EXACT CONTROLLABILITY FOR A SEMILINEAR
WAVE EQUATION WITH BOTH INTERIOR
AND BOUNDARY CONTROLS
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The exact controllability of a semilinear wave equation in a bounded open domain of R”,
with controls on a part of the boundary and in the interior, is shown. Feedback laws are
established.

1. Introduction

The purpose of this paper is to prove the existence of the exact controllability of a semi-
linear wave equation with both interior and boundary controls.

Let Q be a bounded open subset of R” with a smooth boundary, let f(y) be an accre-
tive mapping of L?(0, T; H~'(Q)) into L2(0, T; H} (Q)) with respect to a duality mapping
J,D(f) = L*(0,T;L*(Q2)) and having at most a linear growth in y. Consider the initial
boundary value problem

Y ' =Ay+ f(y) =uy, inQx(0,T),
y(x,t) =0 onTyx(0,T), y(x,t) =v(u) onT;x(0,T), (1.1)
y(x,0) = a, ¥y (x,0)=a; inQ,

with
LJri=0Q, T \i=9, TIi+0. (1.2)

The characteristic function of the subset w of ) is x,, and the control function u is in
a closed, bounded, convex subset A of L(0, T5L2(Q)). Given T > Ty and

{ag,an}; {Bo,p1}  in L*(Q) x H'(QY), (1.3)

the aim of the paper is to prove the existence of an optimal {z,v(%)} €U x L?(0, T; L*(T;))
such that the solution ¥ of (1.1) satisfies

y(x,T)=Bo, ¥y (xT)=p inQ. (1.4)
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The exact boundary controllability of the wave equation, using the Hilbert uniqueness
method of Lions [3, 4], has been extensively investigated, both theoretically and numeri-
cally. For the semilinear wave equation, the local controllability was established by Russell
[5] and others, using the implicit function theorem. More recently, Zuazua in [8, 9] in-
troduced a variant of the Hilbert uniqueness method and treated the exact boundary
controllability of the semilinear wave equation

(i) in the space L2(Q) x H~1(Q) for asymptotically linear mappings f in W5~ (R),
(ii) in the space U, Hj (Q) x H'~1(Q) for mappings f with f” in L*(R). The pair
p y pping p
{Lo, T} is assumed to have the unique continuation property for the wave equa-
tion with zero potential.

In order to handle the nonlinear term, some compactness is needed and thus the in-
troduction in [9] of a smaller space for the exact controllability, where delicate estimates
based on interpolation are used. A different approach is taken in this paper, it is based on
the theory of accretive operators of Browder [1], Kato [2], and others. By assuming that
f is accretive in the appropriate spaces, the passage to the limit can be obtained and the
target space is still the largest one, namely, L?(Q) x H~!(Q). The accretiveness hypothesis
will replace the condition f” in L®(R).

Exact controllability for the linear wave equation, with both controls in the interior
and on the boundary, has been studied by the author in [6] and feedback laws were given.
Dirichlet boundary exact controllability of the wave equation has been treated by Trig-
giani in [7].

Notations, the basic assumptions of the paper, and some preliminary results are given
in Section 2. The exact controllability of (1.1)—(1.4) is established in Section 3. Optimal
controls are shown in Section 4 and feedback laws are established in Section 5.

2. Notations, assumptions, preliminary results

Throughout the paper, we will denote by (-,-) the L>(Q) inner product as well as the
pairing between H{ (Q) and its dual H~'(Q). Let J be the duality mapping of the Hilbert
space L*(0, T;H™1(Q)) into (L*(0, T;H1(Q)))* = L*(0, T; H{ (Q)) with gauge function
®O(r) = r. We have

1Ty, @) = PUY 0 @) = 1Yo @)

T (2.1)
| Upnde = riiar ¥y €POTH @),

Definition 2.1. Let g be a mapping in L*>(0, T; H'(Q)), with D(g) = L*(0, T;L*(Q2)) and
values in L2(0, T; H~1(Q)), said to be accretive with respect to J if

T
|, G0 -g@ I -2dt=0 Vyze (. TH Q). (2.2)

We will consider mappings f of L(0, T;L*(Q))) into L?(0, T; L2(Q)) satisfying the fol-
lowing assumption.
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Assumption 2.2. Let f be a Lipschitz continuous mapping of L?(0,T;L*(Q)) into
L?(0, T;L*(Q)). Suppose that

() I f D llzo,rsr200)) < CL{L+ Iyll20, 11200} for all y € L2(0, T;L*(Q2));
(ii) AI + f is accretive in the sense of Definition 2.1 for some A > Ao > 0.

