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1. Introduction

We will be working on a space of homogeneous type. Let X be a set endowed with a positive
Borel regular measure y and a symmetric quasimetric d satisfying that there exists a constant
x> 1suchthatforall x,y, z € X, d(x,y) <x[d(x,z) +d(z,y)]. The triple (X, d, p) is said to be
a space of homogeneous type in the sense of Coifman and Weiss [1] if y satisfies the following
doubling condition: there exists a constant C > 1 such that for all x € X and r > 0,

u(B(x,2r)) < Cu(B(x,1)). (1.1)

It is easy to see that the above doubling property implies the following strong homogeneity:
there exist positive constants C and n such that forallA > 1,7 >0,and x € X,

u(B(x,Ar)) < CA"u(B(x,1)). (1.2)
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Moreover, there also exist constants C > 0 and N € [0,n] such that forall x, y € X and r > 0,

u(B y,r))<c<1+d(x’y)> u(B(x,7)). (1.3)

We remark that although all balls defined by d satisfy the axioms of complete system
of neighborhoods in X, and therefore induce a (separated) topology in X, the balls B(x, r) for
x € X and r > 0 need not be open with respect to this topology. However, by a remarkable
result of Macias and Segovia in [2], we know that there exists another quasimetric d such that

(i) there exists a constant C > 1 such that forall x, y € X, C‘lc?(x,y) <d(x,y) < Cc?(x,y);
(ii) there exist constants C > 0 and y € (0, 1] such that for all x, x', y € X,

|¢§(x, y) — g(x',y)| < C(&(x, x'))Y(g(x,y) + g(x',y))liy. (1.4)

The balls corresponding to d are open in the topology induced by d. Thus, throughout this
paper, we always assume that there exist constants C > 0 and y € (0,1] such that for all
x,x,yeX,

|d(x,y) - d(x,y)] < Cd(x %)) (d(x,y) +d(x, )7, 15)

and that the balls B(x, r) for all x € X and r > 0 are open.
Now let k be a positive integer and b € BMO (X), define the kth-order commutator My, x
of the Hardy-Littlewood maximal operator with b by

Miif(5) = sup— flb(x) b [* £ () | du(v) (1.6)

for all x € X. For the case that (X, d, ‘u) is the Euclidean space, Garcia-Cuerva et al. [3] proved
that My is bounded on L?(R") for any p € (1,00), and Alphonse [4] proved that M;; en-
joys a weak-type L(log L) estimate, that is, there exists a positive constant C, depending on
|IbllBMoO (rry, such that for all suitable functions f,

[{x € R" : Mp1f(x) > A}| SCJ‘R'[@bg <e+|f()t—x)|>dx. (1.7)

Li et al. [5] established a weighted estimate with any general weight for M;; in R". As it was
shown in [3-5] for the setting of Euclidean spaces, the operator M x plays an important role in
the study of commutators of singular integral operators with BMO symbols. In this paper, we
establish weighted estimates with general weights for My« in spaces of homogeneous type. To
state our results, we first give some notation.

Let E be a measurable set with y(E) < co. For any fixed p € [1,00), 6 > 0, and suitable
function f, set

I gy = inf {40 @L('ﬂf)') o (e+ B Maum <1} as)

The maximal operator M, o, )¢ is defined by M, 16 f(X) = supp. [l fll;pgogr)e,r Where
the supremum is taken over all balls containing x. In the following, we denote M, ) by
M g 1ys for simplicity, and denote by L°(X) the set of bounded functions with bounded
support.

With the notation above, we now formulate our main results as follows.
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Theorem 1.1. Let k be a positive integer, p € (1, 0), and b € BMO (X). Then for any & > 0, there
exists a positive constant C, depending only on p, k, and 6, such that for all nonnegative weights w and
feLy X)),

LC(Mb,kf(x))pw(x)dy(x) < C”b”g/[o (X)LCV(X)|pML(logL)kp+aw(x)d,u(x). (1.9)

Theorem 1.2. Let k be a positive integer, b € BMO (X), and 6 > 0. There exists a positive constant
C = Ck,bllsmo ) Stch that for all nonnegative weights w, f € L?(u) and A > 0,

L, @l

w({xex:Mb,kf(x)m})ch@bgk( 1

>ML(10gL);+5w(x)dy(x), (1.10)

where, and in the following, k=k if k is even and k=k+1 if k is odd.

As a corollary of Theorem 1.2, we establish a weighted endpoint estimate for the max-
imal commutator of singular integral operators with BMO (X) symbols. Let T be a Calderén-
Zygmund operator, that is, T is a linear L?(X)-bounded operator and satisfies that for all
f € L*(X) with bounded support and almost all x ¢ suppf,

Tﬂw=Lmeﬂwww» (1.11)

where K is a locally integrable function on X x X\ {(x,y) : x = y} and satisfies that for all
X2y,

C
K(x, ———, 1.12
K< LG de ) Y
and that forall x, y, y' € X with d(x,y) > 2d(y,v'),
d(y,v'))"
|K(x,y) - K(x,y)| + |K(y,x) -K(y,x)| <C (d(y.y)) (1.13)

u(B(x,d(x,)))(d(x,y))"

with positive constants C and 7 < 1. For any e > 0, suitable function f and x € X, define the
truncated operator T, by

nﬂm=f K(x,y) f (y)du(y). (1.14)

d(x,y)>e

Let b € BMO (X) and let k be a positive integer. Define the commutator T¢y, by

Tepof(x) =Tef(x), Tepf(x) = b(X)Tesph-1f(xX) = Tepr-1(bf)(x) (1.15)

for all x € X and f € L?(X). The maximal operator associated with the commutator Tjx is
defined by

