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We consider the elliptic problem —Au +u = b(x)|ul? *u+h(x) in Q, u € H}(Q), where
2<p<(2N/(N=-2)) (N=3),2<p<o (N=2), Qisasmooth unbounded domain
in RN, b(x) € C(Q), and h(x) € H'(Q). We use the shape of domain Q to prove that
the above elliptic problem has a ground-state solution if the coefficient b(x) satisfies
b(x) = b® >0as |x| — oo and b(x) > ¢ for some suitable constants ¢ € (0,b%), and h(x) =
0. Furthermore, we prove that the above elliptic problem has multiple positive solu-
tions if the coefficient b(x) also satisfies the above conditions, A(x) > 0 and 0 < ||h||g1 <
(p—2)1/(p— 1))P-1V/(p-2) [bsup SP(Q)] V2P \where S(Q) is the best Sobolev constant of
subcritical operator in Hj (Q) and bsup = sup cqb(x).
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1. Introduction

In this paper, we are concerned with the existence and multiplicity of positive solutions
of the following elliptic problems:

—Aut+u=bx)|ul??u+h(x) inQ,

u € H} (Q), (1D

where 2 < p < (2N/(N —=2)) (N =3),2< p< oo (N =2),and Q is a smooth unbounded
domain in RN. We assume that b(x) € C(Q) N L®(Q) satisfies

b(x) >0, VxeQ, (1.2)
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and h(x) satisfies
h(x) € HY(Q), h(x)=0. (1.3)

Associated with (1.1), we consider the energy functional ],ll’ in the Sobolev space H} (Q):

1 1
TP = Sl —;Lbu)mw—joh(x)u, (1.4)

T2
where ||l = (Jo | Vul?>+u?)"2. By Rabinowitz [ 1, Proposition B.10], J? € C' (H{ (Q), R).
It is well known that the solutions of (1.1) are the critical points of the energy functional
Jy in Hy(Q).
Under the assumption (1.3) and h(x) # 0, (1.1) can be regarded as a perturbation
problem of the following homogeneous elliptic equation:

—Au+u=bx)|ul?>u inQ,

u€ HHQ). (15)

A typical approach for solving a problem of this kind is to use the minimax method:

b _ b
at(Q) = yé?<fo> max Jg (y(®)), (1.6)
where
I(Q) = {y e C([0,1],H}(Q)) | y(0) = 0, y(1) = ¢}, (1.7)

]g (e) =0, and e # 0. By the mountain pass lemma due to Ambrosetti and Rabinowitz [2],
we called the nonzero critical point u € Hj(Q) of ]g is as ground-state solution of (1.5)
in Qif J(u) = (xzr’(Q). We note that the ground-state solutions of (1.5) in Q can also be
obtained by the Nehari minimization problem

ab(Q) = @fm)]g(v)’ (1.8)
veMb

where M4(Q) = {u € HL(Q)\{0} | llull?) = [ b(x)|ul?}. Note that M§(Q) contains ev-
ery nonzero solution of (1.5) in Q, ocllf(Q) = a?(Q) >0 (see Willem [3] and Wang and Wu
[4]), and if b(x) = b™® > 0 is a constant, then ]Ob and ocg(Q) are replaced by J;° and ag’ (Q),
respectively.

That the existence of ground-state solutions of (1.5) is affected by the shape of the
domain Q and b(x) that satisfies some suitable conditions has been the focus of a great
deal of research in recent years. By the Rellich compactness theorem and the minimax
method, it is easy to obtain a ground-state solution for (1.5) in bounded domains. When
Q is an unbounded domain and b(x) = b®, the existence of ground-state solutions has
been established by several authors under various conditions. We mention, in particular,
results by Berestycki and Lions [5], Lien et al. [6], Chen and Wang [7], and Del Pino and
Felmer [8, 9]. In [5], Q = RY. Actually, Kwong [10] proved that the positive solution of
(1.5) in RN is unique. In [6], Q is a periodic domain. In [7, 6], the domain Q is required
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to satisfy that

(Q1) Q =Q; UQ,, where Qy, Q, are domains in RN and Q; N Q, is bounded;

(Q2) a8 (Q) < min{ad (1), a ()},

In [8,9], for 1 <l <N -1, RN = R x RN, For a point x € RV, we have x = (y,2),
where y € R'and z € RN/, Let y € R/, we denote by ¥ ¢ RN~ the projection of Q onto
RN-! that is,

' ={zeR¥" | (y,2) €Ql. (1.9)

The domain Q is required to satisfy that
(Q3) Q is a smooth subset of RN and the projections Q) are bounded uniformly in
yE R
(Q4) there exists a nonempty closed set F ¢ RN~/ such that F ¢ Q forall y € RY;
(Q5) for each 8§ > 0, there exists K > 0 such that

O C {ze RN | dist(z,F) < 6} (1.10)

forall |yl = K.

Moreover, when Q = RN\ w is an exterior domain, where w is a bounded domain. It is
well known that (1.5) in RN\ does not admit any ground-state solution (see Benci and
Cerami [12]). However, Bahri and Lions [11] and Benci and Cerami [12] asserted that
(1.5) in RN \w has a higher-energy positive solution. As Q is an Esteban-Lions domain,
(L.5) in Q does not admit any nontrivial solution (see Esteban and Lions [13]), where
the definition of Esteban-Lions domain is as follows: for a proper unbounded domain ()
in RY, there exists y € RY, [lx|l = 1 such that n(x) - y = 0 and n(x) - y # 0 on 0Q), where
n(x) is the unit outward normal vector to 0Q at the point x.

