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CATEGORY OF A,.-CATEGORIES
VOLODYMYR LYUBASHENKO

(communicated by James Stasheff)

Abstract
We define natural A.-transformations and construct
Aoo-category of A.-functors. The notion of non-strict units
in an A.-category is introduced. The 2-category of (unital)
Aso-categories, (unital) functors and transformations is de-
scribed.

The study of higher homotopy associativity conditions for topological spaces be-
gan with Stasheff’s article [Sta63, I]. In a sequel to this paper [Sta63, II] Stash-
eff defines also A.,-algebras and their homotopy-bar constructions. These alge-
bras and their applications to topology were actively studied, for instance, by
Smirnov [Smi80] and Kadeishvili [Kad80, Kad82]. We adopt some notations of
Getzler and Jones [GJ90], which reduce the number of signs in formulas. The notion
of an A,.-category is a natural generalization of A.,-algebras. It arose in connection
with Floer homology in Fukaya’s work [Fuk93, Fuk| and was related by Kontsevich
to mirror symmetry [Kon95]. See Keller [Kel01] for a survey on A.-algebras and
categories.

In the present article we show that given two A..-categories A and B, one can
construct a third As-category Ao (A, B) whose objects are Ay-functors f : A — B,
and morphisms are natural A..-transformations between such functors. This result
was also obtained by Fukaya [Fuk] and by Kontsevich and Soibelman [KS], indepen-
dently and, apparently, earlier. We describe compositions between such categories
of As.-functors, which would allow us to construct a 2-category of unital A, -cat-
egories. The latter notion is our generalization of strictly unital A..-categories (cf.
Keller [Kel01]). We also discuss unit elements in unital A.-categories, unital nat-
ural A..-transformations, and unital A..-functors.

Plan of the article with comments and explanations. The first section de-
scribes some notation, sign conventions, composition convention, etc. used in the
article. The ground commutative ring k is not assumed to be a field. This is sug-
gested by the development of homological algebra in [Dri02]. Working over a ring
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k instead of a field has strong consequences. For instance, one may not hope for
Kadeishvili’s theorem on minimal models [Kad82] to hold for all A..-algebras over
k.

In the second section we recall or give definitions of the main objects. A k-quiver
is such a graph that the set of arrows (morphisms) between two vertices (objects)
is a k-module (Definition 2.1). We view quivers as categories without multiplication
and units. Cocategories are k-quivers and k-coalgebras with a matrix type decom-
position into k-submodules, indexed by pairs of objects (Definition 2.2). A -cate-
gories are defined as a special kind of differential graded cocategories — the ones of
the form of the tensor cocategory T A of a k-quiver A (Definition 2.3). As-func-
tors are homomorphisms of cocategories that commute with the differential (Defi-
nition 2.4). As-transformations between A..-functors are defined as coderivations
(Definition 2.6). They seem to make A..-category theory closer to ordinary category
theory. Notice, however, that A..-transformations are analogs of transformations
between ordinary functors, which do not satisfy the naturality condition. Natural
Ao-transformations are introduced in Definition 6.4. A, .-functors and A..-trans-
formations are determined by their components.

In the third section we study tensor products of cocategories and homomorphisms
between them (Section 3.2). We concentrate on homomorphisms from the tensor
product of tensor cocategories to another tensor cocategory. Given k-quivers A and
B, we consider another k-quiver Coder(A, B), whose objects are the cocategory
homomorphisms TA — TB and morphisms are coderivations (Section 3.2). We
construct a cocategory homomorphism « : TART Coder(A, B) — T'B (Corollary 3.3
to Proposition 3.1), based on a map 6 : T Coder(A, B) — Homg(TA,TB) (3.0.1).
The homomorphism « is universal (Proposition 3.4), in other words, T’ Coder(A, B)
is the inner hom-object Hom(T A, T'B) in the monoidal category generated by tensor
cocategories.

This universality is exploited in the fourth section in order to show that the cat-
egory of tensor cocategories is enriched in the monoidal category of graded cocate-
gories. That is: there exists an associative unital multiplication M : T Coder(A, B)®
T Coder(B,€) — T Coder(A, C), which is a cocategory homomorphism (Proposi-
tion 4.1). Its explicit description uses the map 6.

The fifth section extends the results of the third section to differential graded
tensor cocategories, that is, to As.-categories. With two A..-categories A, B is as-
sociated a third A..-category A (A, B) (Proposition 5.1). Its objects are A-func-
tors A — B, and its morphisms are coderivations. To reduce the number of signs
in the theory we prefer to work with grading of a graded k-quiver or A.,-cate-
gory A shifted by 1: sA = A[l]. In this notation the quiver A (A,B) is a full
subquiver of the quiver s~! Coder(sA,sB). The proof of Proposition 5.1 consists
of constructing a differential B in the tensor cocategory of Ay, (A,B). The explicit
formula (5.1.3) for B uses the map 6. A cocategory homomorphism from a ten-
sor product of differential tensor cocategories to a single such cocategory is called
an A -functor in the generalized sense (Section 5.3). Restricting the cocategory
homomorphism of Corollary 3.3 we get a homomorphism of differential graded co-
categories TsA @ TsAx (A, B) — TsB = T(sB) (Corollary 5.4). Its universality
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(Proposition 5.5) may be interpreted as TsAo, (A, B) being the inner hom-object
Hom(T'sA,TsB) in the monoidal category generated by differential graded tensor
cocategories.

This universality is used in the sixth section to show that the category of A..-cat-
egories is enriched in the monoidal category of differential graded cocategories.
Namely, the multiplication M of Proposition 4.1 restricted to M : T'sA (A, B) ®
TsAxw(B,C) — TsAx(A,QC) is an A-functor, that is, it commutes with the dif-
ferential (equation (6.1.1)). By universality (Proposition 5.5) M corresponds to a
unique A.-functor

Ao (A, )t Ao (B, ) — A (Auo (A, B), A (A, C)).

We prove that it is strict and describe it in Proposition 6.2. Natural A..-transforma-
tions are defined as cycles in the differential graded quiver of all A, -transformations
(Definition 6.4).

Identifying cohomologous natural A..-transformations (that is, considering co-
homology of the quiver of A.-transformations) in the seventh section, we get a
non-2-unital 2-category A.,, whose objects are A.,-categories, 1-morphisms are
A-functors, and 2-morphisms are equivalence classes of natural A..-transforma-
tions. Here non-2-unital means that unit 2-morphisms are missing in the 2-category
Ao. However, unit 1-morphisms are present — the identity A..-functors. Before
constructing A,, we construct a non-2-unital 2-category XA, enriched in X — the
homotopy category of differential graded complexes of k-modules (Proposition 7.1).
Morphisms of X are chain maps modulo homotopy. The notion of 2-category en-
riched in a symmetric monoidal category is discussed in Appendix A. The idea of
the construction is that the binary operation becomes strictly associative if homo-
topic chain maps are identified. Similarly with other identities in a 2-category. The
non-2-unital 2-category A, is obtained from KA., by taking the 0-th cohomology.

A,o-categories are analogs of non-unital categories — categories without unit
morphisms. We define a unital As.-category € so that its cohomology H*(C) is
a unital category, and for any representative 1x € €°(X,X) of the unit class
[1x] € H°(G(X, X)) the binary compositions with 1x are homotopic to identity as
chain maps C(X,Y) — C(X,Y) or C(Y, X) — C(Y, X) (Definition 7.3, Lemma 7.4).
We prove that for a unital A,.-category there exists a natural A..-transformation
i® :ide — ide : € — C of the identity functor, whose square is equivalent to i¢
(Proposition 7.5). It is called a unit transformation of € (Definition 7.6) and, in-
deed, it is a unit 2-morphism in the 2-category Aoo. Moreover, fi¢ : f — f is a unit
2-morphism of an A-functor f : A — € (Corollary 7.9). The unit transformation
i® is determined uniquely up to an equivalence (Corollary 7.10). If € is unital, then
As (A, C) is unital as well (Proposition 7.7).

The full 2-subcategory K% A, (resp. “As) of KA, (resp. Ay ), whose objects are
unital A,-categories, and 1-morphisms are all A,-functors, is 2-unital by Corol-
lary 7.11 (resp. Corollary 7.12). Since “A, is an ordinary 2-category, the meaning
of the statements ‘a natural A..-transformation is invertible’ and ‘an A..-functor is
an equivalence’ is clear (Corollary 7.12). We show in Proposition 7.15 that a natural
Ao-transformation is invertible if and only if its 0-th component is invertible mod-
ulo boundary (in the sense of Section 7.13). The binary composition with a cycle
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invertible modulo boundary is homotopy invertible (Lemma 7.14).

In the eighth section we discuss unital A.-functors (between unital A, -cat-
egories). Their first components map unit elements into unit elements modulo
boundary (Definition 8.1). For a unital functor f : A — B we have an equiva-
lence of natural A..-transformations i*f = fi® (Proposition 8.2). An A,-functor
isomorphic to a unital A.-functor is unital as well (8.2.4). Unital A, -categories,
unital A..-functors and equivalence classes of natural A..-transformations form a
2-category A% C "“A (Definition 8.3), which is a close analog of the 2-category
of usual categories. The construction of AY% is the main point of the article. It is
needed for developing a theory of free A,.-categories, since it is expected that their
universality properties are formulated in the language of 2-categories.

There is a forgetful 2-functor k : A% — K-Cat, which takes a unital A-category
into the same differential quiver equipped with the binary composition, viewed as
a K-category (Proposition 8.6). The 2-functor k reduces a unital A.-functor to its
first component and a natural A..-transformation to its O-th component. It turns
out that many properties of an A, -functor are determined by its first component
and many properties of a natural A..-transformation are determined by its 0-th
component. For instance, if the first component of an A,.-functor ¢ is homotopy
invertible, then any natural A..-transformation y : f¢ — g¢ is equivalent to t¢ for
a unique (up to equivalence) natural A.-transformation ¢ : f — g (Cancellation
Lemma 8.7). If an A,-functor ¢ : € — B to a unital A.-category B has homotopy
invertible first component, and each object of B is “isomorphic modulo boundary” to
an object from ¢(Ob €), then ¢ is a unital equivalence, and € is unital (Theorem 8.8).
An equivalence between unital Ay -categories is always unital (Corollary 8.9), which
is not an immediate consequence of definitions.

As a first example of a unital A, -category we list strictly unital A..-categories
(Section 8.11), which is a well-known notion. Other examples of unital A.-cate-
gories are obtained via Theorem 8.8. For instance, if an A, .-functor ¢ : € — B to
a strictly unital A..-category B is invertible, then € is unital (Section 8.12). We
stress again that taking the 0-th cohomology of a unital A, -category C we get a
k-linear category HY(C). This H® can be viewed as a 2-functor (Section 8.13).

In Appendix A we define 2-categories enriched in a symmetric monoidal cate-
gory. Non-2-unital 2-categories are described in Definition Appendix A.2. 2-unital
(usual) 2-categories admit a concise Definition Appendix A.1 and an expanded Def-
inition Appendix A.3+Appendix A.2.

In Appendix B we prove that the cone of a homotopical isomorphism is con-
tractible.

1. Conventions

We fix a universe % [GV 73, Sections 0,1], [Bou73]. Many classes and sets in this
paper will mean %/ -small sets, even if not explicitly mentioned.

k denotes a (% -small) unital associative commutative ring. By abuse of nota-
tion it denotes also a chain complex, whose 0-th component is k, and the other
components vanish. A k-module means a %/ -small k-module. The tensor product ®
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usually means ®j — the tensor product of graded k-modules. It turns the category
of graded k-modules into a closed monoidal category. We will use its standard sym-
metry ¢: x @y +— (—)WyRx = (—)d8rdeeyy @ . This paper contains many signs,
and everywhere we abbreviate the usual (—1)(deg@)(degy) to (—)2¥. Similarly, (—)®
means (—1)9%87 or, simply, (—1)%, if z is an integer.

It is easy to understand the line

-A(XO7X1) ®]k ‘A(X17X2) ®]k o ®]k A(Xn—17Xn)7
and it is much harder to understand the order in
AXp—1, X5) @k -+ Qi A(X1, Xo) @ A(Xo, X1).

That is why we use the right operators: the composition of two maps (or morphisms)
f:X—=Yandg:Y — Zisdenoted by fg: X — Z. A map is written on elements
as f:x— xf = (x)f. However, these conventions are not used systematically, and
f(x) might be used instead.

When f,g: X — Y are chain maps, f ~ g means that they are homotopic. We
denote by X the category of differential graded k-modules, whose morphisms are
chain maps modulo homotopy. A complex of k-modules X is called contractible if
idx ~ 0, in other words, if X is isomorphic to 0 in X.

If C is a Z-graded k-module, then its suspension sC' = C[1] is the same k-module
with the shifted grading (sC)? = C9*t!. The “identity” map C — sC of degree —1
is also denoted by s. We follow the Getzler—Jones sign conventions [GJ90], which
include the idea to apply operations to complexes with shifted grading, and Koszul’s
rule:

(zey)(feg) =(—)"rf®yg= (—1)%Evdelsf g yg.

It takes its origin in Koszul’s note [Kos47]. The main notions of graded algebra
were given their modern names in H. Cartan’s note [Car48]. See Boardman [Boa66|
for operad-like approach to signs as opposed to closed symmetric monoidal cate-
gory picture of Mac Lane [Mac63| (standard sign commutation rule). Combined
together, these sign conventions make the number of signs in this paper tolerable.

Ifu: A— C, aw au,is a chain map, its cone is the complex Cone(u) = CHA[1],
Cone®(u) = C* @ A*+1| with the differential (¢, a)d = (cd® + au, ad*M) = (cd® +
au, —ad?).

2. A.-categories, A, -functors and A.-transformations

2.1 Definition (Quiver). A graded k-quiver A consists of the following data: a
class of objects Ob A (a % -small set); a Z-graded k-module A(X,Y) = Homu (X,Y)
for each pair of objects X, Y. A morphism of k-quivers f : A — B is given by a
map f: ObA — ObB, X — X f and by a k-linear map A(X,Y) — B(Xf,Y f) for
each pair of objects X, Y of A.

To a given graded k-quiver A we associate another graded k-quiver — its ten-
sor coalgebra TA, which has the same class of objects as A. For each sequence
(Xo,X1,Xa,...,X,) of objects of A there is the Z-graded k-module T"A =
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A(Xo, X1) @k A(X1, X2) ®k - - Qx A(Xp—1, X5). For the sequence (Xy) with n =0
it reduces to T°A = k in degree 0. The graded k-module TA(X,Y) = &,>0T"A
is the sum of the above modules over all sequences with Xy = X, X,, = Y.
The quiver TA is equipped with the cut comultiplication A : TA(X,)Y) —
®zeobaTAX,Z2) R, TAZ,Y), MQ@ho®@-+ - Q@hp =Y 1 _gh1® - @hp @ hit1®
+++®hy,, and the counit e = (TA(X,Y) 2oL TOAX,Y) — k), where the last map
is idy if X =Y, or 0if X # Y (and T°A(X,Y) = 0). For this article it is the main
example of the following notion:

2.2 Definition (Cocategory). A graded cocategory C is a graded k-quiver C,
equipped with a comultiplication — a k-linear map Af(,y :C(X)Y) — C(X,Z) ®«
C(Z,Y) of degree 0 for all triples X, Y, Z of objects of €, and with a counit — a
k-linear map ex : C(X,X) — k of degree 0 for all objects X of €, such that the
usual associativity equations and two counit equation hold.

