2.70)
Observing that
0s hm / vv”
ds _ I AL 2.71
= W v (271)

and simplifying, we have

_ X1 _ h[ K E * ,_1 ds
(270) = Vah-V) ANV Tk Io (W 2>\/2(h—V)' @72)

By (2.69)—(2.72), we have

xr(0,1) = \/2(h - vf L(s, 2(h = ))d +%W(x). (2.73)

Since |L| < CI"!, by Lemma 2.6, we have

_ ) o S
’\/(2(;1 V))f_uhL(s,I) 2(h—V(s))ds < CI'Y(ap + x). (2.74)
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We observe that

Wi(x) = %x(l -x)(1+x), (2.75)

where -1 < x <0, s0 [W(x)| < C(1 + x), which means that

hy

W(x)‘ <CI'Y(1 +x). (2.76)

By (2.74) and (2.76), we have |x;| < I"}(1 + x).
We suppose that

|a’;*1x| <17 D1+ x), (2.77)

where 1 < k < 6. We will prove [0¥x| < I7%(1 + x).

For this purpose, we firstly estimate \/2(h — V(x)). We differentiate \/2(h - V(x)) in
(2.73) and using (2.73), then we obtain

LY _h s ACNN 1
dI\/z(h V(x)) h\/Z(h V() - — IahL(s,I) 2(h—V(s))ds' (2.78)

Since |h;/h| < CI"!, we have

%\ /2(h - V(x))| < CI"™/2(h - V(x)). (2.79)

By (2.37), we have

< CI'W/2(h - V(x)). (2.80)

I

‘ V' (x)

! d
V2(h=V(s))
By (2.78)—(2.80), we have

< CI'/2(h -V (x)). (2.81)

a1< 2(h - V(x)))

We suppose that when n < k -1,

ay( 2(h - V(x))) | < CI™™\/2(h - V(x)). (2.82)
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We will prove that when n = k,

< CI™/2(h -V (x)).

o (2in-ve)

By direct computation, we have

a’;( 2(h—V(x))> = {v<k1>a§1x---a’;“xa’;3 <f L(s,I) !

—ds
~ay 2(h-V(s))

or (3 )or (Vat-ve) }

wherell+---+lk1_1 =k2, k2+k3=k—1andk2 <k1 <k, k3 < k.
By the assume (2.77), we have

I, - —1q—
|0y x| < 1+ BT

By (2.55), we get

s (" 1 L
0; <I L(s,I) 2(h—V(s))ds>‘SV'I 2(h-V(x))

—ay,

By (2.85), (2.86) and noting the fact that
1 +x) 1ok(V) < c<|v’| +(1+ x)k1+1>, 1<x<0,

we obtain

Z V(kl)alllx ‘e 6lIk1’1x6’;3 ’[ L(S,I);ds
—ay 2(h-V(s))

C =1 7—(kp+ks+
<y vV<’<1>(1 + )itk 2 (h — V(x))

gl

< CI'®4/2(h - V(x)).

By assumption (2.82), we have

a’;-m-1< 2(h—V(x))>‘ SCIk‘m‘1<\/2(h—V(x))>.

I"®4/2(h - V(x))

15

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)
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By (2.89) and the fact that |0} (h;/h)| < CI-(™1) we have

‘Z o <%> ok-m-1 (M ) < CI*/2(h - V(). (2.90)

So, by (2.88) and (2.90), we have proved (2.83).
By (2.56), we have

T L(x, ) C

m<wwwwM@kzwwm

17D (a4 x). (2.91)

By (2.83) and (2.91), we have

o" (\ /2(h - V(x))>am <jx L(s, 1)md5>

< CI—(m+n+1) (ah + x)

~a (2.92)
< CI"* D (q, + x).
By the assumption (2.77), the fact that 87’3 (h1/h) < CI"™*1) and noting that
h k [ )
al<#w> =Y Wmglix... 5 1x613<71), (2.93)
where my <my, Iy + -+ + 1, = My, my + m3 = k, we have
or <EW> < iw("ll)I—(lﬁ"-”ml)(l + x)mlI—(m3+1)
W <
k
< CZW(ml) (1+x)™ [~ (ma+ms+1) (294)
< C(1 + x) "%+,
By (2.92) and (2.94), we have
ok x ia"<\/2(h V(x))>am (JX L(s, 1) ! ds> + 6k<hIW(x)>
1= - ) ——— -
! - 2(h =V (s)) h (2.95)

<CI'®™D(1 4+ x) <CI-®™D(1 + x),

which means

ofx < CI'*(1 +x). (2.96)
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We now prove

"y (1,0
1"%(7) <V (2.97)

Since

h(I) = %f +V(x), (2.98)

we have

y =+\/2(h(I) - V(x)). (2.99)

we have proved (2.83), so we have

I”% <C- Iy, (2.100)
which means that
L ACL) P ho(I). (2.101)
ol
The proof of Lemma 2.7 is complete. O

Remark 2.8. Lemma 2.7 also holds when x > 0. Since the idea and the process of the proof is
more easily than that of Lemma 2.7, we omit the details.