When b(x) # b, which satisfies the condition (1.2), the existence of ground-state so-
lutions of (1.5) has been established by the condition b(x) = b* and the existence of
ground-state solutions of limit equation

—Au+u=>b"ulP2u inQ,

ue H Q). (L1D)

On the other hand, for Q = RY and b(x) < b® on RN with a strict inequality on a set
of positive measures, (1.5) in RN does not admit any ground-state solution. However,
Bahri and Lions [11], Cao [14], and Bahri and Li [15] asserted that (1.5) in RN has
a higher-energy positive solution under the coefficient b(x) which satisfies conditions
b(x) = (1/2)?~272p> and b(x) — b™ as |x| — oo such that the functional J¢ in H}(Q)
satisfies the Palais-Smale condition for energy level § with

af (RN) < B<af (RN) +af (RN). (1.12)
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The first result of our paper is relaxing the condition b(x) = b* to show the existence of
ground-state solution of (1.5) by the shape of domain Q. First, we consider the following
assumptions:

(Q1") given k = 0 and 1 < m < k, the domain Q = Ule Q;, where Q; N Q) is bounded
foralli# jand Q; is unbounded domain for all j = 1,2,...,m;
(Q2') the functional J§* in H{}(Q) satisfies the Palais-Smale condition for energy level
ag (Q);
(b1) b(x) = (ag (Q)/min{a (Q1),af (Q2),..., a5 (Qm)})P=22b> and b(x) — b* as
|x| — oo.

Then we have the following result.

THEOREM 1.1. If the domain Q) satisfies the conditions (QA1")-(Q2") and b(x) satisfies the
condition (b1), then (1.5) in Q has a ground-state solution.

Remark 1.2. 1f the domain Q) satisfies the conditions (Q1)-(Q2), then the functional J;°
in H} (Q) satisfies the Palais-Smale condition for energy level af’ (Q2), and we have

0 <oy (Q) <min{ay (Q1),05 (Q2),...,a8 (Qn) } (1.13)

(see Lien et al. [6] and Chen and Wang [7]). Thus,

(XSO(Q) >(P2)/2

0< (min{a(‘j"(Ql),(xg’(Qz),...,(xg"(gm)} <L (1.14)

It is known that the general unbounded domains in RN can be classified into three
kinds. If Q is an unbounded domain in RY, then it satisfies one of the following condi-
tions:

(1) J§© in H} (Q) satisfies the Palais-Smale condition for energy level af’ (Q). In par-
ticular, (1.11) in Q has a ground-state solution uy such that J5° (1o) = ag (Q);

(2) J§°> in H} (Q) does not satisfy the Palais-Smale condition for energy level o (Q),
but (1.11) in Q has a ground-state solution 1, such that J5° (uo) = a5 (Q);

(3) equation (1.11) in Q2 does not admit any ground-state solution.

In this motivation, consider a general unbounded domain Q) and its exterior domain
Qf(r) = Q\BN(0;7), and the following assumptions:

(Q3") equation (1.11) in Q has a ground state solution 1 such that Ji° (uo) = ag (Q).

(b2) b(x) = (6 (/im0 o (Q(r))) P "?2b> and b(x) — b as |x| — oo.

Then we have the following result.

THEOREM 1.3. If the unbounded domain Q satisfies the condition (Q3") and b(x) satisfies
the condition (b2), then (1.5) in Q has a ground-state solution.

Remark 1.4. (1) If the domain Q satisfies the conditions (Q3)—(Q5), /5> in H{ (Q) satisfies
the Palais-Smale condition for energy level o (). Then af (Q) < ag’ (Q(r)) forall¥ >0
(see Del Pino and Felmer [8, 9] or Wu [16]). Since ag (Q°(r)) is nondecreasing as 7 is
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increasing, we have

- oy (Q) (p-2)/2
0=< <limr~oo0€8°(Qc(r))> <1 (115)

(2) If Q is a periodic domain, then J§* in H¢(Q) does not satisfy the Palais-Smale
condition for energy level ag’(€2), but (1.11) in Q has a ground-state solution u such
that J§° (ug) = ag’ (Q). Then agy (Q) = ay’ (Q¢(r)) for all r > 0 (see Lien et al. [6]). Thus,

( % (9) )(p_m =1. (1.16)

lim, . af (Q4(7))

Remark 1.5. If the domain Q = RN, coefficient b(x) satisfies the condition (1.2) and
b(x) < b™ with a strict inequality on a set of positive measures, then (1.5) in RN does
not admit any ground-state solution and ag’ (RN) = oc(b)([RN ). However, if the domain
Q) satisfies the conditions (Q1)-(Q2) (or (Q3)—(Q5)), b(x) satisfies the condition (b1)
(or (b2)) and b(x) < b™ with a strict inequality on a set of positive measure, then from
Theorem 1.1 (or Theorem 1.3), we can conclude that (1.5) has a ground-state solution.
Moreover, ag (Q) < (xg(Q).

Finally, we consider (1.1). For Q) = RN, several authors have shown the existence of at
least two positive solutions of (1.1) in RY under some suitable conditions. In [17] by Zhu
for b(x) = b*, h(x) is exponential decay and [/A||;2 is sufficiently small. By Cao and Zhou
in [18] and Jeanjean [19], for b(x) > b*® and ||h|lg- sufficiently small. By Adachi and
Tanaka in [20], for b(x) > b — Ce™*! for some C,A >0 and ||h||g-1 sufficiently small.
Moreover, Adachi and Tanaka [21] used that (1.5) in RN does not admit any ground-state
solution for the condition b(x) < b® with a strict inequality on a set of positive measures,
to show that (1.1) in RN has at least four positive solutions for |||y sufficiently small.
The second aim of our paper is also relaxing the condition b(x) = b* to show the exis-
tence of at least two positive solutions of (1.1) in Q. Denote

bsup = supb(x) (1.17)
xeQ)

and S(Q) = [(2p/(p — 2))ag (Q)]>~P/2P is the best Sobolev constant of subcritical oper-
ator in H} (Q) (see Lin et al. [22] or Willem [3]). Then we have the following results.

THEOREM 1.6. Suppose that the domain Q satisfies the conditions (Q1")-(Q2") and b(x)
satisfies the condition (bl). If h = 0 and

(p—1)/(p-2)
=0 [beapSP(Q)] V7, (1.18)

0 <l < (p —m(;

then (1.1) in Q has at least two positive solutions.
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TaEOREM 1.7. Suppose that the domain Q) satisfies the condition (Q3") and b(x) satisfies
the condition (b2). If h = 0 and

(p—1)/(p-2)
= [boapS? ()] 77, (1.19)

0 < Il < (p—2)<ﬁ

then (1.1) in Q has at least two positive solutions.