LemMa 2.3. Let f be as in Assumption 2.2 and suppose that

D f ()} — Uyl (2.3)

in {L*(0, T;H~(Q)) N (L*(0, T5 L7 (Q)) )weak } X (L*(0, T3 L*(2)))weak- Then y = f().

Proof. (1) From the definition of accretiveness, we get

T
J An=2)+ f(yn) = f(2),](yu—2))dt =0, VzeL*(0,T;L*(Q)). (2.4)

0

It is well known that the duality mapping J is monotone and continuous from the
strong topology of L(0, T; H~'(Q)) to the weak topology of L2(0, T; Hj (Q2)).Thus,

J(yn=2) —J(y=2) in (L*(0,T;Hy())) ear- (2.5)
On the other hand,

1] (yn—2) ||L2(0,T;H3(Q)>
= lyn = 2ll 201 @) — 1y — 2l @) (2.6)

=7y = 2Dl 20,151 ))-
But L?(0, T; Hy (€))) is a Hilbert space, and thus
J(yn—2) — J(y—2z) inL*(0,T;Hj(Q)), Vz € L*(0,T;H ' (Q)). (2.7)

(2) Since

T
lyn— ZHiZ(O,T;H*l(Q)) = L (yn —2.J (yu —2))dt, (2.8)

we obtain

T
[, (o410 =2+ £ = F@T (- 2Dt o)
> ullyn — 2l oy #>0, Yz L2(0,TsIA(Q)).

Let n — o0, and we have

T
L (A +ul(y—2)+ v — f@](y - 2)dt
> ully =zl )y V2€ L2 (0, T;L(Q)).

(2.10)



622  Exact controllability

Since f is Lipschitz continuous, a simple argument using the method of successive ap-
proximations shows that R([A + ]I + f) = L*(0, T;L*(Q)) for large A > 0, and ([A + p]I +
f) is 1-1. Therefore, ([A +u]I + f)~! exists and maps L*(0, T; L?(Q)) into L*(0, T; L*(Q))).
Thus for a given a € L%(0, T;L*(Q))), there exists a unique z, such that

ze = ([A+u)I+ )" H{{A+uly+y —eal. (2.11)
Then (2.9), with z = z., becomes
JOT(soc,]()’—zg))dtZO, Va e L2(0,T;L2(Q)). (2.12)
We have
(A+ull+ ) (y+y—ea) =ze — (A+pll+ )~ (y+y) (2.13)
in L2(0, T; H1(Q)) N (L2(0, T;L2(€2)) ) weak as

ullze — 2| |22(0,T;H71(Q)) < (e+ ) llall2o,rs22000 1 (ze = 20)|| 20,5812 0y)

(2.14)
< (e+ M) llallz,rzonllze = 2oll0,150-10))-
We get
T T
lsifr(} . (oc,](y—zg))dt=sliir%) . (] (y— ([A+ull+f) (A+y]y+1//—£oc)))dt
T
- |, @I = (el ) Dy ) de
>0, VaelL?(0,T;L*(Q)).
(2.15)
Therefore,
=(A+pll+ ) " (A +ply+vy), ie, [A+uly+f(y)=N+uly+y;f(y
(2 16)
The lemma is proved. O

Remark 2.4. Suppose that f is a continuous mapping of L?(0, T;L*(Q))) into itself and
that f” is in L*(R) with

suplf'l <c (2.17)
R
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Then (Al + f) is accretive in L?(0, T; H~'(Q)), with respect to the duality mapping J,
for A > c. Indeed, we have

T
jo Ay =2+ f() = f@),)(y —2)dt
T
zj Ay — 2] (y — 2))dt
0
—clly =zl ] (y — 2) ||L2(0,T;H(}(Q))

T
o (/lfc)J’O (y—2J(y—2))dt

= (/1 - C)”)’ - ZH%Z(O’T;H—I(Q)) >0

(2.18)

forall y,zin L?(0, T;L*(Q))).