Ty o f (x) = sup|Tepx f (%) | (1.16)

e>0
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for all x € X. In [6], it was proved that if T is a Calderén-Zygmund operator, then for any
p € (1,0), there exists a positive constant C such that for all f € L;°(X) and all nonnegative
weights w,

fx|Tglkf(x)|pw(x)dﬂ(x) < C||b||§§,lo(ﬂ)'l‘x|f(x) |pML(10gL)(k+1>p+5w(x)dy(x). (1.17)

In [5], it was proved that in R", T;, enjoys the following weighted weak-type endpoint esti-
mate: for any 6 > 0, there exists a positive constant C, depending on 1, 6, and ||b|[gmo (), such
that

w({xeR": T, f(x) >1}) < CIR U()L—x)l log (e + U()t—x)|>ML(log)z+aw(x)dx. (1.18)
Using Theorem 1.2, we will prove the following result.

Theorem 1.3. Let T be a Calderén-Zygmund operator. Then for any b € BMO (X), nonnegative
integer k and 6 > 0, there exists a positive constant C, depending on k, 6, and ||b||gmo (x), such that for
all A > 0, f € L?(X) and nonnegative weights w,

|f ()]
X

w(x)du(x) < C L@logk (e + >ML(10gL)k+1+aw(x)dy(x). (1.19)

,[ (x€X:T;, f(x)>))

We mention that Theorems 1.1, 1.2, and 1.3 are also new even when w(x) = 1 for all
x e X.

We now make some conventions. Throughout the paper, we always denote by C a pos-
itive constant which is independent of main parameters, but it may vary from line to line. We
denote f < Cgand f > Cgsimply by f < gand f 2 g, respectively. If f < g < f, we then
write f~g. Constant, with subscript such as C;, does not change in different occurrences. A
weight w always means a nonnegative locally integrable function. For a measurable set E and
a weight w, yr denotes the characteristic function of E, w(E) = fE w(x)dp(x). Given A > 0 and
a ball B, AB denotes the ball with the same center as B and whose radius is A times that of B.
For a fixed p with p € [1,00), p’' denotes the dual exponent of p, namely, p' = p/(p — 1). For
any measurable set E and any integrable function f on E, we denote by mg(f) the mean value
of f over E, that is, me(f) = (1/pu(E)) [ f (x)du(x). For any locally integrable function f and
x € X, the Fefferman-Stein sharp maximal function M*f (x) is defined by

M*f(x) = sup

. ﬁf}glﬂy) ~ ()| dy), (1.20)

where the supremum is taken over all balls B containing x. For any fixed g € (0, 1), the sharp
maximal function M f of the function f is defined by M} f = (M*(| f|7 ).

A generalization of Holder’s inequality will be used in the proofs of our theorems. For
any measurable set E with p(E) < oo, positive integer /, and suitable function f, set

i 1 lF@ N
”f”eXPL”l,E =infqA>0: Im exp N du(x) <2¢. (1.21)
E
Then the following generalization of Holder’s inequality:
1
u(E) ,[Elf(x)h(x)ld#(x) < C||f||L(1ogL)1,E||h||expLl/l,E (1.22)

holds for any suitable functions f and h; see [7] for details.
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2. Proof of Theorem 1.1

To prove Theorem 1.1, we need some technical lemmas. In what follows, we denote by M the
Hardy-Littlewood maximal function. Moreover, for any s > 0 and suitable function f, we set

M(f) = IM(IfI5)1"°.

Lemma 2.1 (see [8]). There exists a positive constant C such that for all weights w and all nonnegative
functions f satisfying u({x € X : f(x) > A}) < oo forall A > 0, then

(i) if p(X) = o0,

[ rwuedpe < Mre0MuwEdpeo 1)
X X

(ii) if p(X) < o0,

[ Feomtduto < €[ M0 M@ dutx) + CotOme ). (22)

Lemma 2.2. For any q € (0,1), there exists a positive constant C such that for all f € LP(X) with
p € [1,00) and all x € X, M} (Mf)(x) < CM*f ().

For the case that (X,d, u) is the Euclidean space, this lemma was proved in [9]. For
spaces of homogeneous type, the proof is similar to the case of Euclidean spaces; see [6].

Lemma 2.3. Let p € (1, o0) and let k be a positive integer.

(a) There exists a positive constant C, depending only on k and p, such that for all f € L;°(X)
and all weights w,

LC [ML(IOgL)kf(x)]pw(x)d/l(x) < CJ.x|f(x) |” Mw(x)dp(x). (2.3)

(b) For any 61 > 0, there exists a positive constant C, depending only on k, p, and 61, such that
forall f € L?(X) and all weights w,

L(Mk £ Mg 1yt 0] () < cL O [w@] Pduz).  (24)

For Euclidean spaces, Lemma 2.3(a) is just Corollary 1.8 in [10] and Lemma 2.3(b) is
included in the proof of Theorem 2 in [11] together with (4.11) in [12]. For spaces of homoge-
neous type, Lemma 2.3(a) is a simple corollary of Theorem 1.4 in [13]. On the other hand, by
Theorem 1.4 in [13], and the estimate that for all weights w, M Llog LW = MM (see [12]),
we can prove Lemma 2.3(b) by the ideas used in [11, page 751]. For details, see [6].