This paper is organized as follows. In Section 2, we describe various preliminaries. In
Section 3, we use the shape of the domain Q) to prove that (1.5) in Q) has a ground-state
solution. In Section 4, we modify the proof of Adachi and Tanaka [21], Tarantello [23],
Cao and Zhu [18], and Zhu [17] to prove that (1.1) in () has at least two positive solutions.

2. Preliminary

We define the Palais-Smale (PS) sequences, (PS) values, and (PS) conditions in Hg ()
for J} as follows.

Definition 2.1. (i) For f € R, a sequence {u,} is a (PS)g-sequence in H}(Q) for ],ll’ if
],f(un) =B+0(1) and (],f)’(un) = 0(1) strongly in H™1(Q) as n — oo;
(i) B € Risa (PS) value in H} (Q) for ],f if there is a (PS)g-sequence in H(Q) for ],f;
(iii) ]}1’ satisfies the (PS)g-condition in H(Q) if every (PS)g-sequence in H(Q) for ]fl’
contains a convergent subsequence;
(iv) ]ff satisfies the (PS) condition in H{ (Q) if for every € R, ]f,’ satisfies the (PS)g-
condition in H} (Q).

We need the following lemmas.

LEMMA 2.2, Let u, — u weakly in H} (Q). Then there exists a subsequence {u,} such that
(i) {un} is bounded in H} (Q) and |\ullpp < liminf, o« ||t
(i) up — u, Vu, — Vu weakly in L*(Q), and u, — u a.e. in Q;
(iii) luw — ullzy = lunllfn — lullzy +o(1).

The proof is clear by the routine arguments, and hence is omitted here.

LEMMA 2.3 (Brézis-Lieb lemma). Suppose that u, — u a.e. in Q) and there exists ¢ > 0 such
that luylle < c forn=1,2,.... Then

(D) Netn = ullfs = luaalfo = ullfs +0(1);

(i) Jttn — P72 (= 1) = |unl P21 + [l P20 = 0(1) in LP/P=D(Q).

For the proof, see Brézis and Lieb [24].
LEmMA 2.4. Let u, — u weakly in H}(Q) and

U2 (un) = = Aty + 1y — b(x) |ty |p_2un+h(x) =o(1) inH Q). (2.1)
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Then
() Tun = ulP72(un — 1) = || P20y + [ulP2u = 0o(1) in H(Q);
(ii) J3°) (wn) = —Aw, +wy — b® [w, [P2w, = 0(1) in H-(Q), where w, = u, — u;
(iii) if {un} is a (PS)g-sequence in H&(Q)for],i’ then {w,} isa (PS)(ﬁ,]s(u»—sequence in
H, (Q) for Jg.

Proof. For (i), (ii), see Bahri and Lions [11]. (iii) Since u, — u weakly in Hj(Q) and {u,}
is a (PS)g-sequence for ]f,’ in Hj(Q), by Lemmas 2.2, 2.3, and the Sobolev embedding
theorem, there exists a subsequence {u,} such that w, — 0 in H(}(Q),

Iwallp = ol [770 = lull +0(1), o)
| wall7 = |[ual[2, = lluelly +o(1). '

Thus,
J& (Wa) = JE (W) +0(1) = JE () = JE(u) +0(1) = B—J2(u) +o(1). (2.3)

Therefore, by part (ii), {pa} is a (PS)(5_y () -sequence in H (Q) for J§. O
We need the following useful results.

LeEmMA 2.5. Let {u,} be a sequence in H}(Q). Then {u,} is a (PS)yp(cr)-sequence for Joif

and only if J§ (u,) = a§(Q) +o(1) and [o |Vu, | + 12 = [ b(x)|u,|? +0(1). In particular,

every minimizing sequence {u,} in M(b)(Q) ofoc(b)(Q) isa (PS)ag(Q)—sequence in H} (Q)for]é’.

The proof is almost the same as that by Wang and Wu in [4, Lemma 7], and is omitted
here.
We introduce the Nehari minimization problem for (1.1) as

@ (Q) = ueiqnbf(m]ﬁ(u), (2.4)

where MY(Q) = {u € H{(Q)\{0} | ((J?) (u),u) = 0}. Define

w(w) = (U2 () = llully — jﬂb<x>|u|f’ - jﬂh(x)u. (2.5)

Then we have the following result.

Lemma 2.6. If [|hllg— < (p — 2)(1/(p — 1)) P~V P~ [by,,SP(Q)]V2~P), then for each u €
M;(Q),

(') = lully = (p=1) | bGolul? #0. (2.6)
Proof. Foru e Mﬁ(Q), we have

2, —ng(x)|u|P—JQh(x)u:o. 2.7)
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Then
W w),u) = 2llull?y —pj0b<x>|u|f’ - [Qh(xw
— ull — (p - 1>jﬂb(x>|u|f’.

(2.8)

We claim that if ||l g+ <(p—2)(1/(p— 1)) P~ D/P2) [ by, SP(Q2) V2P, then (v (u), ) #0

forallu e Mz(Q). LetI: Mﬁ(Q) R be given by

a2\
“”>:K(P)(f0b<x W) j h(x

where K(p) = (p —2)(1/(p — 1))?~1/(?=2)_Then we have for u € M2(Q),

a2\
I(u) = K(p)( ) - j h(x)u
Q

fQ x)|ul?

llullgn

p-2)
zK(p)<fQ Y |p> = 1Al - [Tl e

lullf )"
= llull (Mp)(W) - ||h||H1)
Q

since

1/(p-2)
(“u“H) > [bupS" (@] Vu e Hi@)\ 10},

JabGx)lul?
Thus, for [|hll -1 < K(p) [bsupSP (Q)]V?P), we have
I(u)>0 YueM(Q).
Assume that thereisa w € Mﬁ(Q) such that (y’(w),w) = 0, then we have
Wl = (p=1) | _b@lwl,
| meow = 1wl = | beiwle = (p=2) | bxlwi

From (2.12) and (2.13),

w2
0<I(w) = K(p)( ) - JQ he)w

.[Q x)|W|p

(p=D/(p=2) 1yl p—1y V(p=2)
:(L> (P_2)<(P D Mo b)lwi?] ) —(P—Z)Lh(x)w:o,

p-1 JQb(x)|W|p

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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which is a contradiction. Thus, we can conclude that for