Associated to each graded cocategory € is a graded k-coalgebra
C = ®xyeobel(X,Y). Vice versa, to a graded k-coalgebra, decomposed like
that into k-submodules C(X,Y), X,Y € Ob @, for some % -small set Ob C, so that
A(C(X,Y)) C ®zeobeC(X,Z) @ C(Z,Y) for all pairs X, Y of objects of €, and
e(C(X,Y)) =0 for X #Y, we associate a graded cocategory.

This interpretation allows one to define a cocategory homomorphism f : C — D
as a particular case of a coalgebra homomorphism: a map f : ObC — ObD, and
k-linear maps C(X,Y) — D(X f,Y f) for all pairs of objects X, Y of A, compatible
with comultiplication and counit. Given cocategory homomorphisms f,g : € — D
we say that a system of k-linear maps r : C(X,Y) — D(X f,Yyg), X,Y € ObCis an
(f, g)-coderivation, if the equation rA = A(f ® r +r ® g) holds.

In particular, these definitions apply to the tensor coalgebras T'sA = T'(sA) of
(suspended) k-quivers sA. In this case cocategory homomorphisms and coderiva-
tions have a special form as we shall see below.

2.3 Definition (A..-category, Kontsevich [Kon95]). An A..-category A con-
sists of the following data: a graded k-quiver A; a differential b : TsA — TsA of
degree 1, which is a (1,1)-coderivation, such that (T°sA)b = 0.

The definition of a (1,1)-coderivation bA = A(1 ® b+ b ® 1) implies that a
k-quiver morphism b is determined by a system of k-linear maps bpr; : TsA — sA
with components of degree 1

bn : S.A(Xo,Xl) ® S.A(Xl,XQ) Q- ® S.A(Xn_th) — SA(Xo,Xn), n 2 1,
via the formula
b = (b|TksA) pr; : TFsA — T'sA, br = Z 1°" @b, @19
r4+n+t==k
r4+1+t=l

Notice that the last condition of the definition implies by = 0. In particular, byg = 0,
and k < [ implies by, = 0. Since b? is a (1,1)-coderivation of degree 2, the equation
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b2 = 0 is equivalent to its particular case b pr; = 0, that is, for all £ > 0
> (1% @by @ 1%)byyrgy =0: TFsA — sA. (2.3.1)
r+ntt==k
Using another, more traditional, form of components of b:

my, = (A®" N (sA)®™ b sA = A)

we rewrite (2.3.1) as follows:
Z (_)t+7ln(1®r XMy @ 1®t)mr+1+t =0: TkA — A. (232)
r4+n+t==k
Notice that this equation differs in sign from [Kel01], because we are using right

operators!

2.4 Definition (A, -functor, e.g. Keller [Kel01]). An A, -functor f: A — B
consists of the following data: A,.-categories A and B, a cocategory homomorphism
f:TsA — TsB of degree 0, which commutes with the differential b.

The definition of a cocategory homomorphism fA = A(f ® f), fe = € implies
that f is determined by a map f: ObA — ObB, X — X f and a system of k-linear
maps fpry : T'sA — sB with components of degree 0

fn o sA(Xo, X1) ®@ sA(X1, X2) ® -+ @ sA(Xp—1, Xn) — sB(Xof, Xnf),
n > 1, (note that fy = 0) via the formula
fio=(flp ) s TESA S T'sB, fu= > [i,@fi,@ @ fi. (24.1)
i1+-+i =k
In particular, foo = id : k — k, and k < [ implies fx; = 0. Since fb and bf

are both (f, f)-coderivations of degree 1, the equation fb = bf is equivalent to its
particular case fbpr; = bf pry, that is, for all £ > 0

Yo (fa®fo®-@fii= Y (10be1%) iy TPsA — sB.

I>05i1 +++ir=k rntt=k
(2.4.2)
Using m,, we rewrite (2.4.2) as follows:
1>0
Z ()7 (fis ® fio @ -+ @ fi, ) =
i1+ t+i =k
Z (=) (A% @ my, @ 1%°) frp1q0 : TFA — B,

r+n+t==k
o= (ia— 1) +2(ig — 1) + -+ (1 = 2) (i1 — 1) + (I = 1) (it — 1).
Notice that this equation differs in sign from [Kel01], because we are using right

operators.

2.5 Example. An A, -category with one object is called an A..-algebra (Stash-
eff [Sta63]). An A, -functor between A, -algebras is called an A.,-homomorphism
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(Kadeishvili [Kad82]). These notions are psychologically easier to deal with, than
the general case. The following notion of A..-transformations also makes sense for
Ao-algebras, however, such a context seems too narrow for it, because an A-trans-
formation is an analog of a transformation between ordinary functors without the
naturality condition. Needless to say, in ordinary category theory there is no rea-
son to consider unnatural transformations. The reasons to do it for A..-version are
given in Section 5.

2.6 Definition (A, -transformation). An A.-transformationr: f - g: A — B
of degree d (pre natural transformation in terms of [Fuk]) consists of the following
data: A..-categories A and B; Ao -functors f,g : A — B; an (f, g)-coderivation
r:TsA — TsB of degree d.

The definition of an (f, g)-coderivation rA = A(f @ r + r ® g) implies that r
is determined by a system of k-linear maps r pr; : T'sA — sB with components of
degree d

Tn ! S‘A(XOaXl) @ S‘A(XlaXQ) @ S‘A(Xn—th) - SB(Xof, Xng)a
n > 0, via the formula
TR = (T|T’V5A) pr, : TFsA — T'sB,
TRL = Z [ ® - ®fi, ®Tn ® gj; @ -+ ® gj,. (2.6.1)
q+1+t=l
i1 gt ndgi o je=k

Note that o is a system of k-linear maps xrg : k — sB(X f, Xg), X € ObA. In
fact, the terms ‘A.-transformation’ and ‘coderivation’ are synonyms.

In particular, ro; vanishes unless [ = 1, and r9; = rg. The component rx; vanishes
unless 1 <l < k+ 1.
2.7 Examples. 1) The restriction of an A.-transformation r to T is
piaq = @ [(f1 ®70) + (ro @ g1)],
where 71 : sA(X,Y) — sB(X f,Yg),
hi@r:sAX,Y) = sAX,Y) 9k 290 sB(X LY f) @ sB(Y £,V g),

ro® g1t SAX,Y) =k ® sA(X,Y) 2% sB(Xf, Xg) ® sB(Xg,Yg).

2) The restriction of an A.-transformation r to 72 is

T paa =r2@[(f2@70) + (1 @71) + (r1 @ 91) + (10 © g2))®
B’ fivry)+(i®ro®g1)+ (ro® g ® g1)],
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where 7y : s.A(X Y) ® SA(Y, Z)— sB(Xf,Zg),
fi®r: SA(X Y) @ sA(Y,Z) — sB(Xf,Y[f)@sB(Yf, Zg),
r1®g1:sAX,Y)®@sAY,Z) — sB(Xf,Yg) ® sB(Yyg, Zg),

ro® g2 k@ sA(X,)Y)®sAY,Z) — sB(X f, Xg) ® sB(Xg, Zg),

fi®fidrg: sAX,)Y)@sAY,Z) 9k — sB(X[,Y )@ sB(Yf,Zf) ® sB(Zf,Zqg),
fiero®gr: sAX,)Y) @k @ sA(Y,Z) — sB(Xf,Yf)®sB(Y f,Yg) ® sB(Yg, Zg),
ro® g1 @91 k®@sAX,Y) ® sA(Y, Z) — sB(Xf, Xg) ® sB(Xg,Yg) ® sB(Yg, Zg).

The k-module of (f, g)-coderivations r is [[ -, V,, where

Vn = H HOmk(SA(Xo,Xl) ®"'®SA(X7L—17X7L)7S'B(X0f7Xng))

X0y, Xn€Ob A
(2.7.1)

is the graded k-module of n-th components r,,. It is equipped with the differential
d:V, — V,, given by the following formula

rad =1pby — (=) Y (1% @b @ 19F)r,. (2.7.2)
a+1+p8=n

3. Coderivations and cocategory homomorphisms

Let A, B be graded k-quivers, and let f°, f',..., f* : TA — TB be cocategory
homomorphisms. Consider n coderivations 71, ..., r, as in

1 r 2 n

f0;f1—> ...f"_l;f”:T.AHTB.

We construct the following system of k-linear maps from these data: § = (r'@---®
r™)0: TAX,Y) — TB(XfO,Y ) of degree degr! + - -+ + degr™. Its components
sz H’Tkﬂ pr, : TFA — T'B are given by the followmg formula

0 1 1
=) fa® ©fy @rjefie off @ @ efie - afl  (301)
where summation is taken over all terms with

Mmotmit - Ampt+n =1, 04 g, +jiFi+e o Fin, AT+ i, = k.

The component 0; vanishes unless n < | < k+n. If n = 0, we set ()0 = fO. If
n = 1, the formula gives (r!)0 = 1.

3.1 Proposition. For each n > 0 the map 6 satisfies the equation

(r'ere MPA = AZ Moo ("l e @rm)e.  (3.1.1)

Proof. Let us write down the required equation using ) to separate the two copies
of TB in TBQTB, and ® to denote the multiplication in T'B. We have to prove
that for each n,x,y,z > 0
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(1o 82O e, ey Bue, pug (R 7p)

_ i Z (T"”.A M} T“A@T”A (r'®@---@r*) 0., (Tk+1®,..®r")6vz TyB®TZ$

k=0 utv=zx

Substituting (3.0.1) for 8 in the above equation we come to an identity, which
is proved by inspection. Indeed, skipping all the intermediate steps, we get the
following equation:

D D

k=0 mo+mi+-+mptn=y+z
mo+mi+-+mi_1+k—1<y<mo+mi+--+mptk

L I T S A S I R R

R ®f° ® erf ofie--eff Qi ©--off ®r’““®-~-®fﬁl®---® n
w w+1 1 mn

Jk+1
k=0u+v=x mo+mi+--+mi_1+k+w=y t+mpp1+-Fmp+n—k=z

Z‘(l)-t,-...-t,-z’?no+..~+jk+7;]1‘+...+iﬁ}=u Uit Al tgepr o +iy 4+, =v

k n
p® - ®fp @@ efie - off Qe efierlle efie - eff .
In the left hand side w denotes the expression y — (mg +mq + -+ -+ mg_1 + k)
and lies in the interval 0 < w < my. Identifying my, in the left hand side with w +¢
in the right hand side, we deduce that the both sides are equal. O

3.2. Cocategory homomorphisms. Graded k-coalgebras form a symmetric
monoidal category. The tensor product C®y D of k-coalgebras C, D is equipped with

the comultiplication C® D As4 CeCRD®D — 18081 —— C®D®C®D, using the stan-
dard symmetry c of graded k-modules. Since graded cocategories are, in fact, graded
coalgebras with a special decomposition, they also form a symmetric monoidal cat-

egory gCoCat. If € and D are cocategories, then the class of objects of their tensor
product C® D is ObC x ObD, and CR D(X x U, Y x W) = C(X,Y) & D(U,W).

Let ¢ : TA® TC — TB be a cocategory homomorphism of degree 0. It is
determined uniquely by its composition with pry, that is, by a family ¢pr; =
(Pnm)n,m>0, Pnm @ T"A @ T™C — B, ¢oo = 0, with the same underlying map
of obJects Ob.A x ObC — ObB. Indeed for given families of composable arrows
f04>f1p4> f"lLf"Oanndg t—l>g ;...gmlbg of
C we have
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(p1®-~~®p”®t1®~~®tm)¢
= Y (reeertete o),
i1+ tig=n
Jit-t+jr=m
® (pi1+1 ® - ®pi1+i2 thlg...g tj1+j2)¢i2j2
R ® (pi1+"'+ik—1+1 R ® pi1+'“+ik ® ittt R ® tj1+m+jk)¢ikjk'
(3.2.1)

The sign depends on the parity of an integer

o= (tl e tjl)(pi1+1 I +pi1+"‘+ik)+
(tj1+1 4+t tj1+j2)(pi1+i2+l N +pi1+---+ik)
I (tj1+"'+jlc—2+1 N tj1+"'+jlc71)(pi1+"'+7;k71+1 N _|_pi1+"'+’ik),
(3.2.2)
where each coderivation has to be replaced with its degree. Recall that in our

notation (Section 1) we abbreviate (—1)(degt)(degp) to (-} By definition the ho-
momorphism ¢ satisfies the equation

® A

TA®TE T8 TB ®TB
A@AJ %@m (3.2.3)
TARTARTC®TC 18eel TARTC®TA®TC

Introduce k-linear maps (! ®---®t™)y : TA — T'B by the formula a[(t'! ® - - ®
t")x] = (a@t' ®@---®@t™)¢, a € TA. Then the above equation is equivalent to

m
et - t"yA=A) (t'e--etf)xe T o at™y.  (3.24)
k=0
for all m > 0.

When A, B are graded k-quivers, we define a new k-quiver Coder(A, B), whose
objects are cocategory homomorphisms f : TA — TB. These homomorphisms are
determined by a system f pr; = (f)n>1 of morphisms of k-quivers f, : T"A — B
of degree 0 with the same underlying map Ob.A — Ob B, see (2.4.1). The k-module
of morphisms between f,g: T/A — T'B consists of (f, g)-coderivations:

[Coder(A, B)(f,9)]* = {r:TA — TB | rA = A(for+r®g), degr=d}, dcZ.

Such a coderivation r is determined by a system of k-linear maps 7 pr; = (7)n>0,
rn  TPA(X,Y) — B(X f,Yg) of degree d as in (2.6.1).

3.3 Corollary (to Proposition 3.1). A map « : TA ® T Coder(A,B) — T'B,
a@rt®---@r*—al(rt ®---®@r")0], is a cocategory homomorphism of degree 0.

Proof. Equation (3.1.1) means that equation (3.2.4) holds for x = 6, which is
equivalent to (3.2.3) for ¢ = o, € = Coder(A, B). O



Homology, Homotopy and Applications, vol. 5(1), 2003 12

3.4 Proposition. For any cocategory homomorphism ¢ : TA ® TC! @ TC? ®
- ® TC? — TB of degree 0 there is a unique cocategory homomorphism 1 :
TC'®TC?® - ®TCI — T Coder(A, B) of degree 0, such that

1®y

p=(TARTC'@TC?*® - - @TeC1 —% TA® T Coder(4, B) —— TB).

Proof. Let us start with a simple case ¢ = 1, € = C'. Each object ¢ of € induces a
cocategory morphism g¢ : a — (a ® g)qb. We set ¢ = 0. Each element p € C(g, h)

induces a coderivation (p)¥; = py : a — (a ® p)¢. Suppose that ; are already

found for 0 < z < n. Then we find 1, from the sought identity x = 0. Namely, for
1

q° LN g' L gt =, g™ we have to satisfy the identity

(p'@--@p")x = (p'®- ~®p")wn+z Y. (e @p™).(vi,@vi,e v,
1=2 i14-+ij=n

which expresses ¥ via its components ¥;. Notice that the unknown v,, occurs only

in the singled out summand, corresponding to [ = 1. The factors ; in the sum

are already known, since i < n. So we define (p! ® - -+ ® p™)tp, : TA — TB as the

difference of (p' ® -+ ® p")x and the sum in the right hand side. Assume that v is

a cocategory homomorphism up to the level n, that is,

P e-epm=> > oo p")( 0, @ 0P,) (34.1)

I=1 i1 +-+i;=m

for all 0 < m < n. Taking into account equations (3.1.1), we see that (3.2.4) is
equivalent to an equation of the form

(P'@ "W A=AV (p' @ P )+ (P @ @ Py ® g + .

