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Abstract

In this paper the concepts of fuzzy pre-Baireme$szzy topological spaces are
introduced. For this purpose we define fuzzy predmere dense, fuzzy pre first
category and fuzzy pre-second category sets. SeQ@baracterizations of fuzzy
pre-Baire spaces are also studied. Several examglesgiven to illustrate the
concepts introduced in this paper.
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1 Introduction

The fuzzy concept has invaded almost all branchésathematics ever since the
introduction of fuzzy set by L.A. Zadeh [15]. Thieebry of fuzzy topological
spaces was introduced and developed by C.L. ChahgSince then much
attention has been paid to generalize the basicepds of General Topology in
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fuzzy setting and thus a modern theory of Fuzzyolayy has been developed. In
recent years, fuzzy topology has been found to drg useful in solving many
practical problems. It has been shown that theyfusahler manifolds which are
based on a topology play the important rolé&lfitheory [9].

The pre-open sets were introduced by A.S. MashhbuE. Abd El-Monsef and
S.N. El-Deeb [8] in 1982 and the above concept wateduced and studied in
fuzzy setting by A.S. Bin Shahna [4]. The concegtBaire spaces have been
studied extensively in classical topology in [6]],[[10] and [16]. The concept of
Baire space in fuzzy setting was introduced andistuby the authors in [12].
The aim of this paper is to introduce the conceptisizzy pre-Baireness in fuzzy
topological spaces. For this purpose in sectione8introduce fuzzy pre-nowhere
dense sets and we study some of their properties. we discuss the relationship
between fuzzy pre-nowhere dense sets and fuzzy erewdense sets. Using the
fuzzy pre-nowhere dense sets, in section 4 wedotre fuzzy pre-Baire spaces
and study several characterizations of fuzzy pneeBgpaces. In section 5, the
inter—relationships between fuzzy pre-Baire spaaed fuzzy Baire spaces are
also investigated. Several examples are giverustiate the concepts introduced
in this paper.

2 Preliminaries

Now we introduce some basic notions and resultsateused in the sequel. In
this work by a fuzzy topological space we shall maanon-empty set X together
with a fuzzy topology T (in the sense of Chang) amdhote it by (X, T). The
interior, closure and the complement of a fuzzyisetill be denoted by ink,
cl(A) andX-A respectively.

Definition2.1: Let(X,T) be any fuzzy topological space anok any fuzzy set in
X, T).Wedefined|=Ju/A< u,1-u OT}Yand intd) = L ulu< A, ulJT }

For any fuzzy set in a fuzzy topological spacerl{Xijt is easy to see that 1—A)I(
=int(1 —A) andl — int(4) =cl(1 —A)[1].

Definition 2.2[4]: A fuzzy set in a fuzzy topological space X is called fuzzy pre
open ifAsint cl(A) and fuzzy pre-closed if cl inf(<A.

Definition 2.3[11]: Let (X, T) be any fuzzy topological space arge any fuzzy
set in(X, T).We define the fuzzy pre-interior ahd tuzzy pre-closure df as
follows:

(1) pcl@) =4 wlA< u, wis fuzzy pre-closed set of X}

(2) pint@) = 4 wlu < A, uis fuzzy pre-open set of X }.

Definition 2.4[2]: A fuzzy sedl in a fuzzy topological space(X, T) is called ajuz
pre-closed set il= pcl(A) and fuzzy pre-open setdf pint(A).
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Lemma 2.1[11]:Let/ be a fuzzy set of a fuzzy topological space (Xh€&h,

(1) 1 - pcl@)= pint(1 —2);
(2) 1 — pintg) = pcl(1 —41).

Definition 2.5[13]: A fuzzy set in a fuzzy topological space (X, T) is called yuzz
dense if there exists no fuzzy closed:set(X, T) such thal < u < 1.

Definition 2.6[13]: A fuzzy set in a fuzzy topological space (X, T) is called yuzz
nowhere dense if there exists no non-zero fuzay sg in (X, T) such that <
cl(2). That is, int clf)=0.