Now, we give the estimate of H{(I, 0, t).

Lemma 2.9.

0k0l0L H1(1,0,1)
oIkt 00!

k

<C-A\/ho(I), k+i<7,i=0,1. (2.102)

Proof. This lemma can be proved easily form the definition of Hy and |y (6, )| < \/2ho(I). O

2.2, New Action and Angle Variables

Now, we are concerned with the Hamiltonian system (2.32) with Hamiltonian function
H(0,1,t) given by (2.33). Note that

1d6 - Hdt = —(Hdt — 1d6). (2.103)



18 Abstract and Applied Analysis

This means that if one can solve I form (2.32) as a function of H (6 and t as parameters), then

dt
dae

dH

ol
a = e O

_ _%(t, H,6) (2.104)

is also a Hamiltonian system with Hamiltonian function I, and now, the action, angle, and
time variables are H, t, and 6.
Form Remarks 2.3 and 2.4, we have

%—I}I —1, asl— +oo. (2.105)

Hence, by the implicit function theorem, there is a function I(t, H, 0) such that

H(0,I(t,H,0),t) = H. (2.106)
By Lemma 2.9, we have
Hy(0,1,t)
T(I) —0, asl — +oo. (2107)

So, there is a function R(t, H,0) with |R| < (1/2)H such that
I(t,H,0) =1y(H-R(t, H,0)), for H— +oo. (2.108)

Let

Li(t, H,0) = I,(H - R(t, H,8)) — Io(H) = r I,(H - sR(t, H,0))R(t, H,0)d0.  (2.109)
0

Then,

I(t,H,0) = Iy(H) + I (t, H,0). (2.110)

From Remark 2.3, we have known the estimate of Iy(H), so we need to give the estimate of
I;(t, H, 0). For this propose, we need firstly the following Lemma on the estimate of R(t, H, 0).
Lemma 2.10. The function R(t, H, ) possesses the following estimates:

0*'R(H,t,0)
OkHO't

k <H?, (2.111)

fork+1<6.
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Proof. From (2.108) and (2.110), it follows that

R(t,H,6) = H1(6, I,(H - R), t). (2.112)

When k + 1 =0, by Lemma 2.9, we have

|R(tr H, 6)| = |H1 6,I(H - R), t)l

<C-\/ho(Io(H - R))

(2.113)
<C-vH-R
<C-vH.
When k + 1 = 1, we first denote
A= %(G, Iy(H - R),t)I)(H - R). (2.114)
By Remark 2.3, we observe that Ij is increasing and
1 3 1
IO<§H> <Iy(H) §10<§H> SC-IO<§H>. (2.115)
By Lemma 2.9 and (2.115), we have
O0H; ,
|Al = T(QIIO(H— R),t) - I,(H - R)
1 )
<Co—— . — . —
<C LH-R \Vho(lo(H - R)) - I(H - R)
1 3 1 3 (2.116)
<C-—\/I=H- ——— - I)( =H
=S nam 27 enon o(37)
<C- H—1/2
1
< =
-2
So,
1
1+A> 5. (2.117)
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By direct computation, we have

‘ dR| _ '(aHl/aI)(G, Iy(H - R),H)Ij(H - R)

oH 1+A
oH
<C- ‘ L(6,1o(H - R), ) I)(H - R)‘
<C-H?,
- (2.118)
OR| _ | (@H1/3)(lo(H - R))
- 1+A
oH
< | -r)
S C . Hl/z.
By (2.118), we can easily get
O R(H,t,0)
M| <HY~ 2.119
okHO't |~ ( )
When k + 1 > 2, one may get
0**'R(H, t,0) C0"Hi ' y(H-R)  9"Io(H - R)
PRI ") OH  9HM (2120
where 1 <n <k, ji +---+ ju, < k. Itis easy to verify
OR(H,t,0)
— | <C-HYY K 2.121
okHo't |~ ( )
for k + 1> 2. This complete the proof. O
Now, we give the estimates of I; (¢, H, 0).
Lemma 2.11. The function I, (t, H, 0) possesses the following estimates:
k+1
k ot Il(Hr t,9) < Hl/(l+a), (2122)
OFHO't

fork+1<6.
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Proof. When k =1 = 0. By Remark 2.3 and |R| < (1/2)H, we have

(H - sR)Y/ @ e ((3/2)H)" <C. Y/ r0-1/2)