3. Existence theorem
The main result of the section is the following theorem.
TueOREM 3.1. Let f be as in Assumption 2.2, let
a={ag,ar}, B={Bo.p1} bein*(Q)xH (Q); uinW. (3.1)

Then for T = Ty, there exists a solution y of (1.1)—(1.4). Moreover,
1yl co,msez) + 11y Nlco,mH-1@) < €(u,a,8) (3.2)
with

E(w;a,p) = {”””LZ(O,T;LZ(Q))+||“0||L2(Q)+||0¢1||H—1(Q)+||/30||L2(Q)+||/31||H—1(Q)}-
(3.3)

The constant C is independent of u, a, p.
Consider the exact controllability of the linear wave equation
N =Ay=uy, inQx(0,T),
y1(x,t) =0 onTx(0,T), y1(xt) =vi(u) onT;x(0,T),

yl(x 0) = ao, y1(x,0)=a; inQ,
106, T) = Po, y1(xT)=p1 nQ.

(3.4)

The following result has been proved by the author in [6].

LEmMMA 3.2. Let u € WU and let {a,B} be in L2(Q) X H™1(Q),then for T > T,, there exist
vi(u) € L*(0, T;L*(T1)) and a unique solution y, of (3.4). Moreover,

yillcw,rez) * il maa) + il rea)) <= CEwWap). (3.5)

The constant C is independent of u, o, .
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Consider the initial boundary value problem

¥y —Ay, =0 inQx(0,T),
y2(x,£) =0 onTyx(0,T), ya(x,t) =v; onT;x(0,T), (3.6)
»2(x,0) =0, y5(x,0)=0 inQ,

where v, = n - Vo with ¢ being the unique solution of the initial boundary value problem

9" —Ap=0 inQx(0,7),
=0 ondQx(0,7T), (3.7)
px,T) =g, ¢'(xT)=g inQ

We have the following known result.

Lemma 3.3. Let {go,g1} bein H} (Q) X L2(Q), then there exists a unique solution y, of (3.6).
Moreover,

2lleo sz + 192llco,mm1an + V2l rza) < C{HgOHHg(Q) + ||g1||L2(Q)}' (3.8)

The constant C is independent of go, g1
Let A be the mapping of H} (Q) x L2(Q) into its dual H~'(Q) x L*(Q), defined by

A(g) = {y3 (6, T), = y2(x, T)}. (3.9)

It is well known in the Hilbert uniqueness method that A is an isomorphism of
HI(Q) x L2(Q) onto H1(Q) x L2(Q)).
We now consider the nonlinear initial boundary value problem

¥ =Ays=—f(yi+y+y3) inQx(0,7T),
y3(x,t) =0 ondQx(0,T), (3.10)
y3(x,0) =0, ¥5(x,0)=0 inQ.

LEmMMA 3.4. Let f be as in Assumption 2.2 and let {y1,y,} be as in Lemmas 3.2 and 3.3.
Then there exists a solution ys of (3.10). Moroever,

||y3||C(O,T;H(§(Q)) + ||)’§||C(0,T;L2(Q)) = C{%(W ap)+ ||g0||H(§(Q) +lgll 20 } (3.11)

The constant C is independent of u, «, o, g.
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Proof. (1) Consider the system

Y ' =Ay=—f(yn+ym+z) inQx(0,7),
y=0 onoQx(0,T), (3.12)
y(x,0)=0, y'(x,0)=0 inQ.

Let z be an element of the set

Be = {Zi 1zl 20,500 )y + 12" 200,622

(3.13)
= C{%(”;“’ﬁ) + ||g0||Hg(Q) + ||g1||L2(Q)} exp(Ct); t € [0, T]}-

Clearly, there exists a unique solution y of the above initial boundary value problem
with

Iy Ol + 1y GO )

(3.14)
= C{||y1||L2(0,t;L2(Q)) +y2ll o2 + ||Z||L2(0,t;L2(Q))}-
Taking into account the estimates of Lemmas 3.2 and 3.3, we obtain
Iy GOl + 11y GOl
t (3.15)
< ClBwap) + gl + | 1269l ds}.
Since z is in B, it follows that
Iy Ol + 11y GOl
(3.16)