Definition 2.7[13]: A fuzzy set in a fuzzy topological space (X, T) is called yuzz

first category ifA = V;Z,(4; ), where J;’s are fuzzy nowhere dense sets in (X, T).
Any other fuzzy set in (X, T) is said to be of sdamtegory.

Definition 2.8[12]: Let A be a fuzzy first category set in (X, T). Thenl is
called a fuzzy residual set in (X, T).

Definition 2.9[13]: A fuzzy topological space (X, T) is called fuzest ftategory
if 1 =V;Z,(4;), wherel’s are fuzzy nowhere dense sets in (X, T). A topcdd
space which is not of fuzzy first category, is saide of fuzzy second category.

Theorem 2.1[3]:Let/ be a fuzzy set of a fuzzy topological space (Xhép,

(1)  pcl@) =ALElint(2);
(2) pint@)< A/Int cl(2).

Theorem 2.2[3]:Let 1 be a fuzzy set of a fuzzy topological space (XTAgn the
following properties hold:

(1) int(pcl@)) <int cl(2);
(2) int(pcl@)) =int(clint(1)).

Theorem 2.3[3]:Let 1 be a fuzzy set of a fuzzy topological space (XTfgn
int(l) < pint(d) < A< pel(A) < cl( ).
Lemma 2.2[2]: Let1 andu be fuzzy sets of a fuzzy topological space (X Hén,

(1) pcd(Avp) = pcl(D)v pcl(u);
(2) pcl(Aap) £ pcl(d) A pel(w).

Remarks: From the above Lemma we can easily establish thiewing
properties:
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(1) pint(Avp) = pint(Ad) vpint(u);
(2) pint(Anp) < pint(A) Apint(u).

3 Fuzzy Pre-Nowhere Dense Sets
Definition 3.1: Let (X, T) be a fuzzy topological space. A fuzzy s& (X, T) is
called a fuzzy pre-nowhere dense set if theresershon—zero fuzzy pre-open set

win (X,T) such that < pcl(4). That is,pint pcl(1) = 0.

Example 3.1:Let X = {a, b, c}, The fuzzy sets, u,u,a, fandy are defined on X
as follows:

A: X—>[0,1] isdefined ad(a) = 1; A(b) = 0.2; A(c) = 0.7.
u: X—[0,1]is defined agt(a) = 0.3; u(b) = 1; u(c) = 0.2
v: Xﬁ [0,1] is defined a®(a) = 0.7; v(b) = 0.4; v(c) = 1.
a: X—[0,1] is defined ag(a) = 0.7; a(b) = 0.4; a(c) = 0.9.
p: X» [0,1] is defined ag(a) = 0.3; f(b) = 0.9; B(c) = 0.4.
0: X—>][0,1]is defined ag$(a) = 0.8; §(b) = 0.4; 6(c) = 0.3.

Then T ={0,4,u, v,(Avu), (Avv), (uvv), (A p), (A Av), (L AV), [AAuv)],
[uv (Anv)], [voa (A vu)], 1} is a fuzzy topology on X. The non-zero fuzzy pre-
open sets in (X, T) are

A, 1, v, (Av), (Avo), (uvo), (Aaw), (Anv), (pav),

[AApAV)], [k An0)], [oA(Avu)]) a, B, 8, (av ), (avd), (Bv ), (anB),
(an6),an[fVd], 1

Now the fuzzy set$ —A4,1—u,1— 01— Awvu),1—-Aw),1 - (uww),1—

[AV(,U./\U)], 1- [,U.\/(A/\U)], 1- a, 1- ﬁ; 1- 5: 1- (a\/ﬁ), 1- (aV5): 1-
(Bv6),1 — (avB Vo) are fuzzy pre-nowhere dense sets in (X, T).

Remarks:

(1) If » andp are fuzzy pre-nowhere dense sets in a fuzzy tgpmdbspace (X,
T), then(Avu) need not be a fuzzy pre-nowhere dense set in [XFar, in

example 3.1, da,1-p are fuzzy pre-nowhere dense sets in (X, T).
But(1-a)v(1-8) = 1- (an B) is not a fuzzy pre-nowhere dense set in (X, T).