Moreover, if (p! @ - - ®@p™)th, were a (g%, g"1))-coderivation, it would imply (3.2.4)
by Section 3.2. We deduce that, indeed, the above u = 0, and (p! ® --- ® p"),
is a (¢°¢, g"y)-coderivation. Thus, we have found a unique (p' ® --- ® p™), €
Coder(A, B) and (3.4.1) for m = n defines uniquely an element (p' ® -+ ® p™)y €
T Coder(A, B).

The case ¢ > 1 is similar to the case ¢ = 1, however, the reasoning is slightly
obstructed by a big amount of indices. So we explain in detail the case ¢ = 2 only,
and in the general case no new phenomena occur. Further we shall use the obtained
formulas in the case ¢ = 2.

Let € = G, D = €2. We consider a cocategory homomorphism ¢ : TA ® TC ®
TD — TB, a — a[(c® d)x]. We have to obtain from it a unique cocategory homo-
morphism ¢ : TC ® TD — T Coder(A, B).

A pair of objects f € ObC, g € ObD induces a cocategory morphism (f, g)y :
a— (a®1f®1g)¢ We set 1go = 0. An object f € Ob € and an element t € D(g", g*)
induce an ((f, ), (f, g")1)-coderivation (f ®t)1bo1 = (f@t) :a— (a@ 1 ®t)¢.
An element p € G(f0 f1) and an obJect g € ObD induce an ((f°, 9)v, (f*, 9)¥)-
coderivation (p ® g)z/)m =(pP®g:a— (a®p® ly)p. Suppose that 1;; are
already found for 0 <i < n, 0 < j < m, (i,j) # (n,m). Then we find vy, from the

2

1 n
sought identity y = 6. Namely, for f© —2— 1 2 =1 2, ¢y @ and
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1 2 m
9° ;g - cgmh ;gm in D we have to satisfy the identity
(p1®"'®pn®t1®"'®tm)){:(pl®"'®pn®tl®"'®tm)d)nm
k>1
+ Y (ere ettt e @)y,

i1 tig=n
Jittik=m

® (pilJrl Q- ®pi1+i2 ® tlerl R ® tj1+j2)”(/}7;2j2
®-@ Pttt gtttk @ ittt g @ gy, 10,
(3.4.2)

which is nothing else but (3.2.1). The sign is determined by (3.2.2). All terms of
the sum are already known. So we define a map (p! ® - - @p" @' @ @ ™), :
TA — TB as the difference of the left hand side and the sum in the right hand side.
The fact that ¢ is a homomorphism is equivalent to the identity for the map x for
all n,m > 0:

n m

(pl Q- ®pn ®t1 R ® tm XA AZ Z k+1+,..+pn)(t1+_..+tl)
k=0 1=0

o -epette oty (@ e coprettte- -2ty (3.4.3)
similarly to Section 3.2. From it we get an equation for (p'®- - -@p" @t ®@- - -@t™)hpm

('@ @p" Rt @Dt ) hm A = A[(f, "W R(P' @ @P R R - D™ )
('@ @R @) m @ (f, g7+ p].

Notice that if ¥ is indeed a homomorphism and ), is its component, then ¢ is a
homomorphism, hence, (3.4.3) holds. Thus, the above equation with g = 0 implies
(3.4.3) (and it happens only for one value of 11). Since we know that (3.4.3) holds, it
implies y = 0. Therefore, (p' ®---@p" @' @- - - @™ )Y is a ((f2, g°)0, (f*, g"™)¥)-
coderivation. Thus, we have found a unique (p' @ -+ @ p" @t @ - -+ @ "™ )Y €
Coder(A, B), and

(p1®-~-®pn®t1®~~®tm)1/1:(p1®~~'®pn®t1®~-~®tm)1ﬁnm
k>1
Y e et et e 9ty

i1+ Fig=n
Jitt+jr=m

® (p11+1 ® - ®pi1+i2 Qthtlg...® tj1+j2)'¢i2j2
® - ® (pi1+"‘+ik—1+1 R ® pi1+-“+ik ® it i1+l R ® tj1+m+jk)wikjk
defines uniquely an element of T Coder(A, B). The above formula implies that ¢ is

a homomorphism.
A generalization to ¢ > 2 is straightforward. O

We interpret the above proposition as the existence of inner hom-objects
Hom(TA,TB) = T Coder(A,B) in the monoidal category of cocategories of the
form TC' @ TC?* ® --- @ TC".
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4. A category enriched in cocategories

Let us show that the category of tensor coalgebras of graded k-quivers is enriched
in gCoCat.

Let A, B, € be graded k-quivers. Consider the cocategory homomorphism given
by the upper right path in the diagram

TA ® T Coder(A, B) ® T Coder(B, C) ELrBeT Coder(B, ©)

1®Ml = yx (4.0.1)
TA ® T Coder(A, €) - TC
By Proposition 3.4 there is a graded cocategory morphism of degree 0

M : T Coder(A, B) ® T Coder(B, €) — T Coder(A, C).

Denote by 1 a graded 1-object-O-morphisms k-quiver, that is, Ob1l = {x},
1(x,#) = 0. Then T1 = k is a unit object of the monoidal category of graded
cocategories. Denote by r : TA®T1 — TA and 1 : T1 ® TA — TA the corre-
sponding natural cocategory isomorphisms. By Proposition 3.4 there exists a unique
cocategory morphism 74 : T1 — T Coder(A, A), such that

r= (TA®T1 ~2" TA® T Coder(A, A) —— TA).
Namely, the object x € Ob1 goes to the identity homomorphism idg : A — A,
which acts as the identity map on objects, and has only one non-vanishing compo-
nent (idg); =id : A(X,Y) - A(X,Y).

4.1 Proposition (See also Kontsevich and Soibelman [KS]). The multipli-
cation M is associative and n is its two-sided unit:

T Coder(A, B) ® T Coder(B, C) ® T Coder(C, D) 2% T Coder(A, C) ® T Coder(C, D)

1®J\/1J JIM

T Coder(A, B) ® T Coder(B, D) T Coder(A, D)

Proof. The cocategory homomorphism

TA ® T Coder(A, B) ® T Coder(B, €) ® T Coder(C, D)
28191 Py ®T Coder(B, €) ® T Coder(C, D) o8l TC®T Coder(C, D) —— TD
can be written down as
(a®1l)1eMa=11M)(a®@l)a=(191® M)(1® M),
or as

loMel)(a®a=(10Me1)(1® M)

The uniqueness part of Proposition 3.4 implies that (1® M)M = (M @ 1)M.
Similarly one proves that 7 is a unit for M. O
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By (2.4.1) we find
gCoCat(T1, T Coder(A, B)) = Maps({+}, Ob Coder(A, B)) = gCoCat(T A, TB).

Thus we can interpret Proposition 4.1 as saying that the category of tensor coalge-
bras of graded k-quivers admits an enrichment in gCoCat.

Let us find explicit formulas for M. It is defined on objects as composition: if
f:A— Band g:B — C are cocategory morphisms, then (f,g)M = fg: A — C.
On coderivations M is specified by its composition with pr; : T Coder(A,C) —
Coder(A, €). Let us write in this section (h, k) as a shorthand for Coder(A, €)(h, k),
the k-module of (h, k)-coderivations. The components of M are

M, = M|T"®Tm pr; : T Coder(A, B) @ T™ Coder(B, C) — Coder(A, C),
Mnm : (f07f1) Q- (fn_17fn) ® (90791) R (gm—17gm) - (fogoa fngm)7
where fO,...,f" : A — B and ¢°,...,9g™ : B — C are cocategory morphisms. We

have MOO =0.

According to proof of Proposition 3.4 the component M, is determined recur-
sively from equation (3.4.2):

'@ et e - t"I=p'e P "t @ ") My,
k>1
+ Y (e e et e 0y,

i1+ tig=n

Jite+jr=m

® (pi1+1 ® - ®pi1+i2 ® tiitl R ® tj1+j2)Mi2j2

QR ® (pi1+---+ik71+1 Q- ®pi1+~“+ik ® i1+l Q- ®tjl+.“+jk)Mikjk:|9'

(4.1.1)

Since (p! @ - - @P" @t ® -+ ® t™)M,,, is a coderivation, it is determined by its
composition with projection pr;. Composing (4.1.1) with pr; we get

Pp'® @)t @ @t™)0pr; = (p' @ @p "Rt @ @t™) My, pry . (4.1.2)
Therefore, if m = 0 and n is positive, M, is given by the formula:
Mo : (O @@ (" ") @ ke — (f24°, f9°),
mne@rmele (e @r"| ¢°) M,
(@ @r™ | g°) Mol pry = (r' @ - @ 17)0g" pry,

where | separates the arguments in place of ®. If m = 1, then M, is given by the
formula:

Mnl : (foaf1)®"'®(fnilafn)(g(goagl) - (ngo’fngl),
e e@ret - (e @ @t My,

(M@ - @rme@thYMylpr, = ('@ - ®@r")0t! pr, .
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Explicitly we write

[(Tl Q---@r" | gO)MnU]k = Z(Tl X r")eklglo, (413)
l

(M@ @ @) Ml =Y (' @ @)t} (4.1.4)
!

Finally, M, = 0 for m > 1, since the left hand side of (4.1.2) vanishes.

4.2 Examples. 1) The component Mo, is the composition: (fO | 1) Mg, = fOtt.
2) The component Mjg is the composition: (r! | g°) Mo = r1g°.
J)Ur:f—-g:A—-Bandp:h— k:B — C are A -transformations, then

(r®p)Mi; : fh — gk : A — C has the following components:

[(r ® p)Mi1]o = Top1,
[(r @ p)Mi1]1 = m1p1 + (f1 @ 70)p2 + (10 ® g1)p2, ete.

4) If f — o g—L5h:A— B are As-transformations, and k : B — € is an
Aso-functor, then (r ® p | k)Mo : fk — hk : A — C has the following components:
[(r®@p | k)Mo = (ro ® po)kz,
[(r@p | k)Maoli = (r1 ® po)ka + (ro @ p1)k2
+ (7“0 ® po @ hl)kjg + (To ® g1 ®p0)k3 + (fl X 7o ®p0)k3, etc.
5) If f LI g L2 h:A—>Bandt:k—1:B — Care A-transformations,
then (r®@ p®t)Mo; : fk — hl: A — C has the following components:
[(r®@p®@t)Mai]o = (ro ® po)ta,
[(r®@p®t)Ma]i = (r1 ® po)ts + (ro @ p1)ta
+ (ro ® po @ h1)t3 + (10 ® g1 ® po)ts + (f1 @ 1o ® po)ts, etc.

5. As-category of A.-functors

Let us construct a new A..-category Ao (A, B) out of given two A and B. Its
underlying graded k-quiver is a full subquiver of s~! Coder(sA, sB). The objects of
A (A, B) are A -functors f : A — B. Given two such functors f,g: A — B we
define the graded k-module A (A, B)(f, g) as the space of all A.-transformations
r: f — g, namely,

[As (A, B)(f, 9)) " =
{r:f—g| As-transformation r : TsA — TsB has degree d}.

In this section we use the notation (f,g) = sA (A, B)(f,g) = Coder(sA, sB)(f,g)
for the sake of brevity. The degree of r as an element of (f,g) will be exactly d:

(f,9)={r:f—g| As-transformation r : TsA — TsB has degree d}.

We will use only this (natural) degree of r in order to permute it with other things
by Koszul’s rule.
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Notice that even if A, B have one object (and are A..-algebras), the quiver
Ao (A, B) has several objects. Thus theory of A.-algebras leads to the theory of
Ao-categories.

5.1 Proposition (See also Fukaya [Fuk], Kontsevich and Soibelman [KS02,
KS] and Lefevre-Hasegawa [LHO02]). Let A, B be A -categories. Then there
exists a unique (1,1)-coderivation B : T'sAx (A, B) — TsAx(A,B) of degree 1,
such that By = 0 and

(@ @rmgb=[r'e "B+ (-)" bt @ @8 (5.1.1)

foralln >0, ®@---@r* € (fO, fHy® - @ (7L, f). It satisfies B> = 0, thus, it
gives an Aoo-structure of Ax (A, B).

Proof. Forn =0 (5.1.1) reads as f°b = (f°)B+0bf°, hence, (f°)B = fob—bf° = 0.
In particular, we may set By = 0. Assume that the coderivation components B; for
j < n are already found, so that (5.1.1) is satisfied up to n — 1 arguments. Let us
determine a k-linear map (r' @ --- ® ") B,, : TsA — TsB from equation (5.1.1),
rewritten as follows:

(7“1 ®-® ’f'n)Bn — (Tl ® - ® 7"")9[) _ (_)r1+"'+7“"b(,r,1 ®--® 7"”)9
j<n
- Z (e ®@r)(1% e B; ®1%)]0. (5.1.2)
q+j+t=n

Let us show that (r' @ --- ® r™)B,, is a (f°, f™)-coderivation. Indeed,

(M@ @r")B,Ag = (r' @ @ r")0bAg — (=) T T bl @ @ 1")0As
j<n
— Y (re @)% e B 9 19)]0As
q+j+t=n
=(r'® - @r")iAs(1@b+b®1)

_ (7)T1+.“+TnbA‘A Z(Tl R ® T’k)e ® (Tk+1 R ® ’I"n)0
k=0
j<n

- > A e @) (1% e B; ®19)]As_(a,3)(0 @ 0)}
qtiti=n
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:AA{Z(Tl @@ r* e @r")I(1b+be 1)
k=0
n

(T b tbe )Y (e erie (M e o)l

k=0
- > e e R1% e B @ 1990 Q) 0)
k+v+j+t=n
— g (e - 2r)(1® e B;@1%" ® 1®“)](0®9)}
q+jt+wt+u=n

n

= AA{Z(H @ r)0e " @ @ r")ob

k=0
D G N G R T U T RO
k=0
j<n
- Y (le-erfiertt e e e B 919
k+v+j+t=n

+ Z(_)’r-k+l+,.‘+r" (7“1 QR--® Tk)eb ® (Tk-i-l Q- ® 7“")9

—Z Pl g @ (T e @ )0
retl g pm & 1 k ®q Ruw
—Z(—) Yo (e @rM)(1% e B; @ 1%v)0
q+j+w=k

Qe ... ® r")&}
=Aalff@ (@ @Byt (1 @ @) B ® f7].

The last three sums cancel out for all k¥ < n due to (5.1.2), and for k = n they
give (1M @ --- ®r")B, ® f" due to the same equation. Similarly for the previous
three sums. Therefore, (5.1.2) is, indeed, a recursive definition of components B,, of
a coderivation B. The uniqueness of B is obvious.

Clearly, B? : TsAy (A, B) — TsAx(A,B) is a (1,1)-coderivation of degree 2.
From (5.1.1) we find

(& - ®rMB0=[r'® - @r")Blob— (=) T+ [l @ --- @ r™)Blo

=@ @rM)en? — (=) T @ - @ r™)0)b
— (=) @ @ r™))b — b2 (r @ - @ 1) = 0.
Composing this equation with pry : TsB — sB we get
0=[(r'® - @r")B%0pr; = (r' @ ®r")[B], pr; .
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Therefore, all components of the (f°, f*)-coderivation (r! @ --- ® r™)[B?],, vanish.
We deduce that the coderivations (r! @ --- ® r™)[B?],, vanish, hence, all [B?],, = 0.
Finally, B? = 0. O

Let us find explicitly the components of B, composing (5.1.1) with pry : T'sB —

sB:
Bl : (fu g) - (fa g)a T (T)Bl = [7", b] =rb— (_)Tb,r’
By : (fO /)@@ (") = (O ), rt e @ e (@ ®1") By,
forn>1,
where the last transformation is defined by its composition with pry:
[(r' @ @r")Ba]pry = [(r' @ - @ r™)0]bpr, .