(p—1)/(p-2)
! ) [baupSP ()] 77, (2.15)

il < (p—2)(ﬁ

we have (y'(u),u) # 0 forallu € MZ(Q). O
By Lemma 2.6, we write Mﬁ(Q) = Mﬁ*(Q) U MZ_ (Q), where

M (Q) = {u eM!(Q) | [lulld, - (p— 1)jﬂb(x)|u|l’ >o},

(2.16)
M (9) = {u e M) |l — (o 1>jﬂb<x>|u|f> <of,
and define
a (@)= inf Jiw), (@)= inf Ji(u). (2.17)
ueMl*(Q) ueM;)(Q)

For each u € H} (Q)\ {0}, we write

lull%, V=2
Imax = ((p_l)jgb(X)“ﬂP) > 0. (218)

Similar as the proof of some results by Tarantello in [23], we have the following two
lemmas.

LEMMA 2.7. For each u € H} (Q)\{0},
(i) there is a unique t~ =t~ (u) > tmax >0 such that t"u € MZ‘(Q) and ],Ij(t’u) =
maxe>rt,.. ];Z,J(tu);
(ii) £~ (u) is a continuous function for nonzero u;
(iii) M}~ (Q) = {u € H{(Q\{0} | (/llullm)t™ (w/llullm) = 1};
(iv) if [ohu > 0, then there is a unique 0 < t* = t* (1) < tmax such that t'u € My (Q)
and Jj (1) = ming<<- ]ﬁ’(tu).

Lemma 2.8. (i) For each u € M Q), [oh(x)u >0 and ]h( u) < 0. In particular, ap(Q) <
o (Q) <0;
(ii) ],f is coercive and bounded below on M,ﬁ(Q).

Proof. (i) For each u € M,bf(Q), lull?y — (p—1) [ b(x)ul? >0and
2, =J b(x)|u|P+J h(x)u (2.19)
Q Q
Thus,

J ho)u = ull, j b(x) ul? > (p - 2)J b(x)|ul? >0, (2.20)
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and hence
by (L1 J p_ lJ
HORIE p) b lul? = 3 | hGu
p-2 J p_P=2 J P
< 2 Qb(ﬁc)lul > Qb(x)lul (2.21)
e 12)1()p—2) ng(x)lulp <0.
(ii) Is similar to the proof of Theorem 1 by Tarantello in [23]. O

3. Homogeneous problems

First, we present several (PS) conditions in H; (Q) for J¢ which are used to prove our main
results. As a consequence of Lemma 2.8(ii), for each (PS)g-sequence {u,} in H}(Q) for
]g , there exist a subsequence {u,} and u, in H}(Q) such that u,, — ug weakly in H (Q).
Then uy is a solution of (1.5) in Q). Moreover, we have the following lemma.

Let Q be any unbounded domain and & € C*([0,0)) such that 0 <& < 1 and

|0 fort € [0,1]
E(t)_{l fort € [2,00). (3-1)

Let

&nl2) = €<M> (3.2)

n
Then we have the following result.

Lemma 3.1. Let {u,} be a (PS)g-sequence in H(Q) for ]é’ satisfying u, — 0 weakly in
H}(Q) and let v, = &,u,. Then there exists a subsequence {u,} such that

(1) Nty = valle = 0(1) as n — oo;

(ii) Job(xX)unl? = [ b(X)|vul?P +0(1) = [o b |vu|P +0(1);

(i) [ IVval2+v2 = [ 0% |val? +0(1);

(iv) {vn} is a (PS)g-sequence in HY(Q) for J§.

Proof. By the fact that

2 2 2
||un - Vn”HI = ||”n||Hl + HVHHHI - 2<”n>Vn>Hl’ (3.3)

thus it suffices to show that (u,, v, g1 = |ty + 0(1) = [[va I3 +0(1). Since
(tn> Vi) i = J;) Vu, Vv, +u,v, = J;) & Vuy, |2 +ul]+ JQ u,Vu, V&, (3.4)

V&l < ¢/nand {u,} is a (PS)g-sequence in H}(Q) for JL, it follows that

JQEZM,,VM”VE” =o(1) forg>0. (3.5)
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Hence,
(Un>Vn) =JQEH[|VM,1|2+M,21]+0(1). (3.6)
Similarly, we have
Il = | 8019w+ + o) (37)

Given r > 1, since {&/u,} is bounded in H(} (Q), we have

o(1) = (U3)" (un),§futn)

3.8
- J (& |V |*+rE U, VE NV + ET12) — J b(x)& | u, | (3.8)
Q Q
From (3.5), we can conclude that
J f;(|Vun|2+u,21)=J bOE | +0(1). (3.9)
Q Q

Since u,, — 0 weakly in H&(Q) and b(x) — b* as |x| — oo, there exists a subsequence {u,}
such that u,, — 0 strongly in Lﬁ)C(Q), or there exists a subsequence {u,} such that

[ bl = o, (3.10)
Q(n)
where Q(n) = Q N BN (0;n). Clearly,

J b(x) 1] =J bOE | un | +0(1) =J b un [P +0(1).  (3.11)
Q Q Q
By (3.6), (3.7), (3.9), and (3.11),

(un>Vn>H' = ||”n||§11 +o(1) = ||Vn||§11 +o(1),

3.12
j b<x>|un|":j b<x>|vn|f’+o<1>:j b™ v, | +0(1). 12
Q Q Q

Therefore, ||u, — vullg = 0(1) as n — oo, The results of (iii) and (iv), from (i), (ii) and
Lemmas 2.4, 2.5. U

We need the following compactness results.