< C{Ew0B) + (180|310 1181120 } exp(CO)

forall t € [0,T], and thus y € B.
(2) Let 4 be the nonlinear mapping of %B¢, considered as a closed convex subset of
L*(0, T;L*(Q)) into L*(0, T; L2(Q))) defined by

A(z) = y. (3.17)

We will show that s satisfies the hypotheses of the Schauder fixed point theorem.
Let {z,} be in B¢ and let y, = HA(z,). From Aubin’s theorem we get subsequences,
denoted again by {y,,z,} such that {y,,z,} — {y,z} in

(1200, T3L2(Q) 1 (L% (0, T HY(D))) e | - (3.18)

Since f is a continuous mapping of L(0, T;L*(Q))) into L?(0, T; L*(Q))), we get A (z) =
y. It follows from the Schauder fixed point theorem that there exists y3; in B¢, solution
of (3.10). With f being Lipschitz continuous, the solution is unique and the lemma is
proved. O
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Let & be the nonlinear mapping of Hg (Q) x L>(Q) into H~(Q) x L*(Q) defined by
$({g()’gl}) :i(g) = {_}’é(%T),)B(X,T)}- (3'19)

Since A is an isomorphism of H} (Q) X L?(€)) onto H~(Q) x L*(Q), its inverse A~ is
well defined. We consider the nonlinear mapping

H =A% (3.20)

It is clear that J{ is a nonlinear mapping of H{(Q) x L2(Q) into H}(Q) X L2(Q). We
will now show that J{ has a fixed point

Hig)=g ie, Z(g) =Ag), (3.21)
and thus
{= 5 T), y3(x, 1)} = {5, T), = 2 (x, T)}. (3.22)
Let B¢ be the set
Be = 18:8= 180,81} 180l + 181111200 = B0 B)}. (3.23)

It follows from the Sobolev embedding theorem that %4 is a compact convex subset of
L2(Q) x H1(Q).
Since A is an isomorphism of H} (Q) X L?(Q) onto H~1(Q) x L*(Q)), we have
CHhHH(}(Q)XLZ(Q) < IA(h) |51 (@)x12(0) < CHhHHol(Q)xLZ(Q) (3.24)

forallh € H}(Q) x L2(Q).
LemMa 3.5. Let J be as in (3.20), then it maps B into Ba with

C =sup {c 'C&(u;a, 8), C&(u;, B) . (3.25)
Proof. (1) Let g be in B, then
£(g) = { - yi(6 1), y3(x, 1)}, (3.26)
and we obtain from the estimates of Lemma 3.4
L@ a1x2) < Cé(usa, fB). (3.27)
Thus,

||A71‘Lj{(g)||Hg(Q)xL2(Q) < cHE@@)xm1@

<c'C8(wap) < C. (3:28)
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LeEMMA 3.6. Let J{ be given by (3.20), then it has a fixed point in Be.

Proof. In view of Lemma 3.5, it suffices to show that ¥ is a continuous mapping of
L*(Q)xH™1(Q) into L*(Q) x H™1(Q) as the set B is a compact convex subset of L?(Q) X
H1(Q).

Let g" € B, then there exists a subsequence such that

g" —§ inL2(Q) N (HH(Q))yeu X H Q) N (LX(Q)) e (3.29)
Set
Lg" ={ = y3,(- 1) y3a(, T}, (3.30)
where y3, is the solution of (3.10), y,,, is the solution of (3.6) with g = g".
It follows from the estimates of Lemmas 3.3 and 3.4 that
2m Yo vant — {y2y5v2} (3.31)
in
C(0, TsH () N (L2(0, T5L2(Q))) yeqrer X (L7 (0, T;H () yeate®
OOy
and {y3.0, 5} = (y3,y3} in
C(0, T;L*(©)) N (L™ (0, T3 Hy (Q))) yearer X (L7 (0, T5L*(Q))) e (3.33)

NL*(0, T;H™(Q)).