In the other terms, for n > 1

('@ @r")Bulk =Y _(r' @ @1r™)bubi. (5.1.3)
l

Since B? = 0, we have, in particular
) ) )

> (1% @B ®19)Bryipe = 0: TFsAx(A, B) — sAx (A, B).
r4+n+t==k

5.2 Examples. 1) Whenn=1,7: f — ¢g: A — B, we find the components of the
Aso-transformation (r)By : f — g: A — B as follows (see Examples 2.7):
[(r)Bi]o = rob1,
[(r)Bi]1 = r1b1 + (f1 ® 70)b2 + (10 @ g1)b2 — (=) 171,
[(r)Bi]2 = rob1 + (f2 @ 10)ba 4 (f1 @ 71)b2 + (11 ® g1)b2 + (10 ® g2)bo
+(1®f1®ro)bs + (f1 @710 g1)bs + (ro @ g1 ® g1)bs — (—)"bar1
= (=) A ®b1)ry = (=) (b1 ® 1)ra.

2) When n = 2, f —~g—L5h:A — B, we find the components of the
Aoo-transformation (r @ p)By : f — h: A — B as follows:
[(r ® p)Balo = (10 @ po)b2,
[(r @ p)Bz]1 = (r1 @ po)ba + (1o @ p1)b2
+ (10 ® po ® h1)bs + (ro ® g1 ® po)bs + (f1 ® 1o @ po)bs,
[(r @ p)Balz = (12 @ po)ba + (11 @ p1)ba + (10 @ p2)ba + (11 @ po @ h1)b3
+ (10 @ p1 @ h1)bz + (11 ® g1 ® po)bs + (10 @ g1 @ p1)bs
+ (f1 ®7r1®po)bs + (f1 @ 1o @ p1)bs + (ro @ po @ ha)bs
(10 ® g2 @ po)bs + (f2 @70 @ Po)bs + (10 @ po @ hy @ hy)by
(ro® g1 ® g1 @po)ba+ (ro ® g1 @ po @ h1)by
(f1i®ro®@po @ h1)bs+ (f1 @710 ® g1 @ po)bs
(

+
_l’_
+
+ (f1 ® f1 @70 @ po)bs.
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T P t

3) When n = 3, f g h k : A — B, we find the components of
the Aoo-transformation (r@ p®t)Bs: f — k: A — B as follows:

[(r®p®t)Bslo = (ro ® po @ to)bs,

[(r®@p®t)Bs]i = (r1 ® po ® to)b3 + (ro ® p1 ® to)bs + (10 ® po @ t1)bs
+ (ro ® po @ to ® k1)bs + (ro ® po @ h1 @ to)by
+ (10 ® g1 @ po ® to)bs + (f1 ® 10 @ po ® to)ba.

5.3. Differentials. Let A, C', G2, ..., 4, B be A,-categories. Let ¢ : TsA ®
TsC'@TsC?®---@TsC? — TsB, (a®@c' @@+ ®@c?) — a.(c! @2 ®@---®c?)y be
a cocategory homomorphism of degree 0. If the homomorphism ¢ commutes with
the differential:

¢h=(> 19" 2bx1%)¢,

r+t=q

then ¢ is called an As-functor (in a generalized sense, extending Definition 2.4).
This condition is fulfilled if and only if ¥ commutes with the differential:

(el ® - @ch)xb

q
= Z(_)Ck+1+<..+cq (@ -0k @)+ (—)C1+"'+Cqb(c1 9o @)y,
k=1
(5.3.1)

In particular, for ¢ = 1 we get the equation
(e)xb = (cb)x + (=)°ble)x-

5.4 Corollary (to Proposition 5.1). There is a unique A-category structure
for Ao (A, B), such that the action homomorphism o : TSA® TsAy (A, B) — TsB
is an A.-functor.

Proof. The homomorphism a : a®r!®---@r" — a[(r'®---®@r")d)] of Corollary 3.3
uses x = 6. Hence, a is an A-functor if and only if (r)0b = (rB)6# + (—)"b(r)8 for
r=r'®@..-®@7r" n >0, that is, if and only if equations (5.1.1) hold. O

5.5 Proposition. For any A, -functor ¢ : TsARTsC'@TsC?>®---@TsC! — TsB
there is a unique Ay -functor ¢ : TsC' @ TsC? ® --- ® TsC? — TsA (A, B), such
that

¢ = (TsARTsC' @TsC2®---@TsC? ~2% TsARTsAx (A, B) — TsB). (5.5.1)

Proof. If f© € ObC! then (5.3.1) implies that the cocategory homomorphism
(FL 2 fDY = (Y f%,. .., f9)x of degree 0 commutes with the differential
b. Hence, it is an A.-functor, that is, an object of A (A, B). By Proposition 3.4
there exists a unique cocategory homomorphism 1 : TsC!' ® TsC? ® --- ® TsC? —
TsAx (A, B), of degree 0, such that (5.5.1) holds. We have to prove that ¢ commutes
with the differential.
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Using (5.1.1) and (5.3.1) we find for x = 0 the equation
(@@ - @c) Bl = ('R @ - ®@c)Phb— (7)61+"'+Cqb(c1 QAR -@ch)d

q
=(ele -0 (1 ebo 1% )y, (5.5.2)
k=1

Notice that /B and x % S (1% 1@ b®1977F)y) are both (1, 1b)-coderivations.

Let ¢* be an element of T s€° = sC(f%,—) ® --- ® sC(—,¢") for 1 < i < q.
Composing (5.5.2) with pry : T'sB — sB we get

(@@ @ c)[YB]pr. papry = (@ ®--- @ c)pBlpr,
=@ - @c)rlpr; = (' @A @ @ D)kpi. pa DIy -

Since all components of ((f1, f2,..., f)v, (g%, g%, ..., g?)Y)-coderivations (¢! ®c?®
@) [YB]p1. pe and (' @c2®- - -®@c?) k1 na coincide, these coderivations coincide
as well. Therefore, all the components of (¢, ¥)-coderivations ¥ B and & coincide.
We conclude that these coderivations coincide as well: B = k = Y 1_,(19*71 @
b® 1997F)q), O

6. Enriched category of A, -categories

6.1 Definition (Differential graded cocategory). A differential graded cocate-
gory @ is a graded cocategory equipped with a (1,1)-coderivation b = (b :C(X,Y) —
C(X, Y))X,YGObG of degree 1, such that b2 = 0.

As in Section 2.2 a differential graded cocategory can be identified with a differ-
ential graded k-coalgebra, decomposed in a special way. An example of a differential
graded cocategory is given by T'sA, where A is an A, -category.

Differential graded cocategories form a symmetric monoidal category dgCoCat. If
C and D are differential graded cocategories then their tensor product is the graded
cocategory € ® D, equipped with the differential 1 ® b+ b ® 1. We want to show
that the category of A,.-categories is enriched in dgCoCat.

Let A, B, C be A -categories. There is a graded cocategory morphism of
degree 0

M :TsAy(A,B) @ TsAx(B,C) = TsAx(A,C),

defined in Section 4 via diagram (4.0.1). Since all cocategory morphisms «, o ® 1
in this diagram commute with the differential by Corollary 5.4, the cocategory
morphism M also commutes with the differential:

(1® B+ B®1)M = MB (6.1.1)

by Proposition 5.5. Therefore, M is an As.-functor. The unit ng4 : T1 —
T Coder(sA, sA), 1 — id4 also is an A-functor for trivial reasons. The set

dgCoCat(T1,TsAx (A, B)) = Maps({*},Ob A (A, B)) = dgCoCat(T'sA,TsB)
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is the set of A-functors A — B. We summarize the above statements as follows:
the category of A..-categories is enriched in dgCoCat. Moreover, it is enriched in the
monoidal subcategory of dgCoCat generated by T'sC, where € are A.,-categories.

Let us apply Proposition 5.5 to the A,-functor M. From that result we deduce
the existence of a unique A..-functor

Axo(A, ) A (B,C) — Au (A (A, B), A (A, €)),
such that

M = [T (A, B) @ TsAuo (B, €) ~2A=1)

TsAoo(A, B) @ T's Ao (Aso(A, B), Ao (A, €)) —— TsAx(A,€)]. (6.1.2)

Let us find the components of A (A, ).

6.2 Proposition. The A -functor A (A,-) is strict. It maps an object of
Ax(B,C), an Ax-functor g : B — €, to the object of the target A, -category
(1®g)M : Ax(A,B) — Ax(A,C) (which is also an A-functor). The first com-
ponent A (A, )1 maps an element t of sAx(B,C)(g,h), a (g,h)-coderivation
t:TsB — TsC, to the (1®g)M, (1®h)M)-coderivation (1@¢)M : TsAx (A, B) —
TsAx (A, C), an element of $As(Acc(A, B), A (A, C)) (1@ g)M, (1 ® h)M).

Proof. Clearly, Ax(A,_) gives the mapping of objects g — (1 ® g)M as described.
To prove that Ao (A, )1 i t— (1®¢t)M and A (A, ), = 0 for k& > 1 it suffices to
substitute a cocategory homomorphism with those components into (6.1.2) and to
check this equation (see Proposition 3.4). Let

Pre- - @p" € sA(A,B)(fO f1) @ @ sAx(A,B)(f"L ),
He...othec SAoo(ﬁ,@)(gO,gl) Q- ® SAm(B7e)(gm_1,gm). (6.2.1)

The equation to check is

P @pete - t"M=0p'® - 0p").[t'® - @t™)Ax(A, )]0,
that is,
PPt t"M=p'®---p").J1tHhM e - (12 t™)M]0.

The left hand side is a cocategory homomorphism. Let us prove that the right hand
side

P @ -2pete -t LYP e -op) (1ot M- & (1o t™)M]
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is also a cocategory homomorphism. Indeed,
Po-epet'e - ot™LA
=(p'® - 2p")1et)hM- - @ (1xt™)M]IA

=@p'e- ®p”)Azm:[(1 @tYM®- @ (1et")M]o
k=0

(letrMMe- - o (1et™)Mo
_ (_)(pl+1+"‘+pn)(tl+‘"+tk)(pl Q- ®pl).[(1 ® tl)M QR ® (1 ® tk)M]Q
=0 k=0
@@ e @p") 1t M
®---®(1®t™)M]
=[P @ @pPNIASH @ @t™A|(1®c®1)(L® L)

by Proposition 3.1.
Let us prove that the components of M and L coincide. For m = 0 and any n > 0
we have

P @ @p" | g") o= ® - ®@p").1®¢")Mpr, = (p' @ @p" | §°)Mno,

(1
hence, L,,0 = M. For m =1 and any n > 0 we have
(P @ @p" @t )L = (' ® - @p").(1@t)Mpry = (p' @ @ p" @ t!) M,

hence, L,; = M,1. For m > 1 and any n > 0 we have L,,, = 0 and M,, = 0.
Therefore, L = M and the proposition is proved. O

6.3 Corollary. For allm >0 and all t* ® --- ® t™ as in (6.2.1) we have
(1tYM®-- @1 t™")M|Bp=1® (' @--- @ t™) By, M, (6.3.1)
where B denotes the differential in T's Ao (Aso (A, B), Aso (A, C)).

Indeed, the general property of an A.-functor A, (A, ,)B = BA (A, ) reduces
to the above formula, since A (A, ) is strict.
In the following definition we introduce A,,-analogs of natural transformations.

6.4 Definition (w-globular set of A, -categories). A natural Ao -transforma-
tionr: f — g: A — B (natural transformation in terms of [Fuk]) is an A-trans-
formation of degree —1 such that rb+ br = 0 (that is, (r)B; = 0). The w-globular
set [Bat98] A, of A..-categories is defined as follows: objects (0-morphisms) are
Ao-categories A; 1-morphisms are A.-functors f : A — B; 2-morphisms are natu-
ral Aoo-transformationsr : f — g : A — B; 3-morphisms A:r - s: f—-g: A— B
are (f,g)-coderivations of degree —2, such that r — s = [\, b]; for n > 3 n-mor-
phisms A\, : Ap—1 — fip—1 : -7 > s: f — g: A— B are (f, g)-coderivations
of degree 1 — n, such that A\,_1 — gp—1 = [\, b] (notice that the both sides are
(f, g)-coderivations of degree 2 — n).
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6.5 Remark. Let us notice that the A, -functor A, (A, ) from Proposition 6.2
defines a map of the w-globular set A, into itself. Indeed, objects B of A, are
mapped into objects A (A, B), 1-morphisms g : B — € are mapped into 1-mor-
phisms (1®g)M : Ax(A, B) — Ax(A, C) and the first component A, (A, -); maps
(g, h)-coderivations into ((1® g)M, (1 ® h) M )-coderivations. Moreover, if the equa-
tion Ap—1 — ttn—1 = A\ By holds for (g, h)-coderivations, then (1 ® A,—1)M — (1 ®
in—1)M = (1 ® \,)MB; by (6.3.1), so the sources and the targets are preserved.

It might be useful to turn the w-globular set A,, into a weak non-unital w-category
in the sense of some of the existing definitions of the latter. Plenty of such definitions
including [Bat98] are listed in Leinster’s survey [Lei02]. We do not try to proceed
in this direction. Instead we truncate the w-globular set to a 2-globular set (that is,
we deal with 0-, 1- and 2-morphisms) and we make a 2-category out of it.

7. 2-categories of A, -categories

Let K denote the category K(k-mod) = H°(C(k-mod)) of differential graded com-
plexes of k-modules, whose morphisms are chain maps modulo homotopy. Equipped
with the usual tensor product, the unit object k and the standard symmetry, X
becomes a k-linear closed monoidal symmetric category. The inner hom-object is
the usual Homg (-,-). There is a notion of a category € enriched in X (X-categories,
K-functors, K-natural transformations), see Kelly [Kel82]: for all objects X, Y of €
C(X,Y) is an object of K. There is a similar notion of a 2-category enriched in X, or
a K-2-category: it consist of a class of objects Ob €, a class of 1-morphisms C(X,Y")
for each pair of objects X, Y of A, an object of 2-morphisms C(X,Y)(f,g) € ObX
for each pair of 1-morphisms f,g € C€(X,Y) and other data. We shall consider 1-uni-
tal, non-2-unital X-2-categories. They are equipped with the following operations:
associative composition of 1-morphisms, commuting left and right associative ac-
tions of 1-morphisms on 2-morphisms (these actions are morphisms in X), 1-units,
associative vertical composition of 2-morphisms (a morphism in X) compatible with
the left and right actions of 1-morphisms on 2-morphisms and such that the both
ways to obtain the horizontal composition coincide. Precise definitions are given in
Appendix A.

7.1 Proposition. The following data define a 1-unital, non-2-unital X-2-category
KA:

e Objects are A.-categories;

e l-morphisms are A, -functors;

e an object of 2-morphisms between f,g : A — B is (As(A,B)(f,g),m1) €

ObX, mi = sBis™!;
o the composition of 1-morphisms is the composition of A, -functors;
o unit I-morphisms are identity A..-functors;

o the right action of a I-morphism k : B — C on 2-morphisms is the chain map
(Ao (A, B)(f, 9),m1) = (Ao (A, C)(fk, gk),m1), 71 = (rs™1) -k = (rk)s™,
where 1 is an (f, g)-coderivation;
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e the left action of a 1-morphism e : D — A on 2-morphisms is the chain map
(AOO(‘Az B)(fa g)a ml) - (Aw(D7 B)(6f7 eg)a m1)7 rs~lie- (T'Sil) = (er)sily
where r is an (f, g)-coderivation;

o the vertical composition is the chain map my = (s®s)Bas™1 : Ao (A, B)(f,9)®
Ao (A, B)(g,h) = Axc (A, B)(f, h).