By a similar argument that was used in the proof of Theorem 2.1 in [14], we can verify
the existence of the following approximation of the identity of order y with bounded support
on X. We omit the details here.

For any x € X and r > 0, set V,(x) = pu(B(x,7)).
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Lemma 2.4. Let y be as in (1.5). Then there exists an approximation of the identity {Si} ey of order
Y with bounded support on X. Namely, {Sk} ez, is a sequence of bounded linear integral operators on
L?(X), and there exist constants Cy, C > 0 such that for all k € Z and all x, x/, y,andy' € X,Sk(x,y),
the integral kernel of Sy is a measurable function from X x X into C satisfying
(i) S(x,y) = 0 f d(x,y) > C2* and 0 < Si(x, ) < Co(1/ (Vo (x) + Vare(y)));
(ii) Sk(x,y) = Sk(y, x) forall x,y € X;
(iii) |Sk(x,y) — Sk(x', y)| < Co2Mrd(x, x")' (1/ (Vo (x) + Vok(v))) for d(x, x) < max{é/x,
1/x} oIk ;

(iv) CoVok (x)Sk(x,x) > 1 forall x € X and k € Z;
(V) [ Sk ) dp(y) = 1= [ Slx, y)dpu(x).

Forany e >0and x,y € X, let
Se(x,y) = Sk(x, ) X 241,541 (€)- (2.5)

Obviously, S, satisfies (i) through (v) of Lemma 2.4 with 27% replaced by e. From (iii) and (iv)
of Lemma 2.4, it follows that there exist constants C' € (0, min{C/x,1/x, (Co)>/"}) and C > 1
such that for all € > 0 and all x, y € X satisfying d(x, y) < C'e,

CVe(x)Se(x,y) > 1. (2.6)
For a positive integer k and a function b € BMO (X), let Mb,k be the operator defined by

Mb,kf(x) = supME;b,kf(x) (2.7)

e>0

forall f € L;°(X) and x € X, where for € > 0,
Weas f ) = | Sele [b) - b || ) |ty e8)
If k = 0, we denote My, and M., x simply by M and M., respectively. From (i) of Lemma 2.4

together with (1.1), it follows that S.(x,y) < 1/Ve(x) < 1/V,e,(x). Notice thatif d(x,y) > 2Ce,
then S¢(x,y) = 0. Thus,

My f (x) = supMep i f (x) S sup fB( . )lb(x) —bW)[*|f W) |dr(y) S Myif ().

e>0 >0 Vzée(x)
(2.9)
On the other hand, for each fixed € > 0, by (2.6) and Ve (x)~Vc(x), we have
1 f k k
b(x) - b(y) ()d()SJ‘Se(x,)b(x)—b() () |du(y)
Voo B(x,oe)| VI fW)|duy ey | DI fW)|duy 210

< My f(x).

By the definition of Mk, we further obtain My f(x) < Mb,k f(x). Thus, there exists some
constant C > 1 such that forall x € L and f € L°(X),

C Mk f(x) < My f(x) < CMpi f(x). (211)

For the sharp function estimate of Mb,k, we have the following estimate.
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Lemma 2.5. Let k be a positive integer and b € BMO (X). For any q and s with 0 < q < s < 1, there
exists a positive constant C such that for all f € Ly°(X) and all x € X,

M#(Mb kf)(x) < CZHb”BMO(x)Ms(Mbe) (x) + Cllbllgpo o Mqogry-f (%)- (2.12)

Proof. By (i), (ii), and (iii) of Lemma 2.4, we obtain that for all x, y € X,

1
Sex, | S —————~ (2.13)
IS S LB )
and that for all e > 0 and all x, y, v’ € X with d(x,y) > 2xd(y,y'),
1 d(y,v)\'
Se(x,y) = Se(x,v')| + |Se(y, x) = Se (v, x)| < < ) (2.14)

To verify (2.12), by homogeneity, we may assume that ||b||smo (x) = 1. For all f € L°(X),
x € X, and balls B containing x, it suffices to prove that

Va  ka
. 1 _
inf ( () j | Mo f () - Clqdﬂ(y)> S %M (M f) () + Mg 1y f (). (2.15)

We consider the following three cases.
Case 1 (u(X \ C1B) = 0). Where and in what follows C; = x(4x + 1). In this case, we have that
forall x € X,

k-1 L .
Myif(x) £ 3 |mp(b) - b(x)|“ My, f (x) + M((b - mg(b))* f) (x). (2.16)
j=0

The Kolmogorov inequality (see [15, page 102]), along with the fact that M (and so M) is
bounded from L(X) to L*(X) and the inequality (1.22) gives us that

— 1/
(o [ W= mao)* Dt
< ) o) - me® 1) |ducy)
1
#(B)f ) = me,s(0)|*| () |duly) + |mc,p(b) - mB(b)|@LlB|f(y)|d#(y)

ML(logL kf
(2.17)

where the last inequality follows from the John-Nirenberg inequality, which states that for any
ball Q,

[[[mo(®) - b| ”exle/k Q~ ||b||BMouc) (2.18)
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On the other hand, if 0 < g < s < 1, an application of Holder’s inequality implies that

{mB)f e}

<ZM (M f)(x)+{LJ‘ [M((b—m (b))kf)( )]qd ( )}1/ (2.19)
~ P s b,j ‘Ll(B) . s y u(y .