Iy(H - sR(t,H,0)) <C- < (2.123)
0 (H_SR)l/Z ((1/2)H)1/2
By Lemma 2.10, we know
IR|<C-HY2. (2.124)
Since
JT
Li(t H,0) = f Iy(H - sR(t, H,0))R(t, H, 6)d6, (2.125)
0
it is easy to get that |[I;| < C - HY/ 1+,
When k +1 > 1. By direct computation, we have
kI, (t, H, 0) T okh Il (t, H, 0) ok*2R(t, H, 0)
kA , 2.126
SHRa f o oHFoth oHMot: (2.126)

where k1 + k; = k, I; + I = 1. Now, we need to estimate the first term of the integrand. The fol-
lowing equality is important:

ok*hIl(t,H,0)
OHk oth

oMy oMy oty Olathay

Lo m 9T (2127)
OH™  9H™ OHidtm  9HIdt"™

1
=3 17"V (H - sR)

whereu = H-sR,p<m,q<n,ny,...,ng>0,my,....my >0, +---+ny;=n,m +--+
My +ji1 +- -+ j; = m. Assume that there are (< p) members: my, ..., mgin {my, ..., m,} which
equal to 1. Noting that

ou OR oku OkR
| = <« il M <. ygA/2)-k
‘aH 1+saH <C, Sk | S 30w <C-H , k>1,
(2.128)
ak+lu ak+1R
<C-HWYWP™* >0,
oH ot | = |oH ot | = g
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By the above discussions, we have

. HA/ 2 (p=P)=(mpat-tmy) | pr(1/2)g=(r++jg)

0Hkoth (H - sR)P+*!

ak1+11 I t, H, 0 _ 1/ (1+a)+(1/2)
0( )' <C. (H - sR)

HO2H D 1 /2) (pegp) py~(m=p)
+q- —(m-—
<Co—g— HYP P H (2.129)

< CH-W/2+1/+a)-m | pr(p+q-p)((1/2)-1)

< CH—(l /2)+1/(1+a)—m‘

By Lemma 2.10, we have known

O R(H, t,0)
M < g2, 2.130
OkHO't - ( )

then we have
oI (H, t,0)

k|2 | o oyl O, 2.131
OkHO't - ( )
O

2.3. Proof of the Main Result

Up to now, we have given an equivalent form of (1.5), that is, the system (2.32), which is
expressed in the action and angle variables (H, ). In this section, we first introduce some
transformations such that in the transformed system, the perturbation terms of (2.32) de-
pending on the new angle variable are very small if the new action variable is sufficiently
large and then prove, by Moser’s twist theorem, the statement of Theorem 1.1.

Lemma 2.12. There is a canonical transformation ¥ : (A, 7) — (H, t) of the form

Y:H=A+U(t,\,0), t=1+V(r,\,0), (2.132)

where the functions U and V are 1-periodic in 0 and satisty

u(T'T)L'G),V(T, A,0)—0 as )l — oo, (2.133)
uniformly for (t,0) € T? such that under this mapping, the system and the Hamiltonian function I in
(2.110) is changed into the form

di
de

dr oKX

= 22(1,0), (2.134)

oK
- _E (T/ -A'/ 9)/
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where

K(t,A,0) =Io(X) + [I1](A, 0) + M(T, A,0), (2.135)

with

1
[L](A,6) = L Li(t, A, 0)dt. (2.136)

Moreover, the new perturbation /M possesses the estimate

—— M(1,\,0)| <C-A7F+1/2) (2.137)

ak+l
oAkoT!

Proof. We will look for the required transformation ¥ by a generating function ¥ (¢, A, 0) in the
following way:

_ . 97 _, ., 9F
H=1+20(t4,0),  m=t+70(51,0), (2.138)

where the function & will be given later. Under ¥, the transformed system of (2.104) is of the
form

dr oK dr oK
d_e - _E(T/ )‘/ 6)1 d_Q - _aT(Tr )‘1 6)/ (2139)
where
) oF OF .\ . OF
K(t, A, 0) —IO<A+E> +I1<t,)t+ 5,9) +E' (2.140)
By Taylor’s formula, one can write
14\ OF
K(t, L, 0) =1H(A) + IO(A)E + I(t, A, 0) + M(T,\,0), (2.141)
where
_oF (! . OF\ [OF\° "o OF OF
M(T,A,0) = 30 + fo (1-s)I, <A + s§> <¥> ds + fo 30 <t,)u + 55,9> . Eds.
(2.142)
We choose
|
F(t,A,0) = —f —— - (I1(t, A, 0) — [11] (A, 0)). (2.143)
0 I (L)