Proof. Clearly, the composition of 1-morphisms and the actions of 1-morphisms on
2-morphisms are associative. The right and the left actions are unital, and commute
with each other. The equation —(1 ® mj +m1 ® 1)mg + mam; = 0 (see (2.3.2) for
k = 2) shows that ms is a chain map. The equation

m3m1—|—(1®1®m1—|—1®m1®1—|—m1®1®1)m3—(m2®1)m2+(1®m2)m2 =0 (711)

(see (2.3.2) for k = 3) shows that ms is associative in K.

Let us check that the vertical composition is compatible with the actions of 1-mor-
phisms on 2-morphisms. Applying equation (6.1.1) to r@pR1 € sAx (A, B)(f,9)®
$Ax(A,B)(g,h) @k C T?sA0e (A, B)(f, h) ® T'sAs (B, C)(k, k) we find that

(T@p | k)MQoBl+(’I”k®pk)B2 = [(T@p)(1®31+B1®1) | k]Mgo—F(T@p)sz. (712)

One deduces that (rs™! -k ®@ps™t - k)mg = (rs™! @ ps~Hmgy - k in K. Apply-
ing equation (6.1.1) to 1 ®@7r ®@p € k ® sAx(A,B)(f,9) ® sAx(A,B)(g,h) C
TsAx (D, A)(e,e) @ T?sAxo (A, B)(f, h) we find that

(er ® ep) By = (e | r © p)Mo2 By + (er ® ep) Bs
=le|(r®@p)(1® B+ B ®1)|My +e(r@p)Bs =e(r @ p)By (7.1.3)
(notice that Moy = 0). Therefore, (e-rs ! ®@e-ps~)ma =e- (rs™ @ ps~Hms.
Now let us prove distributivity. Applying equation (6.1.1) to r @ p €
$Aco(A, B)(f,9) ® sAx(B, C)(h, k) we find that
(rh ® gp)Ba + (=)™ (fp @ 7k) B2 + (r @ p)M11B1 = (r @ p)(1 ® B1 + B1 ® 1) M.
Thus, (rh® gp)Bas + (=)"P(fp®@rk)Bs = 0 in K. We deduce that modulo homotopy
(rs™t-h®@g-ps mas = (rhs ' @ gps™ ) (s @ s)By = (—)P T (rh @ gp)Ba
= ()PP (fp@rk)By = (=)"PP(fps™ s @ rks”'s) By

_ (_)rp+p+r+1(f _ps—l ® re— 1. k)mgs.

Therefore, (rs™!-h® g-ps~my = (=)D (f . ps™t @ s~ - k)my in X, as
stated. 0

The 0-th cohomology functor H° = K(k,) : X — k-mod, X — H°(X) =
K(k, X) is lax monoidal symmetric, since the complex k concentrated in degree
0 is the unit object of K. It determines a functor H° : K-Cat — k-Cat. To a
K-category € it assigns a k-linear category HY(C) with the same class of objects,
and for each pair X, Y of objects of € the k-module H(C)(X,Y) = H°(C(X,Y)).
The functor H? : X-Cat — k-Cat is also lax monoidal symmetric. Therefore, there
is a functor K-Cat-Cat — Cat-Cat, again denoted HY by abuse of notation, and the
corresponding functor K-2-Cat™ — 2-Cat™™. See Appendix A for the definition of
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1-unital, non-2-unital X- or k- 2-categories. To KA., the functor assigns a 1-unital,
non-2-unital k-linear 2-category A,. Let us describe it in detail. Objects of A, are
Ao-categories, 1-morphisms are A.-functors, and 2-morphisms are elements of

HO(AOO(.A,B)(f,g),ml) %’ H_l(SAOO('A"B)(fv 9)731)7

that is, equivalence classes of natural A..-transformations r : f — g : A — B.
Natural A.-transformations r,t : f — g : A — B are equivalent, if they are
connected by a 3-morphism A : r — ¢, that is, r — ¢ = AB;. Both compositions of
1-morphisms with 2-morphisms Mors (A, B) x Mor; (B, €) — Mors(A, €), (r,h) —
rh and Mor; (A, B) x Mors(B, €) — Mors(A, €), (f,p) — fp are compositions of
k-linear maps TsA — TsB — TsC. The vertical composition ms of 2-morphisms,
translated to H 1(sA) assigns the natural A.-transformation r-p = (r®p)Bs to
natural A..-transformations r : f — g and p: g — h. Indeed, (rs~! @ ps~)mas =
(rs ! @ ps~1)(s ® s) By = (r ® p) B2. Compatibility of these constructions with the
equivalence relation is obvious from the construction, and can be verified directly.

7.2 Remark. Let A be an A, -category. It determines a map A, — A, described
in Remark 6.5. This map restricts to a map Ay (A, ) : A — Aoo. It takes an
Aoo-category B to the Ay -category A (A, B), an As-functor g : B — € to the
Aso-functor (1®g)M : A (A, B) — A (A, C), and an equivalence class of a natural
Ao-transformation ¢t : ¢ — h : A — B to the equivalence class of the natural
Ago-transformation (1@ t)M : (1@ g)M — (1@ h)M : Ax(A, B) — A (A, C), see
Remark 6.5. Let us prove that Ay (A, ) : Ao — A is a strict 2-functor. Indeed, it
preserves the composition of 1-morphisms, (1® f)M(1®g9)M = (1® fg)M, and the
both compositions of 1-morphisms and 2-morphisms, (1® /)M (1®t)M = (1® ft)M,
(It)M(1® f)M = (1®tf)M, due to associativity of M. The vertical composition
of 2-morphisms is preserved due to (6.3.1) for m = 2:

(1@tYM @ (1®t*)M]By = [1 ® (t* @ t*) By] M.

7.3 Definition (Unital A.-categories). Let € be an A..-category. It is called
unital if for each object X of € there is a unit element — a k-linear map xi$ : k —
(s€)71(X, X) such that xiSb; = 0, (xi§ ® xi§)b2 — xi$ € Im by, and for all pairs
X, Y of objects of € the chain maps (1®vyi§)bs, (xi§ ®1)by : sC€(X,Y) — sC(X,Y)
are homotopy invertible.

In particular, an A, -algebra € is unital if it has an element i§ € (s€)~! such that
iSby =0, (i ®i§)ba —i € Im by, and the chain maps (1®1i§)ba, (1§ ®1)b : s€ — sC
are homotopy invertible. Our definition differs from a that of a homological unit (e.g.
[LHO2]) by the last invertibility condition. It produces rather a homotopical unit:

7.4 Lemma. Let xi§ be as in Definition 7.3 of a unital A, -category C, then for
each pair X, Y of objects of € we have
(1@ yi$)by ~1:5C(X,Y) — sC(X,Y),
(xi§ @ )by ~ —1:5C(X,Y) — sC(X,Y).
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Proof. For each object X of € there is a k-linear map xvg : k — (s€)~2(X, X) such
that (Xig ®Xig)b2 — Xig = xwvoby. Hence,

. . . . 2.3.1 ) )
(xi§ ® 1)ba(xig ® )b = (xi§ ® xig ® 1)(1 @ b2)be (kZS) —(xi§ ® xig ® 1)(b2 © 1)bs
= —[(xi§ ® xi§)ba @ 1]by = —(xi§ @ 1)bs — (xvob1 ® 1)bs
= —(Xig X l)bg + bl(XUO X 1)b2 + (XUO ® 1)b2b1 ~ —(Xig X 1)b2,

. . . . 2.3.1 . .

(1@ yi§)ba(1® yi$)by = —(1 ® yi§ @ yis)(by @ 1)by (kzg) (1® yi§ ® yi$)(1 @ by)by
= 1@ (vi§ ® yig)balba = (1@ yig)bs + (1 © yvobr )ba
= (1 X yig)bz — b1(1 ® yvo)bg — (1 (39 y’l)o)bgbl ~ (1 X yig)bg.
We see that —(xi$®1)by and (1®yi§ )by are invertible idempotents in K. Therefore,
these maps are both homotopic to the identity map. O

This lemma shows that a unital A,.-algebra may be defined as an A,.-algebra
€, such that the graded associative k-algebra H*(C,m;) has a unit 1 € H°(C,m;)
and for some/any representative 1¢ € €0 of the class 1 € H°(C,m1) the chain maps

(id ®1¢)ma, (1¢ ®id)ms : € — € are homotopic to ide. A unit element i € (s€)~!

corresponds to a unit 1¢ € €0 via 1¢s = i§.

7.5 Proposition. Let € be a unital A, -category. Then the collection xi$ extends
to a natural A.-transformation i® : ide — ide : € — C such that (i® ®i®) B, = i°.

Proof. Let k-linear maps xvp : k — (s€)72(X, X) satisfy the equations (xi§ ®
Xig)bg fxig = xvob1. We will prove that given Xig, xvo (with Xigbl = 0) are 0-th
components of a natural A.-transformation i® and a 3-morphism v as follows:

i ide —ide: C — €,
v: (1 ®i%)By —i%:ide —ide : € — €.
That is, we will prove the existence of (1,1)-coderivations i®,v : Ts€ — T'sC of
degree —1 (resp. —2) such that
i°b+bi® =0,
(i ®i%) By —i® = vb — bu.
We already have the 0-th components ig , Vo. Let us construct the other components

of i® and v by induction. Given a positive n, assume that we have already found
components i%,, v,, of the sought i®, v for m < n, such that the equations

(i%D)pm 4 (bi),, = 0: 5C( X0, X1) @ -+ ® 5C( X1, Xpn) — 5€(X0, X)), (7.5.1)

[(i° @1°)Baly — iy, = () — (b0)rm :
$C( X0, X1) ® -+ ® sC(Xym—1, Xm) — $C(Xo, Xm) (7.5.2)
f

are satisfied for all m < n. Here (f),, = (T™sC < TsC TsC 22 sC) for

an arbitrary morphism of quivers f : T'sC — T'sC.
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Introduce (1,1)-coderivations i,v : Ts€@ — TsC of degree —1 and —2 by
their components (i$,i¢,...,i¢ 1,0,0,...) (resp. (vo,v1,-..,v,-1,0,0,...)). De-
fine (1,1)-coderivations A = ib+ bi of degree 0 and v = (1®1) By —1i— 9B of degree
—1. Then equations (7.5.1), (7.5.2) imply that \,, = 0, v, = 0 for m < n. The
identity Ab — b\ = 0 implies that

And = Mpby = Y (1%9@b @19\, = 0.
qg+1+4+t=n

The n-th component of the identity
Z/Bl = (i@i)BgBl—iBl = —G@i)(l@Bl +Bl®1)32—)\ = _(§®A)BQ+()\®1)BQ_)\
gives

vd=vpbi+ > (1%7@b @191, = —(if @ Aw)bz + (A @1 b2 — An
q+1+t=n

= N (i§ @ Dby + M\ (1 @15)bo — Ay = =M1’
Here the chain map
u' = (x,i5 ® )b — (1 ® x,i5 )b + 1 : sC(Xo, Xpn) — 5€(Xo, X,)
is homotopic to —1 by Lemma 7.4. Hence, the map
u = Hom(N,u') : Hom*(N, sC(Xo, X,,)) — Hom* (N, sC(Xo, X)), An = At

is also homotopic to —1 for each complex of k-modules N, in particular, for N =
sC(Xo, X1) ®k - - - ®k sC(X,—1, Xy, ). Therefore, the complex Cone(u) is contractible
by Lemma Appendix B.1. Since —\,,d = 0 and v,,d + A\,u = 0, the element

(Uns An) € Homy ' (IV, sC(Xo, X)) & Homy (IV, sC(Xo, X,,)) = Cone™ " (u)
is a cycle. Due to acyclicity of Cone(u) this element is a boundary of some element
(vn,15) € Homy 2(N, 5€(Xo, X,,)) ® Homy (N, s€(Xy, X,,)) = Cone™?(u),
that is, vnd—i—iSu = v, and —iS d = \y,. These equations can be rewritten as follows:

—ighr— Y (1%9@b @ 1%N)i] = (ib), + (bi),
q+1+4+t=n

vabi = Y (1%9@b @190, — (i @ i5)by — (i5 @ if )by +if

qg+1+4+t=n
= [(I ®i)B2}n = (0b)n + (00)n.
In other words, (1,1)-coderivations with components (i$,...,i¢_;,i%,0,...),
(Vo, ... Un—1, ¥n,0,...) satisfy equations (7.5.1), (7.5.2) for m < n. The con-
struction of i®, v goes on inductively. O

7.6 Definition. A unit transformation of an A..-category C is a natural A,.-trans-
formation i® : ide — ide : € — € such that (i® ® i®)By = i®, and for each pair X,
Y of objects of € the chain maps (1 ® yi§)ba, (xi§ ® 1)bs : s€(X,Y) — sC(X,Y)
are homotopy invertible.
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We have shown in Proposition 7.5 that an A.-category € is unital if and only if
it has a unit transformation. Similar (although not identical to our) definitions of
units and unital A.-categories are proposed by Kontsevich and Soibelman [KS02]
and Lefévre-Hasegawa [LHO02].

7.7 Proposition. Let A, C be Ay -categories. If C is unital, then A, (A, @) is unital
as well.

Proof. We claim that
(1@i)M: (1®ide)M — (1®ide)M : As(A,C) — Au(A,€)

is a unit of Ay (A, €). Indeed, (1 ® ide)M = ida_(a,e), and there is a 3-morphism
v: (i®®i%) By — i® 1 ide — ide : € — €. Hence, (i® ® i®)By = i® + vBy, and by
(6.3.1)

(12i®M e (10i%)M]|B, =1 (i®®i%) BM
=(12iM+(10vB)M=010i)M+(1®v)MB, =(12i%)M.
Let f : A — € be an A-functor. The 0-th component of (1 ® i®)M is ;[(1®
iYM]o : k — sA (A, C)(f, f), 1 — fi®. It remains to prove that for each pair of
Aso-functors f,g : A — C the maps
(1@ 4[(1©i%)M]o) Bz : sAcc(A, €)(f,9) = 54 (A, €)(f,9), 7 (r®gi)Bs,
(F[(1®i%)M]o © 1) By : sAs(A, C)(f, 9) — sAu(A,C)(f,g), 7 r(fi®®1)Bs,
are homotopy invertible.