ProposITION 3.2. Suppose that the domain Q satisfies the conditions (Q1")-(Q2"). If {u,}
is a (PS)p-sequence in H(Q) for J¢ with

ab(Q) < B <min{af (Q) +af(Q),af (U),a8 (Q2),...,a5 () } (3.13)

then there exist a subsequence {u,} and ug # 0 such that u, — ug strongly in H}(Q) and

Jo (uo) =p.
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Proof. Let {u,} be a (PS)g-sequence in H}(Q) for ](l)’ with
ab(Q) < < min {af (Q) +af(Q),af (), o (Q2),...,a5 () }. (3.14)

Since {u,} is bounded, there exist a subsequence {u,} and u in H} (Q) such that u, — u
weakly in H} (Q) and u,, — up a.e in Q. Moreover, 1 is a solution of (1.5) in Q. If ug = 0,
by Lemma 3.1 there exists a subsequence {u,} such that {&,u,} is a (PS)g-sequence in
H(Q) for J°, where &, is as in (3.2). Let v, = &,u,,, and we obtain

J& () =B+o(1),  (J) (va) =0(1) inH ' (Q). (3.15)

Since Q; N Q; is bounded for i # j and € is also bounded for m +1 < < k, there ex-
ists ng € N such that v, = 0 in Q(ng) for n > 2ny and O, CQ(ng) foralll € {m+1,m+
2,...,k}, where Q(n) = Q n BN(0;n). Moreover, v, = v} +v2+---+v™ and for i =
1,2,...,m,

i n f Qi)
vi(z) = vu(z) forze (3.16)
0, forz & Q,.
Then v, € H} (Q;) and
J (|VV;|2+(V;‘1)2)=J b v | +o(1). (3.17)

i i

By (3.15), we obtain

J&) (vi) = o(1)  strongly in H™' () fori=1,2,...,m,
e , (3.18)
B=T5 (va) +0(1) = > J5 (Vi) +o(1).

i=1

Assume that
J© (V) =ci+o(1) fori=1,2,...,m, (3.19)

then ¢; + ¢+ - - - + ¢ = B, since all of ¢; are (PS)-values in H(Q) for J&* and nonneg-
ative. Thus, there exists iy € {1,2,...,m} such that c;, are positive (PS)-values in Hg(€);)
for J;° and

(XSO(QiO) < = ﬁ, (320)

which contradicts (3.14). Consequently, uy # 0 and f3 > ]é’ (1) = ocg(Q). Let p, = u, —
uy. By Lemma 2.4, {p,} is a (PS)(ﬁ_](?(uO))-sequence in H}(Q) for J°. Since B < af’ (Q) +
cx(b)(Q), ]é’(uo) > ocS(Q) and ocg(Q) is a smallest positive (PS)-value in H} (Q) for ]g. Thus,
B - ]Ob(uo) = 0. This implies that u, — g strongly in H}(Q) and ]g(uo) =p. O
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ProrosriTiON 3.3. Suppose that the unbounded domain Q satisfies the condition (Q3"). If
{un} is a (PS)p-sequence in H&(Q)for ](? with

oh(Q) < B < min {5’ (Q) +af(Q), lim aF (Q°(r)) ], (3.21)

then there exist a subsequence {u,} and ug # 0 such that u, — ug strongly in H}(Q) and

J§ (u0) = B.
Proof. Let {u,} be a (PS)g-sequence in H; (Q) for J¢ with

ab(Q) < p < min Ja (Q) + (), lim a5’ (Q(r)) }. (3.22)

Since {u,} is bounded, there exist a subsequence {u,} and u, in H} (Q) such that u, — ug
weakly in H}(Q) and u, — ug a.e in Q. Moreover, 1 is a solution of (1.5) in Q. If uy = 0,
by Lemma 3.1 there exists a subsequence {u,} such that {&,u,} is a (PS)s-sequence in
H}(Q) for J§°, where &, is as in (3.2). Let v, = &,u,, we obtain v, € H}(Q¢(n)) for each n,

J§ (va) = B+o(1), () (va) =0(1) in H™'(Q). (3.23)
Moreover, there is an s,, > 0 such that s,,v, € M*(Q¢(n)) and s, = 1+ 0(1). Then
Jo" (sava) = a5 (Q°(n)). (3.24)
By (3.23), (3.24), we obtain

B = lim o (Q4(m)), (3.25)

which contradicts (3.22). Consequently, uy # 0 and f§ > ]é’(u()) > ocS(Q). Let p, = u, —
up. By Lemma 2.4, {p,} isa (PS)(ﬁ,]g(uU»-sequence in H&(Q) for Ji°. Since 5 < ag (Q) +
ocg(Q), ]é’(uo) > ocg(Q) and ocg(Q) is smallest positive (PS)-value in H}(Q) for ]é’. Thus,
B- ]é’(uo) = 0. This implies that u, — u, strongly in Hj(Q) and ]é’(uo) =p. O

Now, we begin to show the proof of Theorem 1.1: since the domain Q satisfies the con-
ditions (Q1")-(Q2"), we have (1.11), and there exists a ground-state solution u, such that
J& (ug) = ag(Q). Let so > 0 with soup € MJ(Q). Then

[ (19wl i) =5 [ beolul” 5.26

Since b(x) = b™ (af (Q)/min{ay (Q1),ay (U2),...,ad (Qn)})P~272 and b(x) — b* as |x|
— o0, we apply (3.26) to obtain

o< <min{(x(‘;"(Ql),aﬁ(’(ﬂz),---’“ao(gm)}>1/2' (3.27)

ay ()
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Thus,
ab(Q) < JE (souo) = (% - %)sé JQ ( | Vu0|2+u%)
P min{ocS"(Ql),?;o((%z)),“.,aﬁo(ﬂm)} (% B %)J <|Vu0\2+u(2)) (3.28)

=min {af (Q1),a5 (Q2),..., a8 (Qm) }.

By Proposition 3.2, (1.5) has a ground-state solution.

Now, we begin to show the proof of Theorem 1.3: since the domain Q satisfies the con-
dition (Q3"), we have (1.11) in Q, and there exists a ground-state solution u such that
J& (ug) = ag (Q). Let so > 0 with souo € MJ(Q). Then

ngg(IVu0|2+ué> :ngﬂb(x)|uo|P- (3.29)

Since b(x) = b* (o (Q)/lim, . & (Q°(r))) P22 and b(x) — b™ as |x| — oo, we apply
(3.29) to obtain

lim,— o a8 (Q4(r)) \ 2
5 ( ) ) . (3.30)
Thus,
ab(Q) < J¢ (souo) = (% - %)sé L) ( | Vu0|2+”6)
lim,— g (Q°(r)) (1 1 2, 5 (3.31)
T @) (2 p)f0<|vu0| )
= lim g’ (Q“(r)).