It is trivial to check that y, is the solution of (3.6). We now use Assumption 2.2 to
show that y3 is the solution of (3.10). Indeed,

Yont Ysn — y2+ys  inL2(0,T;H 1(Q)) n (L*(0, T;L*(Q))) (3.34)

weak

and f(y1+ yan+ y30) — ¥ weakly in L?(0,T;L*(Q)). Since f is accretive in L?(0,T;
H1(Q)), it follows from Lemma 2.3 that v = f(y; + y> + y3), and hence

Pg' — Fg in LX(Q) N (HAQ)) yeu X H Q) N (IHQ) e (3.35)
Let
Hg" = A L(g") = h, (3.36)
then
A" =2(g") = { = ¥, T) y3u(- T} = {35, T) =320 (+, T) ) (3.37)

and ¥, is the unique solution of (3.6) with g = h".
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With h" € B4 and with the estimates of Lemma 3.3, we get

{th", Yo 920} — {h 32,35} (3.38)
in
(H () yeac N L2(2) X (LZ(Q))weak_m H™'(Q) % (L% (0, T5L*(Q))) year (3.39)
x (L (0, T;H 1)) oy
Furthermore,
(5 T), 95, (5 TV — {9205, T),35(-, 1)} in HH(Q) x H*(Q). (3.40)
Moreover, A(h) = {95(+,T),— (-, T)}. It follows that
Ah) = {5 T), =725 D} = { =73, T), (T} = Lg). (3.41)
Hence,
h'=A"'9g" =Hg" — h=A"'L(g) = Hg (3.42)

in (L*(Q)) x (H'(Q)). The nonlinear mapping J{ satisfies the hypotheses of the
Schauder fixed point theorem, and thus there exists § € B such that

Hg=AN"'%g=¢ (3.43)
O

Proof of Theorem 3.1. In view of Lemma 3.6, there exists g € % such that
{ _)’é('; T);}’3()T)} = {yé()T))_)Q()T)} (344)

with y,, y3 being the unique solution of (3.6), (3.10), respectively, and with g = g.
Let u € AU, then it is clear that

Y=nt+ytys  Vw) =vi+v (3.45)

are a solution of (1.1)—(1.4). The estimate of the theorem is an immediate consequence
of those of Lemmas 3.2-3.6. |

4. Optimal control

We associate with (1.1)—(1.4) the cost function

T
F(ysusasp) = jo j0|y<x,t)|dxdt, (4.1)

where y is a solution of (1.1)—(1.4) given by Theorem 3.1. The main result of the section
is the following theorem.
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THEOREM 4.1. Let f be as in Assumption 2.2, let
{ag, a1}, {Bo,-p1}  bein L*(Q) x H 1 (Q), (4.2)
then for T > Ty, there exists u € U, and
{(%,7,9()} € C(0,T;L*(Q)) x C(0, T;H'(Q)) x L*(0, T;L*(Ty)) (4.3)
such that
V(o) = $(ystisa, ) = inf {F(y;us0, ) : Vu € U (4.4)

Proof. (1) Let {uy, vy, ¥} be a minimizing sequence of the optimization problem (4.4)
with

Swup ) < V(a, )+ 1/n. (4.5)
From the estimates of Theorem 3.1, we have

ynllcorzi T yallco,raqy + 1Vallzorem) < CE(unsap)

< Cl1+€(wap)l, (4.6)

as U is a bounded subset of L2(0, T; L?(Q))). Thus there exists a subsequence such that
{)’m}’,’,,unﬂn} - {;;;laﬁ,;} (4.7)
in

C(0, T;H™ () N (L= (0, T5L*(2))) yeur* X (LT (0, T;HH(Q)))
C(0, T;H2(Q)) X (L2(0, T;L2(€2)) ) o X (L2 (0, T;L2(T)))

weak ™ >

(4.8)

weak*

We now show that {¥,%,v} is a solution of (1.1)—(1.4) and it is clear that it suffices to
prove that

f()’n) - f(;) iIl (Lz(o) T;Lz(Q)))weak' (49)

Since f(y,) — v weakly in L>(0, T;L*(Q2)) and since f is accretive in L?(0, T; H1(Q)),
it follows from Lemma 2.3 that ¢ = f(¥). The theorem is now an immediate consequence
of (3.7). O

LeEMMa 4.2. Let V be as the value function associated with (1.1)—(1.4) and the cost function
(4.1). Then,

V(s B) = V(P < C{H“O = Yollp2qy +llon = )’1||H—1(Q)} (4.10)

forall a, B, y in L>(Q2) X H"Y(Q). The constant C is independent of a, B, y.
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Proof. Let a, f be in L*(Q) x H~'(Q), then it follows from Theorem 4.1 that
Ve, B) = $(ys s v(i); 0, B).
Then,
V(y,B) = V(e p) < $(z1,0(1), y, p) — (331, V(40), y, B)
< LT [RERA:

T
SJ J |z — yldxdt
0 Ja

< Cllz = Yllz(0,1;02(00))-
On the other hand, we have

(z=y)"=Az=y)=f()) - f(z) inQx(0,T),
z—y=0 onTlyx(0,T), z—y=v-v onl;x(0,T),
zZ—=Ylt=0 = yo — o, (z=9)ltmo=y1—a1 inQ,

z2=Ylieo=0=(2=%) 1= inQ.

Applying Theorem 3.1 with

we have

V(y,p)— Vi, ) < C{H‘Xo — Yoll 2y + lJer = y1||H*1(Q)}'

Thus,

V(y,B) = V(a,p) < C{”“O = Yol i)+l =1 ||H—1(Q>}~

Reversing the role played by «, y, we get the stated result.

Consider the following initial boundary value poblem for the heat equation

¢ —Ap=h inQx(0,T),
¢o(x,t)=0 onoQx(0,T), o(x,0) =0 inQ.

Let S be the linear mapping of L?(0, T; H~'(Q)) into L>(0, T; H} (Q)) given by

Sh =g,

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

where ¢ is the unique solution of (4.17). Then § is a compact linear mapping of L?(0, T;

H~'(Q)) into L*(0, T;L*(Q))) and

lollco,rsrz) = IShllco, 2 ) < CllAll 2o, mH1(Q)-

(4.19)
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Set
V(a,B) = V(Sag, Saxs; B). (4.20)

The following lemma will be needed in the establishment of the feedback laws.

LEMMA 4. 3 Let a(1), B be in L*(Q) x H1(Q) and let V'(-;7) be as in (4.20). Then
00V (g (1), 1 (7); B57), the subgradient of V' with respect to Sa, exists and is a set-valued
mapping of L*(Q) into the closed convex subsets of L*(C)). Moreover,

p(a(); s Moy <C> Vp €0V (ao(7),00(7);B57). (4.21)
Proof. From Lemma 4.2, we have

|V (Sato(7), Sar (7); B57) — V (Syo, Sars B57) | < Cl|Sao(+,7) = Syo (=, )] |2y

(4.22)
< C||(X0 T _yO(T ||L2(Q)'

The constant C is independent of 7, a, 5. Hence, the generalized Clarke subgradient
90V (g, a1 B;7) with respect to Sap exists and is a set-valued mapping of L?>(Q) into the
closed convex subsets of L2(Q). Furthermore,

[p(a(), 5 )2y = C Vp €V (awo(7), a1 (7); 85 7). (4.23)

The lemma is proved. O

With y € C(0, T;L*(Q)) X C(0, T; H1(Q)), we have do™V (yo; 1385 7) in L?(0, T; L2(Q)).

5. Feedback laws

In order to establish the feedback laws, we will first consider a nonlinear semilinear wave
equation. Let f be as in Assumption 2.2 and let V" be as in Lemma 4.3. Consider the
problem

Y = Ay+ f(y) =Pp(y;a.fst)xe InQx(0,T),
y(x,t) =0 onlyx(0,T), y(x,t) =v(y) onI;x(0,T),
(x,0) = a, y'(x,O) =a; inQ,

T) = fo, "x,T)=p inQ,

(5.1)

where p(y;a,f;t) is the element of minimum L?(0, T;L*(Q2))-norm of the closed convex
set ooV (y(+,1),y'(+,1);5t) and v(y) € L*(0, T;L*(T1)). The projection of L2(0, T;L*(Q2))
onto the closed bounded convex set AU is denoted by %.

THEOREM 5.1. Let f be as in Assumption 2.2 and let {a,} be in L*(Q) x H1(Q). Then
for T > Ty, there exists

{(7,7,v(»)} € C(0, T;L*(Q)) x C(0, T; H'(Q)) x L*(0, T; L*(T1)), (5.2)

solution of (5.1).
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Let ¢ = info { [|ullr2(0,1512(2)) } and set

B = {y: 1yl co,mse2 ) + 1Y lco,rsa-100)

(5.3)
< Cle+llaolli * llar o) + 1Bol ooy + 1B o}
Let z € By and consider the exact controllability problem
Y =Ay+f(y) =Pp(za,Bt)xe inQx(0,T),
y(x,t)=0 onTyx(0,T), y(x,t) =v(z) onlx(0,T), (5.4)
5.4

(x,0) = a, Y (x,0)=a; inQ,
}’(X,T) :ﬂ()) )/,(X,T) :ﬁl in Q.