(2) The complement of a fuzzy pre-nowhere densensefuzzy topological space

(X, T), need not be a fuzzy pre-nowhere densd=set.in example3.1, fa) ,isa
fuzzy pre-nowhere dense set in (X, T), wheseasl—(1—a) ,is not a fuzzy pre-
nowhere dense set in (X, T).
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Proposition 3.1: If 1 is a fuzzy nowhere dense set in a fuzzy topologpece
(X,T), therpint (1) = 0.

Proof: LetA be a fuzzy nowhere dense set in (X, T). Then, aeelnt cl(1) =
0. By theorem 2.1, we havgint(1) < Anint cl(1). Then,pint(1) < 140 = 0.
That is,pint(1) = 0.

Proposition 3.2: If 1 is a fuzzy nowhere dense set in a fuzzy topologpece
(X,T), then int pck)= 0.

Proof: Let A be a fuzzy nowhere dense set in (X, T). Then, axgeint cl(1) =
0. By theorem 2.2, we havént(pcl(1)) < int cl(1). Then, int(pcl(1)) <
0. That is,int(pcl(1)) = 0.

Proposition 3.3:If the fuzzy set$ andu are fuzzy pre-nowhere dense sets in a

fuzzy topological space (X, T), thelr k) is a fuzzy pre-nowhere dense set in
X,T).

Proof: Let the fuzzy sets andu be fuzzy pre-nowhere dense sets in (X, T).

NOWpint(pcl(A/\u)) < pint[pcl(MDApcl(n)] < pint(pcl(/l))/\ 'pint(pcl(u))
< 040 [Since pint pcl(4) = 0 andpint pcl(u) = 0]. That is,pint pcl(Aru) =
0. Hence, {u) is a fuzzy pre-nowhere dense set in (X,T).

Proposition 3.4:1f 1 is a fuzzy pre-nowhere dense set and a fuzzy set in a

fuzzy topological space (X, T), thelr k) is a fuzzy pre-nowhere dense set in
X,T).

Proof: Let A be a fuzzy pre-nowhere dense set in (X, T). Theént pcl(1) =

0. Now pint(pcl(Anw)) < pint(pcl(2)) A pint(pcl(w)) < 04 pint(pcl(w)) =

0. That is,pint(pcl(/l/\u)) = 0. Hence(A1p) is a fuzzy pre-nowhere dense set in
X, T).

Remarks: A fuzzy nowhere dense set in a fuzzy topologicacep(X, T) need
not be a fuzzy pre-nowhere dense set in (X, T)., Eonsider the following
example:

Example 3.2:Let X ={a,b,c}. Consider the fuzzy seits u, v,a, g andé defined
on X as follows:

A: X —]0,1] is defined ad(a) = 0.5; A(b) = 0.6; A(c) = 0.7.
u: X —>[0,1] is defined agi(a) = 0.8; u(b) = 0.4; u(c) = 0.2.
v: X—)[O, 1] is defined a®(a) = 0.7; v(b) = 0.5; v(c) = 0.8.
a: X —»[0,1] is defined asz(a) = 0.3; a(b) = 0.6; a(c) = 0.4.
B: X —[0,1] is defined asB(a) = 0.6; B(b) = 0.2; B(c) = 0.7.
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§: X —>[0,1]is defined ag$(a) = 0.8; §(b) = 0.3; 5(c¢) = 0.6.

Then, T = {0,4, u, v, [Avi], 1vul, [uvol, [Aaul, [Aav], [uav], Avuay],
uV[Av], va[Avu], [Avuvol], 1} is clearly a fuzzy topology on X.

The non-zero fuzzy pre-open sets in (X, T) are

ALw o [Avu],  [Avl, [uvol, [Aau], [Aa],

[uav], Afunv], uAno], valdvul, [Avevol, a, B, 6, [avBl, [av6], [B V6], [anBl,

[and], [BAS], a IBAS], BAaAS], SA[avB], 1.