By Proposition 3.3, (1.5) has a ground-state solution.

4. Nonhomogeneous problems

4.1. Existence of a local minimum. First, we establish the existence of a local minimum.
Similar as the proof of Lemma 1.4 by Adachi and Tanaka in [21], we have the following
lemma.
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Lemma 4.1. If |hllg— < (p—2)(1/(p — 1))p-D/(p-2) [bsupSP(Q)]l/(z_P), then
(i) M) (Q) € B(0;7o);
(ii) ],f(u) is strictly convex in B(0;7y),

where B(0;10) = {u € HY(Q) | lullm < ro} and ro = [(p — 1)bgpSP (Q)]VEP).

Furthermore, we have the following theorem.

THEOREM 4.2. If 1y is as in Lemma 4.1, then the functional ]} has a unique critical point
Umin in B(0;79) and it satisfies

(i) thmin € M}™(Q) and J} (umin) = 0, (Q) = a(Q);

(i1) tmin is a positive solution of (1.1).
Proof. Similar as the proof of Theorem 2.1 by Cao and Zhu in [18], there is a uUmin €
Mf’f(Q) which is a critical point for ],lj such that ],l: (Umin) = oci’fr = ocZ, since Mﬁ*(ﬂ) C
B(0;ry) and ],l,’ (u) is strictly convex in B(0;70), so that umin is @ unique critical point of
];f in B(0;79). Since i, is a unique critical point of]ﬁ in B(0;7y), we have that umy;, is a
nonnegative solution of (1.1). By the maximum principle, tmin is positive. O

4.2. Multiple positive solutions. Throughout this section, we let ¢y, be the local mini-
mum for ]ﬁ in H}(Q) in Theorem 4.2 and

(p—1)/(p-2)
) (b (2)]* 7 (41)

R
Then we have the following restricted (PS) conditions.
ProposITION 4.3. Suppose that the domain Q satisfies the conditions (Q1")-(Q2"). If {un}
is a (PS)p-sequence in H}(Q) for ]fl’ with
B < al(Q)+min{af (Q1),aF (Q2),....a8 ()}, (4.2)
tizen there exist a subsequence {u,} and u in H}(Q) such that u, — u strongly in Hy (Q) and
Ji(u) = B.

Proof. Let{u,}bea (PS)p-sequence in HO1 (Q) for ],Z,’. By Lemma 2.8(ii), {u,} is bounded.
Then there exist a subsequence {u,} and a nonzero solution u of (1.1) such that u, — u
weakly in H{ (Q). Suppose that u, - u strongly in Hy (Q). Let wy, = u, —uforn=1,2,....
Then, by Lemma 2.4, {w,} is a (PS)ﬁ,Jﬁ(u)-sequence in H}(Q) for J§°, since w,, — 0 and
w, - 0 strongly in H} (). Similar as the proof of Proposition 3.2,

B —]f,’(u) > min {af (Q1),05 (Q2),..., a8 (Qw) |, (4.3)

which is a contradiction. Thus u, — u strongly in H{ (Q). O

ProrosITION 4.4. Suppose that the domain Q satisfies the condition (Q3"). If {uy,} is a
(PS)p-sequence in H¢ (Q) for ! with

B < an(Q) + lim ag’ (Q(r)), (4.4)
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then there exist a subsequence {u,} and u in H(Q) such that u, — u strongly in H} (Q) and
Jp(u) = B.
The proof is similar to the proof of Proposition 4.3.

LEmMA 4.5. Suppose that the domain Q) satisfies the conditions (Q1")-(Q2") and the coef-
ficient b(x) satisfies the condition (b1). Let U be a positive solution of (1.11) in Q such that
Jo° (@) = ag’ (Q) and let umin be a local minimum in Theorem 4.2. Then

supJ? (vmin + ) < J© (thmin) +min {ag (Q1), a8 (Q2),..., a8 () }. (4.5)
=0

Proof. Since umin is a positive solution of (1.1). Let f(s) = s#~! for s > 0 and F,(u) =
Jab(x) Jy f(s)dsdx = (1/p) [ b(x)uP, then

T2 (ttmin + £38) = J2 (1tmin) + J2 (£00) + t(JQ bx)ul '+ h(x)a) - L)h(x)tﬁ
+ % [ L} b(x)ul + L} b(x)|fal? — L) b(x) | 1o+ m|P] (4.6)

= 77 (tamin) +J(170) — L) b(x){ J: [ (g +5) — f(5) - f(uo)]ds}.

For v >0 and w > 0, we have

fv+w)=(v+w)r!
=WAw)P v+ (v+w)P 2w (4.7)

SvPl 4wl = f(v) + f(w).

Thus, ],f(umin +1u) < ]f,’(umin) +]é’(tﬁ). Since ]é’(tﬁ) — —o0 ast — oo, thereisa ty >0 such
that ]f,’(umin +tu) < ],lf(uo) for t > ty. Hence,

sup]ﬁ (Umin + 1) = sup ]ff (Umin + t7). (4.8)
>0 0<t<ty

Letgi(t) = ]}l’(umin +tu) for t = 0. By the continuity of g (), given
- %min{oc(";’(Ql),ocg"(Qz),...,oc(‘}"(Qm)} >0, (4.9)
there exists t; € (0,ty) such that
@) <gi(0)+ %min{ocg"(Ql),ocg"(Qz),...,ocS"(Qm)} forte[0,n).  (410)
Then
sup I} (tmin + 17) <} (tin) + 3 min (o5 (01),55 (02),... 5 (O)}

0<t<t, (4.11)
<],ll’(umin) +min {af (Q1), 08 (Q2),..., a8 (Qun) }
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Now, we only need to show that

sup ]}If(umin"'m) <]}?(”min) +min {ag’ (Q1), a5 (Q2),..., 05" (Qm) . (4.12)

t <t<ty

Let g,(t) = ]é’(tﬁ) for t > 0. Then
&(b) = tJ (1val +@) —ﬂHJ b(x),
(4.13)
o (1) = J (IVal> +u?) - (p— 1)t~ 2J b(x