Let us define a decreasing filtration of the complex (sAs (A, C)(f,g), B1). For
n € Lo, we set

D, ={r € sA-(A,C)(f,9) |Vl<n r =0}
= {r € sAs(A,C)(f,g) |Vl <n (T'sA)r=0}.
Clearly, ®,, is stable under By = [, ], and we have
$A(A,C)(f,9) =P D P D DP, DDy D

Due to (5.1.3) and (3.0.1) the chain maps a = (1® gi®)Bs, ¢ = (fi® ® 1) By preserve
the subcomplex ®,,. By Definition 2.6 sAx(A,C)(f,g9) = [Ir—o Va, where V, is
the k-module (2.7.1) of n-th components r,, of (f,g)-coderivations r. The filtration
consists of k-submodules ®,, =0 x --- x 0 x H;’::n Vin-

The graded complex associated with this filtration is @22 ,V,,, and the differential
d :V, — V, induced by Bj is given by formula (2.7.2). The associated endomor-
phisms gra, grec of @52V, are given by the formulas

(rn)gra= (r, ® gig)b2 = H (Xo ,,,,, X, Tn & Xngig)b%
X0, Xn€Ob A
(rn)gre =1 (fi§ ® )by = H XovorXn T (X0 £ig @ 1)bo,
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Ty € Vi, as formulas (3.0.1), (5.1.3) show. Due to Lemma 7.4 for each pair X, Y of
objects of € the chain maps (1 ® yi§)b2, —(xi§ ® 1)by : sC(X,Y) — sC(X,Y) are
homotopic to the identity map, that is, (1 ® yi§)ba = 1 + hd + dh, (xi§ @ 1)by =
—1+ h'd+ dh’ for some k-linear maps h,h' : sC(X,Y) — sC(X,Y) of degree —1.
Let us choose such homotopies x, x, 7, x,.x,0 : sC(Xof, Xng) — sC(Xof, Xng)
for each pair Xy, X,, of objects of A. Denote by H,H' : [[,_ Ve — [ —yVa
the diagonal maps x,....x,7n = Xo,.... X, Tn X0, X, Pty Xo,... X0 Tn 7 Xo,.., X Tn X0, X, -
Thengra = 1+ Hd+dH, grc = —1+H'd+dH’. The chain maps a— HB1—B1H, c—
H'By— By H', being restricted to maps &%_o Vi, — [ ~_, Vin give upper triangular
N x N matrices which, in turn, determine the whole map. Thus, a — HB; — B1H =
1+ N,c— HB; — BiH' = -1+ N’, where the N x N matrices N, N’ are strictly
upper triangular. Therefore, 1 + N and —1 + N’ are invertible (since their inverse
maps Y ;o0(—N)? and — > 7 (N’)" make sense). Hence, a = (1 ® ¢i®)Bs and
c = (fi® ® 1) By are invertible in X. O

7.8 Corollary. Let f,g: A — C be Ay -functors. If C is unital, then
(1® gi®)By ~1:5A,(A,C)(f,9) — sAx(A,C)(f,g), and
(i€ @ 1)By ~ —1: 5400 (A, ©)(f,g) — sAx (A, €)(f. ).
Proof. Follows from Proposition 7.7 and Lemma 7.4. O

7.9 Corollary. Let r : f — g : A — C be a natural A, -transformation. If C is
unital, then

(r® gi®) By =1, (fi® @ 7r)By = 1.
Proof. By Corollary 7.8 there are homotopies h,h' : sA(A,C)(f,9) —
$Ax (A, C)(f,g), which give
(r® gi®)By = r(1® gi®)By = r + rBih +rhBy = r + (rh)B; = r,
(fi® @ 7By = —r(fi® ®1)By = r+rByh +rh/By =r+ (rh/)B, = 1.
O

7.10 Corollary. The unit transformation of a unital category is determined
uniquely up to equivalence.

Indeed, take f = ide and notice that any two unit transformations i¢ and ’i® of
@ satisfy /i® ='i® - i® = i%.

7.11 Corollary. The full X-2-subcategory X" A, of non-2-unital X-2-category
KA., whose objects are unital A, -categories and the other data are as in XA,
is a 1-2-unital K-2-category. The unit 2-endomorphism of an A -functor f : A — C
is the homotopy class of the chain map

1f k— (AOO(‘A’ e)(f’f)vml)’ I (fie)sil'

Proof. The composition

Aso(A,C)(£,9) 2% Ao (A, ©)(F,9) ® Ano (4, C) (g, 9) —25 As(A, €)(f,9),

rs s rs T @ (gi%)s T o (rsT @ (i%)sTH) (s @ 5)Bas Tt = (r @ gi®) Bays 1,
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is homotopic to the identity map by Corollary 7.8. Similarly, the composition

Ao (A,0)(f,9) 25 An(A,©)(f, /) ® Ano (A, €)(f, 9) 2 Ano(A,€)(f,9),

rs s (fi%)s TP @rs T s (=) TN (fi @ r)Bys T = —r(fi® @ 1)Bys !,
is homotopic to the identity map. O

7.12 Corollary. The full 2-subcategory * A, of non-2-unital 2-category Ao, which
consists of unital As.-categories, all A,.-functors between them, and equivalence
classes of all natural A.-transformations is a (usual 1-2-unital) 2-category. The unit
2-endomorphism of an A, -functor f : A — @ is fi®. In this 2-category the notions of
an isomorphism between A, -functors, an equivalence between Ao, -categories, etc.
make sense. For instance, r : f — g : A — B is an isomorphism if there is a natural
Aqo-transformation p : g — f, such that (r @ p)By = fi® and (p ® 7)By = gi®. An
Aso-functor f : A — B is an equivalence if there exists an Ay.-functor g : B — A
and isomorphisms id4 — fg and idg — gf.

Proof. Follows from Corollary 7.9 or 7.11. O

7.13. Invertible transformations. Let B, C be A -categories, and let f,g :
ObC — ObB be maps. Assume that B is unital and that for each object X of C
there are k-linear maps

xro k= (sB)"HX[,Xg),  xpo:k— (sB)'(Xg,XJ),
xwo :k — (sB) 32X f,Xf), xvo : k — (sB)%(Xg, Xg),
such that
xrob1 =0, xpob1 =0,
(xT0 ® xpo)bz — x £if = xwobi, (7.13.1)
(xPo ® x70)b2 — x4i5 = xvoby.

7.14 Lemma. Let the above assumptions hold. Then for all objects X of C and Y
of B the chain maps

(ro®1)be : sB(Xg,Y) — sB(Xf,Y) and (pg ® 1)be : sB(Xf,Y) — sB(Xg,Y),
(1®719)by : sB(Y, X f) — sB(Y,Xg) and (1 ® pg)bs : sB(Y, Xg) — sB(Y, X f)
are homotopy inverse to each other.
Proof. We have
(ro @ 1)ba(po ® 1)ba = (po ® 1o @ 1)(1 ® b2)bo
= *(po X rog X 1)[(b2 ® l)bQ + bsby + (1 ®R1® bl)bg] (7141)
= —(xgip ® 1)by — (voby @ 1)by — (po ® 10 ® 1)b3by — by (po ® 1o @ 1)bs
~14b1(vg®1)be + (v ® 1)boby ~ 1:5B(Xg,Y) — sB(Xg,Y).

For symmetry reasons also

(po ® 1)b2(7’0 ® 1)b2 ~ 1 . SB(Xf, Y) — SB(Xf, Y)
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Therefore, (ro ® 1)by and (pg ® 1)by are homotopy inverse to each other.
Similarly, (1 ® rg)bs and (1 ® pg)by are homotopy inverse to each other. O

7.15 Proposition. Let r : f — g : € — B be a natural A,-transformation,
where B is unital, and let po, vo, wo be as in Section 7.13 so that equations (7.13.1)
hold. Then pg, wy extend to a natural A..-transformationp: g — f:C — B, a
3-morphism w, and there is a 3-morphism t as follows:

w:(r@p)B,— fi¥: f— f:€—B, (7.15.1)
t:(p@7)By — gi® 1 g —g:C— B. (7.15.2)
In particular, r is invertible and p = r~! in A..

Proof. Let us drop equation (7.15.2) and prove the existence of p and w, satisfying
(7.15.1). We have to satisfy the equations

pb+bp =0, (7.15.3)
(r @ p)By — fi® = [w, b). (7.15.4)
Let us construct the components of p and w by induction. Given a positive n, assume

that we have already found components p,,, w,, of the sought p, w for m < n, such
that the equations

(pb)m + (bp)m =0: SG(XOa Xl) @@ Se(Xm—h Xm) - SB(Xogy me)v (7'15'5)

[(r ® p)Ba]m — (fig)m = (wb)m — (bw)m :

SG(X(), Xl) R Se(mel, Xm) — SB(X()f, me) (7156)
are satisfied for all m < n. Introduce a (g, f)-coderivation p : Ts€C — TsB of
degree —1 by its components (po,p1,--.,Pn-1,0,0,...) and an (f, f)-coderivation
W : T'sC — TsB of degree —2 by its components (wp, w1, ..., w,—1,0,0,...). Define
a (g, f)-coderivation A = pb + bp of degree 0 and an (f, f)-coderivation v = (r ®
p)Bao— fi® —[w, b] of degree —1. Then equations (7.15.3), (7.15.4) imply that A, = 0,
UV = 0 for m < n. The identity Ab — bA = 0 implies that

And = Mpby = D (1%9@b @19\, = 0.
q+1+t=n
The identity

[v,b] = vBy = (r ® p)BaBy — (fi®)By —wB1B, = —(r @ p)(1® B, + B; ® 1) By
= —(7" ®ﬁBl)BQ = —(7’ (Y )\)BQ
implies that
vabi 4+ Y (1%9@b @ 19w, = —(r0 @ A )b,
qg+1+t=n

that is, v,d = —A,u. Here the map v = Hom(N, (rg ® 1)bs) for N = s€(Xo, X1) ®k
@k sC(Xp—1, X,) is homotopy invertible, and the complex Cone(u) is contractible
by Lemma Appendix B.1. Hence, the cycle

(Vna )\n) € Homﬂzl(Nv SB(XOfa an)) D HOHI[E(N, SB(XOQ, an)) = Coneil(u)
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is the boundary of some element
(Wn, pn) € Homk_Q(N7 sB(Xof, Xnf)) @ Homk_l(N, sB(Xog, Xnf)) = Cone 2 (u),

that is, w,d+pru = v, and —p,d = A,,. In other words, equations (7.15.5), (7.15.6)
are satisfied for m = n, and we prove the statement by induction.

For similar reasons using Lemma 7.14 there exists a natural A..-transformation
q:9— f:€— B with ¢y = pg and a 3-morphism

v:(q®7)By —»gi®:g—g:C— B

with given vg. Since r has a left inverse and a right inverse, it is invertible in A,
and p is equivalent to q. Hence, (p®1)Bsz is equivalent to (¢®17)Ba, and there exists
t of (7.15.2). O

8. Unital A -functors

8.1 Definition. Let A, B be unital A-categories. An A, -functor f : A — B is
called unital if for all objects X of A we have Xiglfl — Xfig € Imb,.

For instance, an A.,-homomorphism f : A — B of A,.-algebras is unital if
the cycles i}l f1, iy € (sB)~! are cohomologous in (sB,b;). We may say that a
unital A,-functor (or A-homomorphism) preserves the cohomology classes of unit
elements.

8.2 Proposition. Let A, B be unital Ay -categories. An A -functor f: A — B is
unital if and only if i* f = fi®.

Proof. If i*f = fi® + vBy, then xif'fi = x(i*f)o = x(fi® + vB1)o = xsif +
xVob1, hence, f is unital.
Assume now that f is unital. We want to find a 3-morphism

Vi = fi% i f o [ A B,
that is, an (f, f)-coderivation v of degree —2 such that
vBy =it f — fi®. (8.2.1)

We subject it to an additional condition described below. Consider 3-morphisms

z: (i @iMB, —itidy —idg A — A,

y: (i?®i%)By —i? idg — idg : B — B,
so that

B = (i* ®i")B, —i",  yB; = ({® @i®)By —i®.

The following equations between (f, f)-coderivations of degree —2 are due to (7.1.2),
(7.1.3):

(xf)B1 = (iI* @i")Bof — i f = (' f @i f)Bo + P @1 | f)Mao By — i f,
(fy)Bi = f(i® @i®)B, — fi® = (fi® ® fi®)B, — fi®.
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Combining them with (8.2.1) we find that
(xf)By — (i* ®i* | f)MaoB1 + vBy
= (i*f @it f)By — fi®
= (i"f @vB1)By + (i f @ fi®) By — fi”
= —(i"f ®v)BaBy + (vB; ® fi®)By + (fi® @ fi®)By — fi®
= —(i"f ®@v)ByBy + (v ® fi®)ByBy + (fy)B;.

Now we may formulate the problem: we are looking for v as above and an (f, f)-
coderivation w of degree —3, such that

wBy = af — (" @i | f)Mao + v + (" f @ v)By — (v ® fi®)Bs — fy,
in other terms, a 4-morphism
w:zf — (@it | )Mo +v — fy— (' f @v)By + (v® fi®)By :
(A f @it f)By— fi®: f - f: A—B.
Using the chain map
u= (10 fi%)By—1- (" f©1)By : (sAxc(A, B)(f, f), B1) — (sAsc(A, B)(f. f), Bu),
we may rewrite our system of equations as follows:
—vB; = fi® —if,
wBy +vu=af — (i* @i | f)My — fy. (8.2.2)
In other words, we look for an element
(w,v) € [sAus(A, B)(f, )] @ [sAc (A, B)(f, )] 7> = Cone™>(u),
whose boundary is
(xf — (@it | f)Mayo — fy, fi® =i f)
€ [sAsc (A, B)(£, f)] 72 ® [sAso (A, B)(f, )] 7' = Cone™(u).
Let us prove that u is homotopy invertible. Since
xig fi = x5y + x2b1 1k — (sB)"H(X [, X [),

for some xz, the cycles xrg = xij'fi and xpy = Xfi(? satisfy conditions (7.13.1)
for g = f: ObA — Ob B, that is,

(xi fr @ x 75 b2 — x£i5 = (x715 ® x50 )b2 — x 515 + (x2 ® x4i7 )boby € Im by,
(x£if ® xif f1)ba — x 415 = (x5 @ x7ig b2 — xfiF — (xfif © x2)baby € Im by.

Hence, the natural A, -transformation » = i*f : f — f : A — B is invertible by
Proposition 7.15. In detail, there exists a natural A,-transformation p : f — f :
A — B and 3-morphisms g, t such that

(i“f@p)Bs— fi® =qB1,  (p@i*f)B,— fi® =tB. (8.2.3)
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These equations are interpreted as equations (7.13.1) for the following data. Let
C = 1 be a l-object-0-morphisms A,-category, Ob C = {x}, C(x,*) = 0. Consider
a map ObC — Ob A, (A, B), * — f, and elements i*f,p € [sAs (A, B)(f, f)] 7},

q,t € [sAx(A, B)(f, f)] 2. Equations (7.13.1) for these data are precisely (8.2.3),

(A.B) _ fiB. By Lemma 7.14 we deduce that

(lﬂf® 1)B2 : (SAOO(‘Aa%)(fv f)?Bl) - (SAOO(‘A7B)(]C7 f)vBl),

is homotopy invertible. Since the map (1 ® fi®)By — 1 is homotopic to 0 by Corol-
lary 7.8, we deduce that u is homotopy invertible. Therefore, Cone(u) is contractible
by Lemma Appendix B.1.

To prove the existence of (w,v) satisfying (8.2.2) it suffices to show that (zf —
Gt @i | f)Mao — fy, fi® — i f) € Cone ?(u) is a cycle. And indeed,

[2f — (i @i | f)Mao — fy]B1 + (fi® —i* f)u

= (zBy)f — (" @i | f)M2By — f(yB1)
+[(fi® =it f) @ fi%)By — fi® +if + iV f @ (fi® — i 1)) Be

= (" ®@i")Bof —if — (iI" ®i" | f)MaoB1 — f(i® ®1®)By + fi®
+(fi% © fi®)By — (1" f @ fi®)By — fi® +i% f + (i* f © fi®) B,
— (i*f@i"f)Bs

=-[("®@i")(1@B +B1®1)| f]Mp =0

due to (7.1.2) and (7.1.3). Clearly, (fi® —i"* f)B; = 0, so the proposition is proven.
O

since fiy =

Clearly, the composition of unital functors is unital. If B, € are unital A..-cate-
gories, r: f — g : B — € is an isomorphism of A, -functors and f is unital, then g
is unital as well. Indeed, distributivity law in A, implies

f f
_— idg f B __ e C
r{ RN N iv fl=fi
3g—>(‘3:<3 iy B ry G):B F— @
i%gy . 4 rl
_— B g
g g
f d !
de T'U'
= <B rl C iy G> =B —g— C,
—_— ;e
g ide giv|

or r-(iPg)=iPopr=(3G2f)-r=(fi% r=ro,i® =r. (4i%), (8.2.4)

where - and oy, denote the vertical and the horizontal compositions of 2-morphisms,
hence, i®¢g = ¢iC.