Now the fuzzy sets
1-p, 1-v, 1= [A0], 1- [ADV], 1-[ulu], 1- (Av [puav]), 1-(pv[AAU]),

1-(UA[AU)), 1- [AOuvu], 1- B,1-6,1-[avpB], 1-[aVvd], 1-[BVO], 1- (BVv[and])

are fuzzy pre- nowhere dense sets in (X,T). Theysett [uav] in(X, T)is a
fuzzy nowhere dense set whereagiau] is not a fuzzy pre- nowhere dense set in

(X,T),sincepint (pcl(l— [u/\u])) =a #0.

If a fuzzy nowhere dense set in a fuzzy topologggace (X, T) is a fuzzy pre-
closed set, then it will be a fuzzy pre-nowheresgeset in (X, T).

Proposition 3.5:If a fuzzy nowhere dense $eh a fuzzy topological space (X, T)
is a fuzzy pre-closed set, theis a fuzzy pre-nowhere dense setin (X, T).

Proof: Let\ be a fuzzy nowhere dense set in (X, T). Then, awaht cl(1) = 0.
Then by proposition 3.1, we hapént(1) = 0. Since is a fuzzy pre-closed set in
(X, T), pcl() =4 [4]. Then pint(pcl(1)) = pint(1) = 0. Hence, A is a
fuzzypre-nowhere dense set in (X, T).

Remarks: A fuzzy pre-nowhere dense set in a fuzzy topoldgspace (X, T)
need not be a fuzzy nowhere dense set in (X, T), €éansider the following
example:

Example 3.3:Let X ={a, b, c}. Consider the fuzzy sétsu andx defined on X as
follows:

A+ X > [0,1] is defined ad(a) = 0.3; A(b) = 0.2; A(c) = 0.7.
u: X —[0,1]is defined agt(a) = 0.8; u(b) = 0.8; u(c) = 0.4.
a: X — [0,1] is defined ag(a) = 0.8; a(b) = 0.7; a(c) = 0.6.
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Then, T = {0,A, u, Avi,, Anu, 1} is clearly a fuzzy topology on X. The non-zero
fuzzy pre-open sets in (X,T) &g, Avu, Anw, a, Ava, pviaal, ua[Ava], 1.

Now pint (pcl(l— a)) = pint(1-a) = 0,implies that 1-ais a fuzzy pre-
nowhere dense set in (X, T). Biutt (cl(l— a)) = int(1- [Au]) = A # 0,
implies that - ais not a fuzzy nowhere dense set in (X,T).

If a fuzzy pre-nowhere dense set in a fuzzy topickdgspace (X, T) is a fuzzy
closed set, then it will be a fuzzy nowhere derdars(X, T).

Proposition 3.6: If a fuzzy pre-nowhere dense geh a fuzzy topological space
(X,T) is a fuzzy closed set, theis a fuzzy nowhere dense set in (X,T).

Proof: Let A be a fuzzy pre-nowhere dense set in (X, T). Thenhave

pint pcl(1) = 0. Now A < pcl(4), implies thapint(1) < pint(pcl(l)).

Then pint(4) < 0. Thatis,pint(1) = 0.Nowint(1) < pint(A),

Implies thatint(1) = 0. Nowcl(4) = A[Since } is fuzzy closed in (X,T)] and
int(A) = 0, implies thatnt cl(1) = 0. Hence,A is a fuzzy nowhere dense set in
(X,T).

Definition 3.2[14]: A fuzzy sel in a fuzzy topological space (X, T) is called yuzz
pre-dense if there exists no fuzzy pre-closediset(X, T) such that < u < 1.
That is,pcl(1) = 1.

Proposition 3.7: If A is a fuzzy pre-dense and fuzzy pre-open set inzayfu
topological space (X, T)andjif < 1 — 4, thenu is a fuzzy pre-nowhere dense set

in (X, T).