There is a unique = [ [, (I V#|? + %)/ [ b(x)u?] P~ such that gj(£) = 0 and g5 (£) < 0
Thus, g () has an absolutely maximum at . Since

- a5 () L
b(x) = b <min{‘x80(ﬂl)>‘x80 (QZ)a---’“SO (Qm)}) ’ (414)
we have
: ) 0 ) 1/2
;< (mm{rxo (Ql),(z)w(((éz)),...,ao (Qm)}> . (4.15)
0
Therefore,
by — 1o — (L _ L2 7712 + 72
stlzlg]o(tu) =], (ftu) = (2 p)t JQ(IVuI +u?) (4.16)
<min{a (Q1),a5 (Q2),...,a8 (Quw) }.
By (4.6), (4.7), and (4.16), we obtain
sup ];11’ (Umin + t71)
f<t<ty
< JP (tmin) + min {af (1), a8 ()., a8 () }
o (4.17)
B t|1<rt1£to 4[0 umm+s f(S) _f(umin)]ds}
<J? (thmin) +min {a§ (Q1), a8 ()., a8 () }.
Thus, sup,..o J§ (tmin + 111) < J§ (ttmin) + min{ag (), a5 (Q2);..., a5 (D) . O

LEMMA 4.6. Suppose that the domain Q satisfies the condition (Q3") and the coefficient
b(x) satisfies the condition (b2). Let u be a positive solution of (1.11) in Q such that J°* (u) =
oy (Q) and let tmin be the local minimum in Theorem 4.2. Then

sup]h (Umin + t1) < ]h (4min) + hm oy (Q(r)). (4.18)
=0

The proof is similar to the proof of Lemma 4.5.
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Now, we begin to show the proof of Theorem 1.6: for u € H&(Q) with [[ullg = 1, by
Lemma 2.7 there is a unique ¢~ (1) > 0 such that t~(u), u € MZ‘(Q) and

]ﬁ(t_(u)u) = max]}f(tu). (4.19)

= Imax

By Lemma 2.7(ii) and (iii), we have that ¢t~ () is a continuous function for nonzero u and

b— _ _ u _
MY (Q) = {ueHom)\{O} | ||u||H1 (nunHl) _ 1}. (4.20)

Let

A= {uEHO(Q)\{O}I IIuIIH *(”ubl‘lHl) >1}u{0},

Ao = BV} | (i) <1

Then MZ’ (Q) disconnects H} () in two connected components A; and A, and Hj (Q)\
MZ_(Q) = A UA,. Foreachu € Mg*(Q), we have

(4.21)

1 < tmax(u) <t~ (u). (4.22)

Since t~(u) = (1/llullg )t~ (w/llullm), then MET(Q) C A,. In particular, umi, € A;. We
claim that there exists ¢y > 0 such that uy;, + fozi € A,. First, we find a constant ¢ >0
such that 0 < ¢~ ((tmin + 1)/ || thmin + tUl| 1) < ¢ for each t > 0. Otherwise, there exists
a sequence {t,} such that t, — co and t~ ((tmin + tx %)/ [ Umin + taUllg1) — 00 as n — oo.
Let v, = (tmin + tu0)/ || thmin + £, 4| 1. Since t(vy,), v, € MZ’(Q) C Mﬁ(Q), and by the
Lebesgue dominated convergence theorem,

J b n H”mm'f'tnu”p I b(x) Umin + LU )

(4.23)
. p 14
= 1 P J b(x)<@+a) fobw asn — oo,
H”min/tn'*'u”Hl tVl ”u”Hl
We have
1 1
I ) = 31 ()1 =T )] [ vt
(4.24)
—t*(vn)J hv, — —0 asn — oo,
Q
But ]h is bounded below on M? »(Q), a contradiction. Let
) ' 12
ty = [ =t | 1. (4.25)

lull
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Then
[ tmin + t0l 7 = |[ttmin [ 7 + 22117 [ 7 + 2t0 {thmin, )
> ol + 1 = bl |42 [ 07 e
2
>c> [t(M)} N
||“min + tOuHHl
that is, Umin + to% € A. Define a path y(s) = Umin + stoti for s € [0,1], then
Y(O) = Umin € Ay, )’(1) = Umin + ol € Ay, (4.27)

and there exists so € (0,1) such that umni, + sotos € M,l;_ (Q). Thus, by Lemma 4.5,

a, (Q) s];f(umin +Sotoli) < max ],f(y(s))
selol] (4.28)
< JP (umin) +min {af (Q1),af (Q2),..., a5 (Qn) }.

By the Ekeland variational principle [25], there exists a sequence {u,} in MZ‘(Q) such
that

T (tn) = 07~ (Q) +0(1),

, . (4.29)
(JP) (u) = o(1)  strongly in H™1(Q).

Then by Proposition 4.3, there exist a subsequence {u,} and u’ € MZ(Q) such that u,, —
u® strongly in H{(Q), u° is a solution of (1.1), and J}(u°) = a’~(Q). By the Sobolev
imbedding theorem, we have u,, — u° strongly in L?(Q). Thus,

16 = (o= 1) | b |4 <o (4.30)

Then u° € M}~ (Q) and
JP () = ab™ (Q). (4.31)

This implies that up;, and u® are distinct. Finally, since h > 0, by Lemma 2.7 there exists
t~(1u®]) > 0 such that

t7(|u0|) |”0| EMzi(Q)) t7(|”0|) >tmax(|“0|) = tmax(“0)>

ap (@) < Jp (e ([ ) [u°]) < Jp (¢ ([u®])u®) (4.32)
< max JP(tu®) = JP(u0) = o (Q).

£2 tmax (u?)

Thus,

JEE ([ ) [u]) = JE (= (Ju ) ) = o (). (4.33)
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We concluded that [ hu® = [, h|u®]. Let
u% = max {u°,0}, u® = max{ - u°0}, (4.34)

then [, hu® = 0. Since h > 0 and u® > 0, we have u® = 0. Hence, #° is nonnegative. By
the maximum principle, 1 is positive. We complete the proof of Theorem 1.6.

Remark 4.7. The proof of Theorem 1.7 similar to Theorem 1.6.