Then, X is of the form (2.135).
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We now show that M satisfies (2.137). From Remark 2.3 and Lemma 2.11, it follows

that
ak+k+i ke (1/2)
—k+
m?(h L,0)|<C-A , (2.144)
fork+i+1<6andi=0,1.In particular
m?(t, L) <CA o< 5 (2.145)

if A > 1. So we can solve the second equation of (2.138) for ¢,

t=1+V(t,\,0), (2.146)
where the function V satisfies
oF
V(t, A, 0) = —a—)L(T +V,4,0). (2.147)
Set
U(r, A, 0) = aa—T(T +V,1,0). (2.148)

Then, the canonical transformation ¥ is of the form (2.132). Moreover, similar to the proof of
[5, Lemma 2], we can verify that

ok k+(1/2) ok k-(1/2)
—U(r,\,0)|<C- A" , ——V(1,1,0)| <C- 17 , 2.149
)axkarl (7 4.0) ‘axkarl (7 4.0) (2149
fork+I1<5and U/\,V — 0as A — +oo. Let
_oF
¢1(7,1,0) = E(T +V,1,0),

1
b2(r1,8) = [ =910+ sl - Ui, (2.150)

0

1
¢3(7,1,0) = %(T+V,)L+sll,9)~Uds.
o 0H
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It is not difficult to prove that

(T/ )‘/ 9) S C : A—k+(1/2),

ak+l
' ko

——— (1, 1,0)| < C- AU/ Lm)=(172)

ak+l
oAkoT!

———i1(1,1,0)| < C- AU/ Lm)=(1/2)

ak+l
OAkoT!

fork+1<5 Notethat0 <a<1,wehavel/(1+a)-1/2<1/2.
Hence, we have

———— M(7,1,0)| <ATF/2),

ak+l
o\kor!

The proof of Lemma 2.12 is complete.
For 1g > 0, we denote by A), the domain

A ={(,7,0) |12 4,(7,0) € T2},

25

(2.151)

(2.152)

(2.153)

O

Lemma 2.13. The Poincaré mapping P of (2.134) has the intersection property on Ap,, that is, if T is

an embedded circle in Ap, homotopic to a circle A = const. in Ap,, then P(I') T #0.

Proof. The proof can be found in [5].
Definite a diffeomorphism ¥; : Ay, x S' — Ay, x St

v =I)(H), T=r1, 0==6.

Then, the system (2.134) under the transformation ¥; becomes

dv

dt
%:fl('/\'/tle)l —:V+f2(-)(—,t/9)/

do

where

o[h]
oL

0 0
file v 0) =) P w00),  foirr6) = 0,0+ Pr 1,0,

with A = A(v) defined through the transformation ¥;.

(2.154)

(2.155)

(2.156)
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Now, we estimate f; and f5. Since

¢ V=072 < (1) < €. AV A0-072) ‘3[11]
— — 4 A

we have

C'A2(1+a)/(1—a) < )L(V) < C- )L2(1+tx)/(1—a),

then

A>1e—=v>1.

Moreover, we have

ak
<C-vFA(w).
ov
When 0 < a < 1, we have
ak+l
oNkdT g M A0) <C- AkH(1/2)
1 1
2 T+a . L
SO
ak+l
ovkor lfl(T,v,e) <C- 7k ")‘72 'vikIO(‘)L) ')Ll/z

<C- V_k.)L_a/(1+a)
<C- v—k+(—4a/(1—zx))

<C.vko

ak
o le(T v, 9) < C'V_k . ()L—l/Z +/\1/(1+a)—1>
< C.yk . VW1

< C.pk-Ca/(1-a)

<C.vko

= 7

forall k +1 <4, where 0 = min{4a/(1 - a),2a/(1-a)} =2a/(1 - a) > 0.

< C- ./\1/(1+“) -1

(2.157)

(2.158)

(2.159)

(2.160)

(2.161)

(2.162)
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Since fi and f, are sufficiently small as v > 1, all solution of (2.155) exist for0 <8 <1
when the initial values v(0) = \ are sufficiently large. Hence, the Poincaré map ® associated
to (2.155) is well defined on Ay, as 1o > 1. In fact, by integrating (2.155) from 6 = 0 to 6 = o,
we see that @ has the form

(O Ty =Tp+ Mo+ El (to, )Lo), vy =y + Ez(to, )Lo), (2163)

where Z; and I, satisfy the same estimates as those of f; and f; that is,
okol=; <ve, (2.164)

wherei=1,2, 0<k+1<4.
Since @ satisfies all the assumptions of Moser’s twist theorem [9], from which we con-
clude that for any w > 1 satisfying

‘w—§| 2c0|q|_5/2, g €Q. (2.165)

There is an invariant curve I',, of @ which is conjugated to pure rotation of the circle with
rotation number w. Tracing back to the system (2.32), I, gives rise to an invariant closed
curve of the Poincaré map @ of (2.32) with rotation number 1/w which surrounds and is
arbitrarily far away form the origin. Hence, all solutions of (1.5) are bounded. This completes
the proof of the Theorem. O
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