We then get (2.15).

Case 2 (u(X\C1B) #0and p(C1B\B) > 0). In this case, decompose f into f = fxc,p+fxx\c:B =
f1+ f2, recalling that yr denotes the characteristic function of the set E. Let yy be a point in B
such that

Cp= supf Se(yo,z) |mp(b) - b(z) |k|f2(z) |dz < oo. (2.20)

>0/ X

With the aid of the formula

k-1 . .
(mp(b) - b(2))" = (b(y) - b(2))" + 3 CL(b(y) - b(2))’ (ms(®) - b(y))*7, (2.21)
=0

where C{( is the constant from Newton’s formula, we have

|16@) - b@)[*|f @) - [ms ) - b@)[*| f22)] |
k-1 . o . (2.22)
[bw) = ()| [ma(b) ~b)[ | £ ()] + |ma®) - b(@) || fi(2)].

=0

~

Thus for any y € B,

| My f (y) - Cp| = Su£’|Me;b,kf(y)| - SUOP|M6((mB(b) ~b)*£2) (o) |

< suglﬁe;b,kﬂy) ~ Mc((ms(b) = b)* f2) (0) |

S M((mp®) -b) 1) (y) + Z|m3(b) )| Mo £ () (2.23)
j=0
+sup| Me (ma(®) = )" £2) () = Me((m5(0) = )" £2) (30)|
=1(y) + 1 (y) + I (y).
As in Case 1, we have that
1 1/q
{@j |I(y)|"du(y)} < My og 1y f (%),

’ (2.24)

{LJ' T1(y)| "dpu( )}1 kZM (M f) ().
u(B) ), Y = K
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As for III (y), by (2.14) and (1.22), it is easy to get

11 () < sup |s (¥, 2) = Se(y0,2) | |ma(b) - b(2)|*| f2(2) |dp(2)

e>0
(d(y,v0))"
S b
Nfx\clsy(B(y,d(y,Z)))(d(ylz))y|mB( )
_IY l . k
<Z u@ ClB)Ll 1B|m2clB(b) b(2)|"|f(2)|du(z)

=1

b(2)|*|f(z)|dz

(2.25)

> 2 |y (b) — ()| ——— d
* 32 a0 - mate)] (Z,QB)LIQBU(ZM k(2)

[e'e]
_ k
S ZZ IY” |m21C13(b) - b| ”exle/",Z’ClB”f”L(logL)k,ZlClB
I=1

+ Zzil”mzlcls(b) —mp(b) |ka(x) S Mgogry-f (%),
=1

where the last inequality follows from (2.18) and | (b)-mg(b)| < L. This leads to our desired
estimate (2.15).

Case 3 (u(X\C1B) #0and pu(C1B\B) = 0). In this case, we take B’ such that B C B', u(B') = u(B),
and pu(C1B'\ B') > 0. We then have that

inf—— (B)I | My i f () = c|Tdu(x) < 1nf

ceC f | My f (x) = c|"dp(x). (2.26)

Cu(B)

With the ball B replaced by B’ in Case 2, we also obtain the result that for any y € B/,

suop |Se(y, z) = Se(yo, z) | |mp (b) - b(z)|k|f2(z)|dz < CM1og 1y f (%), (2.27)
€>
which completes the proof of Lemma 2.5. O

Lemma 2.6. Let a, f € [0, 00). There exists a positive constant C, depending only on a and f, such
that for all weights w,

ML(logL)“ (ML(log L)ﬂZU) (x) < CML( )a+ﬁ+1 ZU(X) (228)

log L

For Euclidean spaces, a generalization of Lemma 2.6 was proved in [16]. For spaces of
homogeneous type, by a standard argument involving a covering lemma in [17, page 138], we
have that for any A > 0 and suitable function f,

B € K s Mygogry f() > A}) S L@Iog’( fx ”)d() (229)

Using this, Lemma 2.6 can be proved by applying the ideas used in [16]. For details, see [6,
Lemma 7].



10 Abstract and Applied Analysis

Proof of Theorem 1.1. We assume again that ||b||smo (x) = 1. At first, we claim that when p(X) =
oo, forall A > 0and f € L*(X), u({x € X : Mb,kf(x) > A}) < oo. In fact, for any f € L*(X),
let R be large enough such that supp f C B(xo, R) for some xy € X. Notice that for all x €
X\ B(xo,3R),

Il )
<
MIC) S B d (e x) 220
It then follows that for p € (1, o),
p({x € £\ B(x0,3R) : |b(x) - mp(, 5 (b)|“Mf(x) > 1})
- _ kp P
<1 pL\B@osm'b(x) Mo 0 (B) |7 (M ()P dp(x) a1

k
< AP |b(x) = 1B i) (0) [

d 0.
”whwmm{MM%ﬂhm»V H) <

This, together with the estimate that

p({x € 2 M((b=mp, (0)f) () > A1}) S AP[|b = mpeeor @) Flfy 0 <0 (232)

leads to our claim.
By (2.11), to prove Theorem 1.1, it suffices to prove that for all weights w0,

Lc (Mb,kf(x))pw(x)dy(x) < jx|f(x) |pML(10gL)kp+5w(x)d,u(x). (2.33)