LeEMMA 5.2. Suppose the hypotheses of Theorem 5.1 are satisfied and let z be in B, then for
T > Ty, there exist v(z) € L*(0, T;L*(T'1)) and a unique y, solution of (5.4). Moreover,

Iyl co,rzzy + 1Y llcora-1@y < C (5.5)
with
C'=Cle+llaol i + el + [1Bol oy +11B1 10 - (5.6)
Furthermore,
Iv(2)ll20,522(r))) < Clat, B). (5.7)

The constants C are independent of z, o, .
Proof. With u = Pp(z;a,f3), the lemma follows from Theorem 3.1. O

Let 54 be the nonlinear mapping of B, considered as a subset of L?(0, T; H~(Q))) into
L2(0, T;H™'(Q)) defined by

Az =y, (5.8)

where y is the unique solution of (5.4). It is clear that 3B is a compact, convex subset of
L?(0, T;H™'(Q)). We now show that < has a fixed point.
LemMa 5.3. The nonlinear mapping s given by (5.8) maps B into B,
Proof. The lemma is obvious. O

LemMA 5.4, Let A be as in (5.8), then it is continuous from L*(0, T;H~1(Q)) into L*(0,T;
H1(Q)).
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Proof. (1) Letz, € B and let y, = Adz,. Then we have

1yl co,rse2 ) + 1yl co, s + 1v(z) 20,1502

5.9
+lp(ansa Pl ria) < M. 59
The constant M is independent of n. We obtain, by taking subsequences,
nzn Yoz Pz f)} — {y,2,y",2 ¥} (5.10)
in
2 2
{220, TsHH(Q) 1 (L% (0, T;L2(9))) e | % {27 (0, T3 HTHQ))) e | 511)
x (L*(0, T;Lz(Q)))weak.
Furthermore,
v(za) — ¥ in (L2(0, T5L* (1)) yeqtor (5.12)
(82,82} — {82,82'} in (L2(0, T;12(Q))) . (5.13)
(2) Since f is accretive in L*(0, T; H~'(€))) and
Yo —y inL*(0,T;H Q) N (L(0, T5L*(Q))) year> (5.14)
it follows from Lemma 2.3 that
Flyn) — f(y) in (L2(0, T5L%())) year- (5.15)

(3) We now show that ¥ = p(z;a, ) with p(z;a, ) being the unique element of mini-
mum L?(0, T; L?(€2))-norm of the closed convex set dyV'(29,21; ). From the definition of
a subgradient, we obtain

T T
J {V(Sy,Sz,; 8;1) —V(Szn,Sz;;ﬁ,t)}dtzJ (p(zu>23B),Sy — Sz,) dt (5.16)
0 0

forall y € L2(0, T;L*(2)). We have

T T
J V(Sy,Sz;,;/)’,t)dt—»J V(Sy,S23B.¢)dt (5.17)
0 0

since

T
JO | V(Sy,Sz3 B, t) — V(Sy,S2'38,t) | dt < Cl|Sz;, — SZ'{| 20 11200 (5.18)
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Hence,

T T
J (W, Sy — Sz)dt < liminfj [V(Sy,S23B) — V (Sz, S2,38) | dt
0 0

T T
sj V(Sy,Sz';/S)dtflimsupI V (Szy,Sz,,; B) dt
0 0
T T
SJ V(Sy,SZ’;ﬂ)dt—limsupJ P (%13 Sz, Sz, B) dt (5.19)
0 0
T T
sj V(Sy,Sz';/S)dt—J P(x;8z,82"; f)dt
0 0
T
< J {V(Sy,Sz';8) — V(Sz,82"; B) }dt
0

forall y € L*(0, T;L*(Q))). Hence ¥ € 9™ (20,213 3,t). We have applied Theorem 4.1, and
note that

V(821,823 8) = F (%03 thn, Vi (t4n) 5 Sz, S2,3 B). (5.20)