Acknowledgment

This work was partially supported by the National Science Council of Taiwan.

References

[1] P. H. Rabinowitz, Minimax Methods in Critical Point Theory with Applications to Differential
Equations, vol. 65 of CBMS Regional Conference Series in Mathematics, American Mathematical
Society, Providence, RI, USA, 1986.

[2] A. Ambrosetti and P. H. Rabinowitz, “Dual variational methods in critical point theory and
applications,” Journal of Functional Analysis, vol. 14, no. 4, pp. 349-381, 1973.

[3] M. Willem, Minimax Theorems, vol. 24 of Progress in Nonlinear Differential Equations and Their
Applications, Birkhduser, Boston, Mass, USA, 1996.

[4] H.-C. Wangand T.-E Wu, “Symmetry breaking in a bounded symmetry domain,” NoDEA. Non-
linear Differential Equations and Applications, vol. 11, no. 3, pp. 361-377, 2004.

[5] H. Berestycki and P.-L. Lions, “Nonlinear scalar field equations. I. Existence of a ground state,”
Archive for Rational Mechanics and Analysis, vol. 82, no. 4, pp. 313-345, 1983.

[6] W.C.Lien, S. Y. Tzeng, and H.-C. Wang, “Existence of solutions of semilinear elliptic problems
on unbounded domains,” Differential and Integral Equations, vol. 6, no. 6, pp. 1281-1298, 1993.

[7] K.-J. Chen and H.-C. Wang, “A necessary and sufficient condition for Palais-Smale conditions,”
SIAM Journal on Mathematical Analysis, vol. 31, no. 1, pp. 154-165, 1999.

[8] M. A. Del Pino and P. L. Felmer, “Local mountain passes for semilinear elliptic problems in
unbounded domains,” Calculus of Variations and Partial Differential Equations, vol. 4, no. 2, pp.
121-137, 1996.

[9] M. A. Del Pino and P. L. Felmer, “Least energy solutions for elliptic equations in unbounded
domains,” Proceedings of the Royal Society of Edinburgh. Section A, vol. 126, no. 1, pp. 195-208,
1996.

[10] M. K. Kwong, “Uniqueness of positive solutions of Au — u + u? = 0 in RN,” Archive for Rational
Mechanics and Analysis, vol. 105, no. 3, pp. 243-266, 1989.

[11] A. Bahriand P.-L. Lions, “On the existence of a positive solution of semilinear elliptic equations
in unbounded domains,” Annales de I'Institut Henri Poincaré. Analyse Non Linéaire, vol. 14, no. 3,
pp. 365-413, 1997.

[12] V. Benci and G. Cerami, “Positive solutions of some nonlinear elliptic problems in exterior do-
mains,” Archive for Rational Mechanics and Analysis, vol. 99, no. 4, pp. 283-300, 1987.

[13] M.]J. Esteban and P.-L. Lions, “Existence and nonexistence results for semilinear elliptic prob-
lems in unbounded domains,” Proceedings of the Royal Society of Edinburgh. Section A, vol. 93,
no. 1-2, pp. 1-14, 1982-1983.

[14] D.-M. Cao, “Positive solution and bifurcation from the essential spectrum of a semilinear elliptic
equation on RN,” Nonlinear Analysis, vol. 15, no. 11, pp. 1045-1052, 1990.

[15] A.BahriandY.Y.Li, “On a min-max procedure for the existence of a positive solution for certain
scalar field equations in RN,” Revista Matemdtica Iberoamericana, vol. 6, no. 1-2, pp. 1-15, 1990.



(16]
(17]

(18]

(19]
(20]

[21]

Tsung-Fang Wu 21

T.-F. Wu, “Multiplicity of single-bump solutions for semilinear elliptic equations in multi-bump
domains,” Nonlinear Analysis, vol. 59, no. 6, pp. 973-992, 2004.

X. P. Zhu, “A perturbation result on positive entire solutions of a semilinear elliptic equation,”
Journal of Differential Equations, vol. 92, no. 2, pp. 163—178, 1991.

D.-M. Cao and H.-S. Zhou, “Multiple positive solutions of nonhomogeneous semilinear elliptic
equations in RN, Proceedings of the Royal Society of Edinburgh. Section A, vol. 126, no. 2, pp.
443-463, 1996.

L. Jeanjean, “Two positive solutions for a class of nonhomogeneous elliptic equations,” Differen-
tial and Integral Equations, vol. 10, no. 4, pp. 609-624, 1997.

S. Adachi and K. Tanaka, “Multiple positive solutions for nonhomogeneous elliptic equations,”
Nonlinear Analysis, vol. 47, no. 6, pp. 3783-3793, 2001.

S. Adachi and K. Tanaka, “Four positive solutions for the semilinear elliptic equation: —Au +u =
a(x)uf + f(x) in RN, Calculus of Variations and Partial Differential Equations, vol. 11, no. 1, pp.
63-95, 2000.

H.-L. Lin, H.-C. Wang, and T.-E. Wu, “A Palais-Smale approach to Sobolev subcritical opera-
tors,” Topological Methods in Nonlinear Analysis, vol. 20, no. 2, pp. 393-407, 2002.

G. Tarantello, “On nonhomogeneous elliptic equations involving critical Sobolev exponent,”
Annales de U'Institut Henri Poincaré. Analyse Non Linéaire, vol. 9, no. 3, pp. 281-304, 1992.

H. Brézis and E. Lieb, “A relation between pointwise convergence of functions and convergence
of functionals,” Proceedings of the American Mathematical Society, vol. 88, no. 3, pp. 486—490,
1983.

I. Ekeland, “On the variational principle,” Journal of Mathematical Analysis and Applications,
vol. 47, no. 2, pp. 324-353, 1974.

Tsung-Fang Wu: Department of Applied Mathematics, National University of Kaohsiung,
Kaohsiung 811, Taiwan
Email address: ttwu@nuk.edu.tw


mailto:tfwu@nuk.edu.tw

	1. Introduction
	2. Preliminary
	3. Homogeneous problems
	4. Nonhomogeneous problems
	4.1. Existence of a local minimum
	4.2. Multiple positive solutions

	Acknowledgment
	References