We proceed our proof by an inductive argument on k. When k = 0, (2.33) is implied by the fact
that Mw(x) < M o, 5w (x) for all x € X and the following known inequality:

L [Mf ()] w(x)du(x) < L| F(x) P Mw(x)dp(x). (2.34)

See [18, pages 150-151], for a proof of the last inequality when X = R". The same ideas also
work for X. Now we assume that k is a positive integer and (2.33) holds for any integer / with
0<I<k-1.Then Mb/l (0 £I<k-1) can extend to a bounded operator on L7 (X) for p € (1, )
and so forany A >0and o € (0,1),

p({xe 2 M((Mpif)7)(x) > 1)) < o. (2.35)

We now prove (2.33). To begin with, we prove that for any given g € (0,1) and k € N,
and for all weights h and all f € L?(X),

fx(m,kf<x>>qh<x>dy<x> S L{(MmogL)kﬂx))qwh(x)du(x). (2.36)
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We first consider the case that j(X) = co. Choose 11, ..., 71, re such that 0 < g =1y <7y <--- <
k-1 < 1x < 1. By Lemma 2.5, we obtain that for any 1 < m < k — 1 and any weight h,

f (M? (M f) (x)) " h(x)dpu(x)

: m-1 (2.37)

S Zf (Mml(Mb,lf)(x))qh(x)dﬂ(x)+J‘ (Mg 1y f(x)) "h(x)dp(x).
=07 X X

Therefore, applying Lemmas 2.1 and 2.2, and the estimate (2.35), we have

fﬁM’f” (Moif) () h(x)du(x) = L(M((Mb,zf)’f“)(x))q/’f”mx)du(x)
5f (M, (M((My)) ()" Mh(x)dpa(x)
“ _ . (2.38)
. LAM#((Mb,zf)”“ ()" Mh(x)dpu(x)

_ L(Mi‘m (Mo f) () Mh(x)dpu(x),
which leads to

f (M (M f ) (20)) () dpa(x)

R N (2.39)

S ZLW’;CH (M f) (x)) " Mh(x)dp(x) + L(Mmogmf(x))"h(x)dﬂ(x).
1=0

Repeating the argument above k — 1 times, we then have that for all weights h,

[ (3o ) ) )

k-1 _
S Z;L((M’Z (M, f) (x)) " Mh(x)dp(x) + LC(MLaOgL)k F()) h(x)dpu(x)
]:
k-2 _ q k-1
S Zf (M, (My,; f) (x)) Mzh(x)d#(x)+2f (M og 1y f ()" Mh(x)dp(x)
j=0 X j=0 X

+ L( (ML(logL)kf(x))qh(x)dﬂ(x)
1 . k
SZI (MY, (M) (2)) "' M* h(x)dpa(x) + f (Mg 1y £ (0) M () dp(x).
j=07 X =0/ X
(2.40)

On the other hand, notice that for all x € XA, Mfkfl (Mb,o f)(x) < M?f(x), and that, by (2.12)

and the fact that sz(x)~ML(10g 0 f(x) forall x € X (see [12, (4.11)]), we then have that for all
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x € X, M (My:1f)(x) < My, (Myof)(x) + Mrgogry f(x) S M?f(x). From these inequalities,

it then follows that

L (M (M f) (x)) h(x)dp(x)

k
sf (M?f(x))"M* h(x)dp(x) + f (Mg 1y f(0) "M h(x)dpu(x)  (2.41)
X j=07 X

S J‘JC (ML(logL)kf(x))qu_lh(x)d/’l(x)/

which together with (i) of Lemma 2.1 gives (2.36).
We turn our attention to (2.36) for the case of p(X) < co. Forall x € X,

My f(x) £ 3 |b(x) = ma(b)| M((mx (b) — b)'7 ) (x). (2.42)
j=0

Moreover, the Kolmogorov inequality, together with Holder’s inequality, the inequalities
(1.22), and (2.18), tells us that forany 0 < j < k,r € (0,1),and t € (r, 1),

ﬁfﬂbm —my(b)]” (M((me(b) - b)7 £) (x)) dpe(x)
. » ‘ r/t
A A G CED RIS E) 4)

1 i r )
St b) - b(x)|d } < oy
S {#(x)fxlf(x)ﬂmx( )= b@)[Tdp0) b < (F gogiy-ix)
Combining the above estimates, we obtain

ma(Moif)") S (Inf M g1 f ()

Letg, r,12,..., 1 be asin the case of y(X) = co. Another application of Kolmogorov inequality
and the fact that M is bounded from L'(X) to L'*(X) leads to

—~ i 7 rj/ — -,v .
{me M@0 < e (Maaf)") € (infMy o1y f ()

As in the case of u(X) = oo, by Lemmas 2.1, 2.2, and 2.5, we have that for any g € (0,1),

L(’Mb,kffh(x)dﬂ(x) < L(Mﬁ (M f) (x)) " Mh(x)dp(x) + h(X)mg (Mo f))

r

(2.44)

Tj

(2.45)

k-1 .
S EL(Mi (My,if) (2)) " MPh(x)dp(x)

+ J.x (ML(logL)kf(x))th(x)d/l(x) (2.46)

rl)q/rl

k-1
+ 3T (MR) (X)my (M (M, f) + h(X)my (Myyf)?)

j=0
< | (Mg ) M) ).