8.3 Definition. The 2-category AY is a 2-subcategory of “A.,, whose class of
objects consists of all unital A,,-categories, 1-morphisms are all unital A..-functors,
and 2-morphisms are equivalence classes of all natural A,,-transformations between
such functors.
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8.4 Proposition. Let A be an A..-category. The strict 2-functor A (A,_) maps
a unital As-category C to the unital Ay -category Ao (A, C), and a unital functor
to a unital functor. Its restrictions Ao (A,-) 1 "As — “Aoo, Axx(A,-) : AL — A%
preserve 1-units and 2-units, thus, they are 2-functors in the usual sense.

Proof. Proposition 7.7 shows that A, (A, Q) is unital, if € is unital. If g: B — C is
a unital A-functor between unital A..-categories B and €, then i®g = ¢i® implies

1ei®)M1legM=10i%)M=(12g¢"\M=>12g¢9)M1®i% M, (84.1)

hence, (1 ® g)M is unital. The fact, that A, (A, -) preserves 1-units and 2-units is
already proven in Proposition 7.7. O

8.5. Categories modulo homotopy. X-categories form a 2-category X-Cat.
We consider also non-unital K-categories. They form a 2-category K-Cat™" without
2-units (but with 1-units — identity functors).

8.6 Proposition. There is a strict 2-functor k : Ay, — K-Cat™ of non-2-unital
2-categories, which assigns to an As-category € the X-category kC with the same
class of objects Ob k@ = Ob @, the same graded k-module of morphisms kC(X,Y) =
C(X,Y), equipped with the differential m;. Composition in kC is given by (the ho-
motopy equivalence class of) ma : C(X,Y)®C(Y, Z) — C(X, Z). To an A,-functor
f: A — B is assigned kf : kA — kB such that Obkf = f : ObA — ObB, and for
each pair of objects X, Y of A we have kf = sfis™! : A(X,Y) — B(Xf,Yf). To
a natural A, -transformationr : f — g: A — B is assigned kr = ros~! : kf — kg,
that is, for each object X of A the component xkr is the homotopy equivalence class
of chain map xros~ ' :k — B(X f, Xg). Unital A, -categories and unital A,-func-
tors are mapped by k to unital X-categories and unital X-functors. The restriction
k: A% — K-Cat is a 2-functor, which preserves 1-units and 2-units.

Proof. The identity (7.1.1) shows that mq is associative in K. The identity
(kf @kf)ma + (s @ 8)fas 'mi+ (1@ my +my @1)(s @ 8) fas™ ' +makf =0

shows that kf preserves the multiplication in X.

The map xkr is a chain map since x7rgs 'm; = xrohis ! =0.Ifr=p: f —
g: A — B, then xro = xpo + xvob; for some xvg € (sB)"2(X f, Xg), therefore,
xros ! = Xpos’l—l—(xvos’l)ml and chain maps xros~ ! and xpos~! are homotopic
to each other, that is, kr = kp. The identity

0= s[(f1 ® yro)ba + (x70 ® g1)ba + r1by + byry]s*
= (kf®ykr)m2—(Xkr®kg)m2+sr1571m1 +mysris AX,)Y) — B(Xf,Yg)

shows that the following diagram commutes in X for all objects X, Y of A

AX,Y) — Y BXLYS)

ng J(l@ylﬂ’)?’ﬂz

B(Xg,Yg) Y g (xf v g)
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Thus kr is, indeed, a K-natural transformation.

One checks easily that the composition of functors is preserved, and the both
compositions of 1-morphisms and 2-morphisms are preserved. The vertical compo-
sition of 2-morphisms is preserved due to the property

xk[(r ® p)Ba] = x[(r ® p)Balos ™" = (x70 ® xpo)bas™ ' = (xkr & xkp)ma.

Let B be a unital category. Then k3B is a unital K-category. Indeed, for each object
X of B consider the corresponding element 1x = xizys~! = xki® : k — BO(X, X).

Then for each pair X, Y of objects of € the following equations hold in K
(1@ 1y)mg =s(1® 1ys)bys ' = 5(1 @ yid )bas = 557
=1:B(X,Y) — B(X,Y),
(Ix @ 1)mg = —s(1xs @ 1)bys ™! = —s(xid @ 1)bas™?
=551 =1:B(X,Y) = B(X,Y).

That is, 1x is the unit endomorphism of X.
If f: A — @ is unital then, applying k to the equivalence i f = fi®, we find
that (1ig,, )kf = (kf)lig,e = lks, that is, kf is unital (it maps units into units). [

8.7 Lemma (Cancellation). Let ¢ : € — B be an A..-functor, such that for
all objects X, Y of C the chain map ¢; : (sC(X,Y),b1) — (sB(X¢,Y¢),b1) is
invertible in K. Let f,g : A — C be Ay -functors. Let y : f¢ — gp : A — B
be a natural A..-transformation. Then there is a unique up to equivalence natural
Ao-transformation t : f — g : A — C such that y = t¢.

Proof. First we prove the existence. We are looking for a 2-morphism ¢ : f — g :
A — € and a 3-morphism v : y — t¢ : fo — gp : A — B. We have to satisfy the
equations

tb+ bt =0, y — téd = vb — bu.

Let us construct the components of ¢ and v by induction. Given a non-negative
integer n, assume that we have already found components t,,, v,, of the sought ¢,
v for m < n, such that the equations

(D) + (Bt)m = 02 sA(X0, X1) @ -+ @ SA(Xm_1, Xm) — $€(Xof, Xmg), (8.7.1)

Ym — (t¢)m = (Ub - bv)m : S‘A(X(JaXl) Q- ® S‘A(melem) - SB(XOfd)a Xmg¢)v
(8.7.2)

are satisfied for all m < n. Introduce an (f, g)-coderivation ¢ : TsA — TsC of
degree —1 by its components (to,...,t,—1,0,0,...) and an (f¢, g¢)-coderivation
0 : TsA — TsB of degree —2 by its components (vo,...,v,-1,0,0,...). Define
an (f,g)-coderivation A\ = tb + bt of degree 0 and an (f¢, g¢)-coderivation v =
y — t¢ — b + bv of degree —1. Then equations (8.7.1), (8.7.2) imply that \,, = 0,
Vpm = 0 for m < n. The identity Ab — bA = 0 implies that

And=Xpbr — Y (187 @b @ 19°)\, =0, (8.7.3)
a+14+pB=n
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The identity
b+ by = —igb — bi = Ao
implies that
vad=vabi+ Y (1% @b @197, = A1 (8.7.4)
at+1+f=n
Denote N = sA(Xg, X1) Qk - - - Qk sA(X,—1,X,), and consider the chain map
u = Hom(N, ¢1) : Hom* (N, sC(Xo f, X,,g)) — Hom* (N, sC(Xo fo, X,,gd)).

Since ¢; is homotopy invertible, the map u is homotopy invertible as well. Therefore,
the complex Cone(u) is acyclic. Moreover, it is contractible by Lemma Appendix
B.1. Equations (8.7.3) and (8.7.4) in the form —\,d = 0, v,d + A,¢1 = 0 imply
that

(i, An) € Homy (N, sB(Xo f¢, Xng)) & Homy (N, sC(Xof, Xng)) = Cone™ (u)
is a boundary of some element
(Un, tn) € Homy *(N, sB(Xo /¢, X,.g¢)) & Homy ' (N, 5€(Xo [, Xng)) = Cone™*(u),

that is, v,d + tou = v, and —t,d = A,. In other words, equations (8.7.1), (8.7.2)
are satisfied for m = n, and we prove the existence of ¢t with the required properties
by induction.

Now we prove the uniqueness of ¢. Assume that we have 2-morphisms ¢,t' : f —
g: A — Cand 3-morphisms v :y —td: fo —gp: A — B, v :y—te: fo—
go : A — B. We look for a 3-morphism w and a 4-morphism x:

wit—t:f—g:A—C,
r:v —wvtwp:y—tod: fo—gp: A— B.
They have to satisfy equations
t—t =wb— bw, v — v —wp = xb+ bx.

Let us construct the components of w and z by induction. Given a non-negative
integer n, assume that we have already found components w,,, and z,, of the sought
w, x for m < n, such that the equations

tm —th, = (wb — bw),, : sA(Xo, X1)

v — U — (W) = (Tb + b))y, : SA(X0, X1)

m

® - ®SA(Xm—1,Xm) — sB(Xofd, Xmgo), (8.7.6)

are satisfied for all m < n. Introduce an (f, g)-coderivation w : TsA — TsC of
degree —2 by its components (wo,...,wn—1,0,0,...) and an (f¢, gé)-coderivation
Z : TsA — TsB of degree —3 by its components (g, ..., Z,—1,0,0,...). Define an
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(f, g)-coderivation A = t' — ¢ + wb + bw of degree —1 and an (f¢, g¢)-coderivation
v=1v —v—w¢— &b—bx of degree —2. Then equations (8.7.5), (8.7.6) imply that
Am =0, vy, = 0 for m < n. The identity Ab 4+ b\ = 0 implies that

Md=Xbi+ > (1% @b ®199)\, =0.
at14+8=n
The identity
vb—bv = 0By —vB; — Wb+ b =y —t'p — y + tp — Wb + biwg = —A\¢
implies that
vnd=vpby— Y (182 @b @197y, = —A.¢1.
a+148=n
Hence,
(Uns An) € Homy *(N, sB(Xo f, Xng¢)) & Homy ' (N, sC(Xo f, Xng)) = Cone > (u)
is a cycle, therefore, it is a boundary of an element
(2, wn) € Homy 3(N, sB(Xo f¢, Xngd)) ® Homy 2(N, s€(Xo f, Xng)) = Cone > (u),
that is, x,d+w,¢1 = v, and —w,d = A,,. In other words, equations (8.7.5), (8.7.6),

are satisfied for m = n, and we prove the uniqueness of ¢, using induction. O

A version of the following theorem is proved by Fukaya [Fuk, Theorem 8.6] with a
different notion of unitality and under the additional assumption that the k-modules
B(W, Z), C(X,Y) are free.

8.8 Theorem. Let C be an A, -category and let B be a unital A,-category. Let
¢ : € — B be an A,,-functor such that for all objects X, Y of C the chain map
¢1: (sC(X,Y),b1) — (sB(X¢,Y¢),by) is invertible in X. Let h : ObB — ObC be
a mapping. Assume that for each object U of B the k-linear maps
uro ik — (sB)"HU,Uh¢),  vpo:k— (sB)"'(Uhg,U),
vwg : k — (sB)3(U,Uhe), vvo : k — (sB)2(Uhe,U)
are given such that
urob1 = 0, upob1 =0,
(uro ® upo)b2 — Ui = vwobt, (8.8.1)
(Upo @ uro)ba — Unsiy = vvobs.

Then there is an A -functor ¢ : B — C such that Obvy = h, there are natural
Ao -transformations r : idg — ¢, p : ¢ — idg such that their 0-th components
are the given yry, ypo. Moreover, r and p are inverse to each other in the sense that

(r@p)Ba=i%,  (p®@r)By = ¢i®.

There exist unique up to equivalence natural A..-transformations t : ide — ¢,

q : ¢ — ide such that t¢ = ¢r : ¢ — Yo and qp = ¢p : PP — .
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Finally, € is unital with the unit
i® = (t®q)By:ide —ide : € — C,
¢ and v are unital A.,-equivalences, quasi-inverse to each other via mutually inverse
isomorphisms r and p, t and ¢ (in particular, (¢ ® t)By = ¢i®).
Proof. We have to satisfy the equations
b = b, rb+br =0.

We already know the map Obt and the component ry. Let us construct the re-
maining components of ¢ and r by induction. Given a positive integer n, assume
that we have already found components ¥,,, r,, of the sought ¥, r for m < n, such
that the equations

(Vb)m + (b)), = 0: sB(X0, X1) ® -+ @ $B(X -1, Xim) — sC(Xoh, X;nh),
(3.8.2)

(rb+br)m =0:sB(X0, X1) @ @ sB(Xpn-1,Xm) — sB(Xo, X;nho) (8.8.3)
are satisfied for all m < n. Introduce a cocategory homomorphismj]} :TsB — TsC
of degree 0 by its components (¢, ...,1%,-1,0,0,...) and a (idg, ¥¢)-coderivation
7: TsB — TsB of degree —1 by its components (ro,71,...,7-1,0,0,. .. ). Define a
(1), 9)-coderivation A = b — by) of degree 1 and a map v = —7b — b7 + (7 @ \p)0 :
TsB — TsB of degree 0. The commutator 7b + br has the following property:

(7b + bF)A = A[1 @ (7b + bF) + (7b + bF) @ P + 7 @ A¢].
By Proposition 3.1 the map (7 ® A¢)f has a similar property
(FRAP)IA = A1 ® (F@ AD)0 + (F @ Ap)0 @ P + 7 @ A

Taking the difference we find that v is an (idg, 1)¢)-coderivation. Equations (8.8.2),
(8.8.3) imply that A\, =0, v,,, = 0 for m < n (the image of (7 ® \¢)0 is contained

in T>2sB).
The identity Ab+ bA = 0 implies that
And=Anb1+ Y (182 @b @19°))\, =0. (8.8.4)
a+1+pB=n

The identity
vb—bv = (T ® Ap)0b — b(T @ A\p)0

implies that
vabi = Y (182 @b ® 1971, = —(ro @ Angh1 )by = —An1(ro @ 1)ba. (8.8.5)

a+14+p8=n
Set N = sB(Xo,X1) ®k - - ®k sB(X—1, X,), and introduce a chain map
u = Hom(N, ¢1(ro ® 1)bs) : Hom* (N, sC(Xoh, X,,h)) — Hom*(N, sB(Xo, X, ho)).

Since ¢1 and (rg ® 1)by are homotopy invertible by Lemma 7.14, the map w is
homotopy invertible as well. Therefore, the complex Cone(u) is contractible by
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Lemma Appendix B.1. Equations (8.8.4) and (8.8.5) in the form —\,d = 0, v,d +
Apu = 0 imply that
(Un, An) € Homd(N, sB(Xg, X,ho)) ® Homi. (N, sC(Xoh, X,,h)) = Cone®(u)
is a cycle. Hence, it is a boundary of some element
(rny¥n) € Homy ' (N, sB(Xo, Xnho)) @ Hom (N, s€(Xoh, X,,h)) = Cone™ ' (u),

that is, rpd + Ynd1(ro ® 1)be = v, and —¢,d = A,. In other words, equations
(8.8.2), (8.8.3) are satisfied for m = n, and we prove the existence of ¢ and r by
induction.

Since 7 and py are homotopy inverse to each other in the sense of (8.8.1), we find
by Proposition 7.15 that there exists a natural A..-transformation p : ¥¢ — idg
such that r» and p are inverse to each other.

The existence of ¢, g such that t¢ = ¢r and g¢ = ¢p follows by Lemma 8.7. Let
us prove that i® = (t® ¢) By is a unit of €. Due to Lemma 7.14 the maps (ro ® 1)bs,
(1®710)b2, (po®1)bs, (1 ® po)be are homotopy invertible. Let f denote a homotopy
inverse map of ¢1 : sC(X,Y) — sB(X¢,Y¢). The identity t¢ = ¢r implies that
xtodr = X¢ro + kby1. Hence,

(x¢70 @ 1)ba ~ (xtod1 ® 1)ba ~ f(xto @ 1)ba¢y.
Therefore, (xto ® 1)by ~ ¢1(x¢70 @ 1)baf is homotopy invertible. Similarly,
(1®ygro)ba ~ (1 ® ytop1)ba ~ f(1® yio)bady

implies that (1®ytg)bs ~ $1(1®yero)bef is homotopy invertible. Similarly, (xgo®
1)be and (1 ® yqo)bs are homotopy invertible.