(4) We now show that ¥ is the unique element of 0yV'(z,z’; ) with minimum L?(0, T;
L?(Q))-norm. Let

B(z) = {Zs 12e € B ||2e = znl | 0, 11200y + 112 = 20ll e 013110 = 5}" (5.21)
Then,

() {00V (2623 P) : ze € BE(2)} € 9V (2,25 8) (5.22)

&

as z, € BE(z) for n = ny. Thus,

||P(ZmZ;,§ )||L2(0,T;L2(Q)) < ”p(zazl;/j)”LZ(O,T;LZ(Q))) VP(Z:Z,;[;) € aOOV(z)Z,;ﬂ)-
(5.23)

Hence
20,7520 < 11 p(22" 5 ) 20,12y, Y p € 00V (2,25 8). (5.24)

Since dy1'(z,2';8) is a closed, convex subset of L2(0, T;L*(Q)), there exists a unique
element of minimum norm of the set and the lemma is proved. O

Proof of Theorem 5.1. 1t follows from Lemmas 5.3-5.4 that the nonlinear mapping «{ sat-
isfies all the hypotheses of the Schauder fixed point theorem. Hence, there exists y € B
such that

Ay =5, (5.25)

The theorem is proved. O
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The following theorem gives us the feedback laws.

THEOREM 5.5. Let {a, B} be in L*(Q) x H™1(Q), let f be as in Assumption 2.2, and let
u=2p(3.ysp)  V=v(.y5p), (5.26)
where {y,V} is as in Theorem 5.1. Then
V(a,p) = $(3: 0,7 a,B). (5.27)
Proof. Let ¥ be as in Theorem 5.1 and consider the problem

Y' =Ay+f(y)=uy, inQx(tT),
y(x,s)=0 onlyx(tT), y(x,s) =v(u) onT; x(t,T),
)’(x> t) = ;(-x)t)) )’,(x S)|S t= 7(3(, t) in Q,
T) = Po, "%T)=B inQ.

(5.28)

Applying Theorem 4.1, we obtain

T
V(y(,1),5 (-, 1);5t) inf{f I |y(x,s)|dxds y solution of (5.28), Vu € OIL}
t Ja
:}()’*,U*N*,ﬁ)l‘),

(5.29)

where y, is the solution of (5.28) for some {uy, vy} in L*(0, T;L*(€))) x L*(0, T; L*(Ty)).
The solution y, depends on t through its interval of definition.
The dynamic programming principle gives

V((t), ¥ (t);B5¢)
_ inf{v(y(t+h);y'(t+h);ﬂ;t+h)

(5.30)
t+h
_,_J J | y(x,5) | dxds y solution of (5.28), Vu € ou}
t Q
It follows that
V0,5 (0:5,1) = F(pasus,vispot)
< V(ys(t+h),y, (t+h);B,t+h) (5.31)

t+h
+J J [ ys(x,8)|dxds.
t Ja

Therefore,

T
J J | (e,s) | dds < V (ys (£ + ), v, (¢4 h)s Bt + ). (5.32)
t+h JQ
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From the definition of the value function, we deduce that

T
V(s (£ 4 1), (- )s Bt 4+ B) = Lh JQ |y (x,5) | dcds (5.33)

Since { ¥« (-, 1), y5 ()} = {¥(-,£), ¥ (-,1)} in Q, we get

Y@,y (1) 1) = V (ys (1), yi ();5,1). (5.34)
Hence,
V(ys (@), y5():B5t) = V(yu(t+h), yi (t+h); Bt +h)
t+h (5-35)
=J J | ys(x,5) | dxds.
t Ja
Thus,

Jim BV (i (0, YL (038,1) = V (ya (64 1),y (64 1), Bot + ) |

t+h (5.36)
_ 1 -1
- hILH&h t L} [ ys(x,5) | dxds
It follows that
d 4 . . p— — ~
— o VO @0,y 0 p50)} = L} | ys (o, t) |dx = L} 15(x,1)| dx. (5.37)
Hence,
V(ye(), 5 (0):B5t) = V(I(1), ' (£);551) = J J | (x,5) |dx ds. (5.38)
Thus,
T
V (ao a3 ) = J J 15(e, )| dxdt. (5.39)
0 Ja
The theorem is proved. O
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