Combining the two cases yields(2.36).
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For any fixed p € (1, 00) and 6 > 0, choose g € (0,1) and 6; > Osuch that kp/q+61 < kp+6.
This, via a duality argument, (2.36), and Lemma 2.3, leads to

1 q
” (Mb,kf) ”Ln/a(w)

= su

wamew>

”h”L(P/‘/I ( 1- (p/q)’
< sup [ML(logL)kf(x)]quh(x)dH(x)
U () 17
» q/p
S sup {Jx [ML(logL)kf(x)] ML(logL)kP/q'“ﬁlw(x)dﬂ(x)} (2.47)

<1
WPl gy (wl—m/q)’) =

, 1/(p/q)
(p/q) - !
x {LC[Mkh(x)] PPV M og -0 ()] 779 dﬂ(x)}

q/p
S {L [M g 1yt £ (O]7 M 1o 1ypra-1o6 w () dpa(x) }

a’p
S {L(lf(x)|pML(1ogL)kP+5w(x)d#(x)} ,

where in the last inequality we have used Lemma 2.6. This completes the proof of Theorem 1.1.
O

3. Proof of Theorem 1.2
We begin with some preliminary lemmas.

Lemma 3.1 (see [17]). Let (X, d, u) be a space of homogeneous type and let f be a nonnegative inte-
grable function. Then for every A > my (f)(my(f) = 0if u(X) = o0), there exist a sequence of pairwise
disjoint balls { B } and a constant C4 > 1 such that

meys,(f) < A < mi, (f) (3.1)
and mg(f) < A for every ball B centered at x € X\ (U;Cy4B;).

Lemma 3.2. Let d and I be two nonnegative integers. Then for all t1,t, > 0,
t1td log (e + t1td) < C(tlog? (e + 1)) +expta). (3.2)

Proof. We may assume that d > 1, otherwise the conclusion holds obviously. Set ®@;(t) =
tlog' (e+1), @,(t) = tlog'* (e +1), and D3(t) = exp(t'/9). Let j = 1,2,3. Denote by (D]Tl the inverse
of @;, that is, ‘1(t) = inf{s > 0 : @;(s) > t}. It is well known that (Dfl(t) = tlog_l(e +t) and
(I>‘ (t) = tlog_(d” (e +1) (see [19]). On the other hand, it is easy to verify that (I)gl(t) = 0 when
t € [0,1) and @;'(¢) = log”t when t € [1, o). Therefore, for all t € [0, c0), ®;' (D3 (t) < DT (8).
This via [7, Lemma 6, page 63] tells us that (Dl(tltg) S Dy(t) + (D3(t§). Our desired conclusion
then follows directly. O
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Proof of Theorem 1.2. With the notation Mb,k as in (2.7), by (2.11), it suffices to prove that for
Ibllmo (1) = 1and all f € L°(X) and A > 0,

} |f(x)|10g < |f(x)|

w({x e X: Mpif(x) >4 1

VM peodutn,  63)

where k = k when k is even and k = k + 1 when k is odd.
Recall that for all f € Ly°(X),

w({xe X: Mf() > 1)) € f £ ()| Mao(x)du(v). (3.4

(See [18, page 151] for a proof when X = R". The same idea also works for X.) By Holder’s
inequality, it follows that for all x € X,

1/(k+1)

My f(x) < (Mo f () (Mf(x)) (3.5)

and so when k is odd,

w({xeX: Myrf(x)>1)) w({x € X: Mpparf(x) > 1)) +w({x € X: Mf(x) > 1))
Sw({xeX: My o f(x) > A+ % L( | f (x) | Mo (x)dpu(x).
(3.6)

Thus, it suffices to prove (3.3) for the case that k is even. We employ some ideas from [20], and
proceed our proof of (3.3) by an inductive argument. When k = 0, (3.3) is implied by the fact
that Mw(x) < ML(logL)ﬁw(x) for all x € X and (3.4). Now let k be a positive integer. We may
assume that M ;.. rsw is finite almost everywhere, otherwise there is nothing to be proved.
For any fixed 6 > 0, we assume that for any nonnegative integer l with 0 </ < k-1, there exists
a constant C = Cj s such that for all A > 0,

w({xeX: My f(x)>1}) < J‘x@bgl <e + |f(;)| >ML(lOgL),~+6w(x)d/4(x), (3.7)

where and in what follows, I =1whenlisevenand] = [+1 when [ is odd. If u(X) <
and A < ||fllow y(ﬂ()]" the inequality (3.3) is trivial. So it remains to consider the case
that A > || fllx y(}()] . For each fixed bounded function f with bounded support and A >
| Fllcr ) y(%)] , applying Lemma 3.1 to |f| at level A, we obtain a sequence of balls {B }]>1
with pairwise dls]omt interiors. As in the proof of Lemma 2.10in [17], set V; = (C4B1)\ (Un>2Bn)
and V; = (C4B)) \ [UJf V. UUpsj1 By, it then follows that B; C V; C (C4B;) and U;V; = U;(C4B;)).
Define the functions g and h, respectively, by ¢ = |f|xx\uv; + Z jmv,(|f)xv, and h = 3 ;h; with
hj = (|f] = mv,(If]))xv;- Recall that y is regular and the set of continuous function is dense in
LP(X) for any p € [1, o0). Lemma 3.1 implies that for any fixed j,

1
Clla< —— d Ced 3.8
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with C¢ > 1 a constant independent of f and j, which together with the Lebesgue differentia-
tion theorem and Lemma 3.1 again yields that

gllL=(x) < Ceh (3.9)