The computation made in (7.14.1) shows that the product of the above homotopy
invertible maps

(g0 ® 1)ba(to @ 1)by ~ —(to © qo ® 1)(b2 ® 1)by = —(if © 1)bg
is the map we are studying. Similarly,
(1@1t0)b2(1® go)ba ~ (1 to @ qo)(1 @ ba)by = (1 ® ig)by.

We conclude that both (i ® 1)be and (1 ® i§)by are homotopy invertible.
Let us prove that (i® ® i®) B, = i®. Due to Proposition 7.1 we have

i = (t ® q)Bagp = (t¢ © q¢) Ba = (¢r @ ¢p) By = ¢(r @ p) By = ¢i°.  (8.8.6)
Using Proposition 7.1 again we get
(i ®i%)Byp = (i@ ®i9) By = (¢i® @ ¢i®)By = ¢(i® ® 1%)B, = ¢i® = i%.

By Lemma 8.7 we deduce that (i® ® i®) By = i®, therefore, i® is a unit of €.
Let us prove that ¢ and ¢ are inverse to each other. By definition, (t ® q) By = i°.
Due to Proposition 7.1

(q®t)Bag = (96 @ t6) B = (¢p @ ¢1) B2 = ¢p(p @ 1) Ba = ¢pppi® = ¢pi®o.

By Lemma 8.7 (¢ ® t)By = ¢2)i®. Hence, t and ¢ are inverse to each other, as well
as r and p. Therefore, ¢ and v are equivalences, quasi-inverse to each other.
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Relation (8.8.6) shows that ¢ is unital. Let us prove that ¢ is unital. We know
that ¢ is isomorphic to the identity functor. Thus, ¢ is unital by (8.2.4). Hence,
iByo = ppi® = 1i®¢. By Lemma 8.7 we have i®ey = 1i®, and ¢ is unital. The
theorem is proven. O

8.9 Corollary. Let C, B be unital As.-categories, and let ¢ : € — B be an equiv-
alence. Then ¢ is unital.

Proof. Since ¢ is an equivalence, k¢ is an equivalence as well. Hence, ¢; is invertible
in K. There exists an A, -functor ¢ : B — € quasi-inverse to ¢, and mutually
inverse isomorphisms r : idg — ¥¢, p : ¥¢ — idg. In particular, the assumptions
of Theorem 8.8 are satisfied by ¢, Oby : ObB — ObC, rg and py. The theorem
implies that ¢ is unital. O

8.10 Corollary. Let C be an A.-algebra and let B be a unital Ay-algebra (viewed
as A-categories with one object). Let ¢ : € — B be an A.-homomorphism such
that ¢ : (sC,b1) — (sB,b1) is homotopy invertible. Then € and ¢ are unital, and
¢ is an A..-equivalence.

Existence of ¢ with the above property might be taken as an equivalence relation
on the class of unital A..-algebras.

8.11. Strictly unital A.-categories. A strict unit of an object X of an
Ao-category A is an element 1x € A°(X,X), such that (f ® 1x)ms = f,
(1x ® g)ma = g, whenever these make sense, and (- - ® 1x ® ...)m, =0if n # 2
(see e.g. [FOOO, Fuk, Kel01]). We may write it as a map 1x : k — A(X, X),
1 — 1x. Assume that A has a strict unit for each object X. For example, a
differential graded category A has strict units. Then we introduce a coderiva-

tion i* : idgq — idg : A — A, whose components are iyl : k — sA(X,X),
1 — 1xs = xiy, and i = 0 for & > 0. The conditions on 1y imply that

(1®if )by =1:sA(Y, X) — sA(Y, X) and (i ®@1)by = —1: sA(X, Z) — sA(X, Z).
One deduces that i#* is a natural A, -transformation. If an A,-category A has two
such transformations — strict units i and i, then they must coincide because of the
above equations. We call A strictly unital if it has a strict unit i*. Naturally, a
strictly unital As.-category is unital.

For any Au-functor f: € — A the natural A -transformation 1;s = fi*t: f —
f: € — A has the components x (fi”*)o = xif' : k — sA(X f, X f) and (fi**), =0
for k > 0. It is the unit 2-endomorphism of f.

If As-category B is strictly unital, then so is € = Ay (A, B) for an arbitrary
Aso-category A. Indeed, for an arbitrary A.-functor f : A — B there is a unit
2-endomorphism 175 = fi® : f — f. Weset i§ : k — [sAoo (A, B)|7L(f, f), 1 = 1ys,
and iY = 0 for k > 0. For any element r € C(g, f) we have (r ® 17s) By = r. For any
element p € C(f,h) we have p(l;s ® 1)Bay = p((fi®)o ® 1)by = —p. We have also
i®By=0and (- ®i®®...)B, = 0if n > 2, due to (5.1.3). Therefore, i® satisfies
the required conditions.

Another approach to i® uses the A.-functor M : T's Ay (A, B) @ TsAx (B, B) —
TsAx(A,B) = C. We have (1®idg)M = ide by (4.1.3), and the natural A,-trans-
formations (12i®)M and i of ide coincide. Indeed, [(1®i®)M]o : k — (s€)~(f, f),
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L (f |i®)Mo = fi® = ;i§. For all n > 0 we have [(1®i®)M], "' @ - @r"
(rM®- - ®r"®i®)M,;. By (4.1.4) the components

(M@ @1 @i )Ml =Y ('@ @i = (r' @ @ 1)l
l

vanish for n > 0.

8.12. Other examples of unital A.-categories. More examples of unital
categories might be obtained via Theorem 8.8. An A..-category with a homo-
topy unit in the sense of Fukaya, Oh, Ohta and Ono [FOOO, Definition 20.1]
clarified by Fukaya [Fuk, Definition 5.11] is also a unital category in our sense.
Indeed, these authors enlarge given A.-category € to a strictly unital A.-cat-
egory B by adding extra elements to C(X,X), so that the natural embedding
(C(X,Y),m1) — (B(X,Y),m;) were a homotopy equivalence. Setting ry = py = i3’
we view the above situation as a particular case of Theorem 8.8.

If an A -functor ¢ : € — B to a unital A,,-category B is invertible, then C is
unital. Indeed, since there exists an A.-functor ¥ : B — € such that ¢ = ide and
¢ = idg, then the map ¢; is invertible with inverse ;. The remaining data are
Ob4 : ObB — ObCand xrg = xpo = Xi%5 1k — sB(X, X). Since (i®®i®)B, = i®
we have (Xio93 ® XiOB)bQ — Xig’ € Im b, and conditions (8.8.1) are satisfied. The data
constructed in Theorem 8.8 will be precisely ¥ : B — € and r = p = i®. Since ¢ is
unital by Theorem 8.8, we may choose i® = ¢i®1) as a unit of C.

If a unital A,,-category € is equivalent to a strictly unital A..-category B via
an As-functor ¢ : € — B, then (1 ® )M : Ao(A,C) — A (A,C) is also an
equivalence for an arbitrary A.-category A as Proposition 8.4 shows. Thus, a unital
Axo-category A (A, C) is equivalent to a strictly unital A..-category Ao (A, B). In
particular, if ¢ is invertible, then (1 ® ¢)M is invertible as well.

8.13. Cohomology of A.-categories. Using a lax monoidal functor from X
to some monoidal category we get another 2-functor, which can be composed with
k. For instance, there is a cohomology functor H* : X — Z-grad-k-mod, which
induces a 2-functor H* : KX-Cat — Z-grad-k-Cat. In practice we will use the 0-th
cohomology functor H° : X — k-mod, the corresponding 2-functor H® : K-Cat —
k-Cat, and the composite 2-functor

A X gceat M keeat,

which is also denoted by HP. It takes a unital A..-category € into a k-linear category
HO(€) with the same class of objects Ob H°(€) = Ob €. Its morphism space between
objects X and Y is H°(C)(X,Y) = H°(C(X,Y),m1), the 0-th cohomology with
respect to the differential m; = sb;s~!. The composition in H°(C) is induced by
ma, and the units by i§s~.

For example, the homotopy category K(A) of complexes of objects of an abelian
category A is the 0-th cohomology HY(C(A)) of the differential graded category of

complexes C(A).
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Appendix A. Enriched 2-categories

Recall that % is a fixed universe. Let V = (V,®,¢,1) be a symmetric monoidal
U -category (that is, all V(X,Y) are % -small sets). In this article we shall use
(V,®,¢,1) = (k-mod, ®,0,k), where o is the permutation isomorphism, or
(V,®,¢,1) = (K, ®, ¢, k), where X is the category of differential graded k-modules,
whose morphisms are chain maps modulo homotopy, and c is its standard symmetry.
There is a notion of a category C enriched in V (V-categories, V-functors, V-natural
transformations), see Kelly [Kel82], summarized e.g. in [KLO1]: for all objects X,
Y of € C(X,Y) is an object of V. Denote by V-Cat the category, whose objects
are V-categories and morphisms are V-functors. Since V is symmetric, the category
V-Cat is symmetric monoidal with the tensor product A ® B of V-categories A, B
defined via Ob(A®B) = ObA X ObB, ARB(X xY,UxV)=A(X,U)B(Y,V).
Thus, we may consider the 1-category V-Cat-Cat of V-Cat-categories and V-Cat-
functors. We may interpret it in the same way, as Cat-Cat is interpreted as the
category of 2-categories. So we say that objects of V-Cat-Cat are V-2-categories 2,
as defined below. To restore the definition of a usual 2-category, it suffices to take
V = (%-Sets, x, D).
Appendix A.1 Definition (V-2-category). A l-unital 2-unital V-2-category 2
consists of

« a class of objects Ob%;

« for any pair of objects A, B € Ob®2l a V-category A(A, B);

e for any object A € Ob®2l a V-functor 1 — A(A, A), 1 — ida;

o for any triple A, B, C of objects of 2 a V-functor

A(A,B) @ A(B, C) — A(A, €), (f,9) = fog,

such that the following V-functors are equal (modulo the associativity isomorphism

inV): fid= f =id f, f(gh) = (fg)h.

Here the unit V-category 1 has the set of objects Ob1 = {1}, and 1(1,1) =1 is
the unit object of V. The above definition has an equivalent unpacked form, namely,
Definition Appendix A.3. We also need generalizations of the above V-2-categories
— 1-unital non-2-unital V-2-categories, which contain unit 1-morphisms, but do not
contain unit 2-morphisms. An expanded definition of the latter follows. It seems
that it does not have a concise version.

Appendix A.2 Definition (Non-2-unital V-2-category). A l-unital non-2-
unital V-2-category 2 consists of

« a class of objects Ob%2(;
e a class of 1-morphisms A(A, B) for any pair A, B of objects of 2;

« an object of 2-morphisms 2A(A, B)(f,g) € ObV for any pair of 1-morphisms
f9 € A(A, B);
e a strictly associative composition of 1-morphisms (A, B) x A(B,C) —

2A(A,C), (f,9) — fg;
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e a strict two-sided unit 1-morphism idg € A(A, A) for each object A of 2A;

« aright action of a 1-morphism & : B — € on 2-morphisms -k : A(A, B)(f,g) —
A(A, C)(fk, gk) € Mor V;

« a left action of a 1-morphism e : D — A on 2-morphisms e- : A(A, B)(f,g9) —
2A(D, B)(ef,eg) € MorV;

e a vertical composition of 2-morphisms mgy : A(A, B)(f,g) @ A(A, B)(g,h) —
A(A, B)(f,h) € MorV,
such that
e My is associative (in monoidal category V);
o the right and the left actions
(a) commute with each other:
k

(€)(k) = (K)(e),  for D —o A % B¢

(b) are associative:
’ / f k k'
(-k)(K") = -(kK"), forA—B — € — D,
g

8/ e f
(e )(e) = (d'e)-, for C—— D — A ? B,

(c) and unital: (-idg) = id, (id4 -) = id;
o the right and the left actions of 1-morphisms on 2-morphisms preserve the
vertical composition:

A(A, B)(f,9) @ UA, B)(g,h) ——— A(A, B)(f,h)
<-k>®<'k>J = Jk for A E B L. e,

A(A, C)(fk, gk) @ A(A, C)(gk, hk) =2 A(A, C)(fk, hk)

AA,B)(f,9) @ AA, B)(g,h) ——— A(A, B)(f,h) ;
(e')®(e-)J = Je' for D 5 A E B;
A(D, B)(cf, cq) @ AD, B)(cg, ch) > A(D, B) (e, ch) "
o the distributivity law holds:

A(B, €)(h, k) © A(A, B)(f,9)

/ J/(f-)®(-k)

A(A, B)(f,9) @ U(B, €)(h, k) AU(A, €)(fh, fk) @ A(A, C)(fF, gk)

i(h)(@(g) = img

A(A, €)(fh, gh) ® A(A, C)(gh, gk) ————— A(A, €)(fh, gk)
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f h
for A — B —= C.
g k

The following definition is equivalent to Definition Appendix A.1.

Appendix A.3 Definition (2-unital V-2-category). A l-unital 2-unital V-2-
category 2 consists of the same data as in Definition Appendix A.2 plus a morphism
1;:1 — A(A, B)(f, f) for any 1-morphism f, which is a two-sided unit with respect
to mg, such that homomorphisms -k, e- preserve the units 1_.

Appendix B. Contractibility

One can avoid using the following lemma in this article. However, it might be used
in order to replace inductive constructions with recurrent formulas.

Appendix B.1 Lemma. Let a chain map v : A — C be homotopically invertible.
Then Cone(u) is contractible.

Proof. The homotopy category X = K(k-mod) is triangulated and it has a distin-
guished triangle A —— € —2— Cone(u) —— A[1] e, (e.g. [Gri87, Corol-
laire 5.13]). Since up = 0, qu[l] = 0 (e.g. [Gri87, Proposition 2.8]), and u is invert-
ible in K, we deduce that p = 0 and ¢ = 0 in K. Since K(Cone(u), -) is a homological
functor (e.g. [Gri87, Proposition 2.10]), we have K(Cone(u), Cone(u)) = 0, that is,

Cone(u) ~ 0 in X. O

Let us construct an explicit homotopy between idcone(u) and Ogone(u)- There
exists a chain map v : C' — A homotopically inverse to u. That is, there are maps
h:A— A h":C — C of degree —1 such that uv = 1 4+ h'd* + d*h : A — A,
vu = 14+h"d°+d°h" : C — C. Using the notation at the end of Section 1 we define a
map h : Cone(u) — Cone(u) of degree —1 by the formula (¢, a)h = (—ch”, cv+ah’),
(c,a) € CF @ A1 = Cone®(u). Let us compute the boundary of h:

(c,a)(hd + dh) = (—ch”, cv + ah’)d + (cd® + au, —ad™)h
= (—ch"d® + cvu + ah'u, —cvd?® — ah'd?)
+ (—cdh" — auh” , cd®v + auv — ad*h’)
= (c+ ah'u — auh”,a).

Hence, hd + dh = 1 — f : Cone(u) — Cone(u), where the map f : Cone(u) —
Cone(u) is defined via (¢,a)f = (auh” — ah'u,0). We conclude that f is a chain
map homotopic to the identity map. A sequence of equivalences idcone(u) ~ f =
idcone(u) f ~ f? = 0 proves that Cone(u) is contractible. It gives also an explicit
homotopy — the map h = h+hf : Cone(u) — Cone(u) of degree —1, which satisfies
idgone(u) = hd+dh. This homotopy might be used to replace inductive constructions
in this paper with recurrent formulas.
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