Let Q = U;(C7B;) with C; = C,Cy. The doubling property of 4 and (3.1) now state that

< ]) 1. 1
w(Q) < Bi) < - mew(xj (y)|d )S—f () | Mw(y)du(y).
Z (c w(By) A;xe& )], VWl 5 3| 1f )Mty

(3.10)
Following an argument similar to the case of Euclidean spaces (see [18, page 159]), we have
that for any y > 0, there exists a positive constant C, depending only on y, such that for all

X € C4B]',
Miqogry (wxxe)(x) S 0 MiogLy (wxxe) ). (3.11)

4B
Thus,
|mV, (f)|j L(log L)% (wyx\e)(x)du(x) S )‘F(V) mf ML(logL)k*ﬁ(wXX\Q)(y)

S )‘#(Bj)ylngj]VIL(logL)k+5 (wxre) W) (3.12)

< [ 1760IM s (ox10) ()ap().

For each fixed 6 > 0, choose py € (1, 00) and 6; > 0 such that kpy + 61 < k + 6. From the last
estimate, (2.11), Theorem 1.1, and (3.9), it follows that

w({x e X\Q: Myrg(x) >1/2}) < l"’”fxlg(X) |7 M og 1ytro-sr (w3 20@) (X)dpa(x)
| JS@IMy o (0010) ()
SAT <L\w/_ | £ () [M g 1y (wx00) () dpa(x)
* Sl D1, Mgy (oxna) o))

< A—lfx|f(x)|ML(10gL)k+aw(x)d/4(x).
(3.13)

Thus, our proof is now reduced to proving

f(x fx)
w({x eN\Q: M h( ) > = }) J | <e+ | 1 |>ML(logL)k+aw(x)dy(x),
(3.14)
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where

M;,kh(x) = sup
e>0

fxseu,y) |b(x) - b() | h(y)du(y) \ (3.15)
Foranyj>1,let

M*hj(x) =sup

e>0

j%ssu,y)h,-(y)du(y)'. (3.16)

We now prove (3.14). With the aid of the formula that for all x, y € X,

k
(b(x) - b(y)* = SCL(b(x) - mp, (b)) (ms, (b) - b)), (3.17)
1=0

since k is even, for x € X \ Q, we write

k-1
M; h(x) 5 ZIb(X) mp, (b)|* M*h;(x) +Zsz<Z(b( ) = mp, (b)) >(X) (3.18)
j 1=0 .

= G(x) + H(x).

Recall that {V. }] are mutually disjoint. If we set @;(t) = tlog (e +t), our inductive hypothesis
(3.7) via (3.11) now tells us that

kel b(y) - ms,0) 7| f(y)
S IZ;‘Z IV_(DI<| : ) L |>d ) iof, M, o1y (WX210)(2) (319
= ] j
L b(y) - mg, (0)|*|mv. (f) ,
+ %ZJ‘V l<| Yy)—mp - | |mV f |>dﬂ(]/)zlg,ML(logL)7+5 (xxow)(z)
=l ] j '

An application of Lemma 3.2 then gives that

b(y) — mg, (b)|<
IV,®’<| (y) — mg, (b)| If(y)|>dﬂ(y)

A
J

b(y) - ()|~
l<| (y) = mc,5,(b)| |f(y)|>dﬂ(y)

1
+ @y (|mc,p, (b) - mp, (b)l"’)f <f(y)|>d () (3.20)

[b(y) ~ meus )] Sl
sfv.exp< - )du(x>+fvjcbk< au(x)

]

(2
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For each fixed j, notice that by (3.8) and Lemma 3.2,

fv,- <|b(y) mB’(T m V’(f)|>d#(y)§u(Bj)- (3.21)
It then follows that
<{xex\g H(x) > }) ZI ( )ML(logL)k+5w(x)dy(x)
+ Zj]ﬂ(Bj)yiggj M g ysw (Y) (3.22)

|f ()]
§Jx¢)k< 1 )ML(IOgL)k+5w(x)dy(x).

It remains to prove that

w({x e X\ Q:G(x) > %}) < A‘1Ix|f(x)|ML(1OgL)kw(x)dy(x). (3.23)

For each fixed j, let y; and r; be the center and radius of B;, respectively. If x € £ \ Q, then by
the vanishing moment of h; and the estimate (2.14), we obtain that

M*hy(x) < sup f 1.6, y) = Se (x,v,) | |1y () | dpe ()

e>0J X

(3.24)
{d(x, 3/]
u(B(yj, d(x, y])))

<) = Il

This in turn implies that

w({xe,%\Q:G(x)> %})

b(x) —mp,B)]* w(x)

1 Y
51§@>LW%mm%@mw»Hanwwd(

b(x) — mg, (b)|“w(x)
_Z(Ti ;I | 5 ®)

Qe 'c:B) #(B(yj,d(x,y;)))(d(x,y)))

x)fxlhj(y) |du(y)

) L'h’(y) |dp(y)
S I inf, My g0 S 3 FOIMy g1 0Cdu),
ATk ! yeCrp - H0o8D) T Ak e

(3.25)

where in the second to the last inequality, we use the fact that for each fixed j, y; € V;
and positive integer I, a standard argument involving the inequalities (1.22) and (2.18)



18 Abstract and Applied Analysis

yields

|b(x) — ms, (b)| w(x) Ly
du(x) S15(2'r;) * inf My, pw(y);  (3.26)

f demnecs) p(B(y,d(x,y))))(d(x,y;))" 17 yeGop,Hosl)
see also the proof of (2.25). We then complete the proof of Theorem 1.2. O

4. Proof of Theorem 1.3
This section is devoted to the proof of Theorem 1.3.

Lemma 4.1. Let T be a Calderén-Zygmund operator. Then, there exists a positive constant C such that
forall A >0, f € L?(X), and weights w,

j w(x)dpu(x) < Cf @ML(logL)mw(x)dy(x). 4.1)
[xeX: T f(x)>) X

Lemma 4.1 can be proved by a similar but more careful argument as that used in the
proof of Theorem 1.2 in [8]. We omit the proof here for brevity.

Proof of Theorem 1.3. The argument here is similar to that used in the proof of Theorem 1.2,
and we will only give an outline. Also, we proceed our proof by an inductive argument. By
Lemma 4.1, it is obvious that (1.19) is true when k = 0. Now let k be a positive integer. For any
fixed 6 > 0, and any nonnegative integer [ with 0 <1 < k — 1, we assume that for all A > 0 and

feLyXx),

w({xeX:T; f(x) >1}) < J‘x@bgl <e + |f()tx)| >ML(logL)z+1+aw(x)dy(x). (4.2)

We need only consider the case that A > || f1|11(x) [y(ﬂ()]_l. For each fixed bounded function f
with bounded supportand A > || f|l11 ) [‘u(ﬂC)]_l, applying Lemma 3.1 to | f| at level A, with the
same notation {B; }]., v }]., Q as in the proof of Theorem 1.2, we decompose f = g + h, where
8§ = fxuwy, + Xmy,(f)xv; and h = 3;h; with h; = (f - my,(f))yv,- Applying the estimate
(1.17), and a similar argument to that used to deal with the term Mg gives us that

A
w({x €(X\Q): Ty g(x) > E}) < J\POJ‘x|g(x)|P0ML(IOgL)<k+1)pU+al (wyne)(x)du(x)

(4.3)
< )le |f(x)|ML(]0gL)k+1+sw(x)dy(x),
x
where pg € (1, 00) and 61 > 0 such that (k +1)pg+ 61 <k +1+6.
We now turn to the term T}}, h. For any x € X\ Q and € > 0, set
Li(x,e)={j: YyeCsBjd(xy) <e},
L(x,e)={j: VyeC4Bjd(x,y) > e}, (4.4)

Ii(x,e) ={j: (CiBj) n{y e X:d(x,y) >e} #2,(C4Bj) N{y e X :d(x,y) < e} #2}.
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It then follows that
|Tepih(x)| < ebk< > h>(x) ebk< > h,->(x)
j€L(x.€) j€lz(x€)
k-1
SIS (b)) —mp (0) Tehj(0)| + Y Te;b,,<2(b(~)—mB].(b))""h]->(x)
1=0 j

j€l(x,e)
k-1
+
1=0

ebl< > (b() - mp, ()" >(x)

jelz(x,€)

ebk< > h>(x)
j€lz(x€)
(4.5)

Notice that for x € (X \ Q) and j € I»(x,€), we have that Tch;(x) = Th;(x). By the vanishing
moment of h; and the regularity condition (1.13), we have

(d(y. )"
u(B(y,d(x,y)))(d(x,y))"

= Ue(x) + Ve(x) + Weo(x) + Xe(x).

supU.(x) < 3 [b(ax) - s, (0] Ihlduy)  (@6)
e>0 j X

and so

w({x € (X\ Q) : supU,(x) > A})

e>0

|b(x) — m, (b)]“w(x
x5 u(B(y, d(x,)))(d(x,y))"

5 A_lfxlf(x) |ML(10gL)kw(x)d}l(x)‘

Our inductive hypothesis (4.2), via the argument for the term H in the proof of Theorem 1.2,
leads to

<{x € (X \ Q) :supVe(x) > — }) I |f <e+ |f&x)|>ML(IOgL)k+1+5w(x)d‘u(x).

e>0
(4.8)

Notice that for x € X \ Q and j € I3(x, €), we have that C4B; C {B(x, Cse) \ B(x, Coe)}, where
Cg and Cy with Cg > Cyg are two positive constants. Therefore, for all x € £ \ Q,

S le_LIhf W@y )" du(x)du(y) (47
]

sup(w (x)+X(x))<ZMbl<Z|b mg, ®)|* |h]-|>(x). (4.9)

1=0

This, along with Theorem 1.2 and an argument for the term H in the proof of Theorem 1.2,
leads to

<{x € (X\ Q) : sup(We(x) + Xe(x)) > £}>

e>0

A

k b(y) - ms, (0)|<"|h;
Sy (Dl<| (v) mB,()L ) ](y)|> M g 1y (@0X012) W AR(Y) (4.10)

=0 j 7V

Lc |f.()ty) | log" <e i M) ML(IOgL)i*ﬁw(y)dﬂ(y)'

A
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where I = [ when [ is even and [ = [ + 1 when [ is odd. Combining the estimates for the terms
sup,.,Ue, sup_.,Ve, and sup ., (W, + X) gives us that

w({x € (X\ Q) : T, h(x) > %}) < L@legk <e + M)ML(IOgL)k+1+§w(y)dy(y),
(4.11)

which completes the proof of Theorem 1.3. O
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