Proof: Let A1 be a fuzzy pre-dense and fuzzy pre-open set i |XThen we have
pcl(A) =1 and pint(1) = A. Nowu < 1 - 4,implies that pcl(u) < pcl(1 —
A). Thempcl(u) < 1 —pint(1) = 1- A. Hencecl(u) < (1- 1), which implies
thatpint(pcl(p)) < pint(1- 1) = 1—pcl(A) = 1-1=0.

That iS,pint(pcl(u)) = 0. Henceu is a fuzzy pre-nowhere dense set in (X, T).

Proposition 3.8:If 1 is a fuzzy pre-nowhere dense set in a fuzzy tapodd
space (X, T), thend - 1 is a fuzzy pre-dense set in (X, T).

Proof: Let A be a fuzzy pre-nowhere dense set in (XT). Thért pcl(1) = 0

Now A < pcl(A) implies thapint(1) < pint(pcl(1)) = 0. Thenpint(1) =0



106 G. Thangaraj et al.

andpcl(1- 1) = 1-pint(1) = 1-0 = 1and hencd - 1 is a fuzzy pre-dense set
in (X, T).

Proposition 3.9:If 1 is a fuzzy pre-nowhere dense set in a fuzzy tapodd
space (X, T), thed - 1is a fuzzy dense set in (X, T).

Proof: Let A be a fuzzy pre-nowhere dense set in (X, T). Thgrmroposition 3.6,
1- Ais afuzzy pre-dense set in (X, T). Sipeg(1-1) < cl(1-1), we hava <
cl(1- 2). Thatiscl(1-2) = 1. Hence 14 is a fuzzy dense set in (X, T).

Proposition 3.10:If Ais a fuzzy pre-nowhere dense set in a fuzzy topcébg
space (X, T), thepcl(A) is also a fuzzy pre-nowhere dense set in(X, T).

Proof: Let A be a fuzzy pre-nowhere dense set in (X, T). Théw, pcl(1) = 0.
Now pclpcl(A) = pcl(A). Hence pint(pcl[pcl(1)]) = pint(pcl(1)) = 0.
Thereforepcl(1) is also a fuzzy pre-nowhere dense set in (X, T).

Proposition 3.1: If 4 is a fuzzy pre-nowhere dense set in a fuzzy tapod
space (X, T), thei - pcl(A) is a fuzzy pre-dense set in (X, T).

Proof: Let A be a fuzzy pre-nowhere dense set in (X, T). Tlgnproposition
3.10,pcl(A) is a fuzzy pre-nowhere dense set in (X, T). Alggboposition 3.8,

1 — pcl(A) is a fuzzy pre-dense set in (X, T).

Proposition 3.12: Let A be a fuzzy pre-dense set in a fuzzy topologicalcep
(X,T). If nis any fuzzy set in (X, T), themis a fuzzy pre-nowhere dense set in
(X, T) if and only iftAau) is a fuzzy pre-nowhere dense set in (X, T).

Proof: Let u be a fuzzy pre-nowhere dense set in (X, T). Tien pcl(x) = 0.

Now
pint(pcl(l/\u)) < pint[pcl(MD)Apcl(p)] < pint(pcl(l))/\ pint(pcl(u)) <
pint(pcl())A0 = 0.

That is, pint(pcl(Aw)) = 0.Henc€Aw)isafuzzy pre-nowhere dense set in
(X,T).

Conversely, let(Aau) be a fuzzy pre-nowhere dense set in (X, T). Then
pint(pcl(Ap)) = 0.

Thenpint(pcl(2)) Apint(pcl(p)) = 0.

SinceA is a fuzzy pre-dense set in (X, Dgl(1) = 1.
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Then,pint(1) A pint(pcl(w)) = 0. That is,(1) A pint(pcl(n)) = 0.

Hencepint(pcl(u)) = 0, which means that is a fuzzy pre-nowhere dense set in
X, T).

Definition 3.3: Let (X, T) be a fuzzy topological space. A fuzzy se (X, T) is
called fuzzy pre-first category if= V;2,(4;), whereA;’s are fuzzy pre-nowhere
dense sets in (X,T). Any other fuzzy set in (Xs $aid to be of fuzzy pre-second
category.

Example 3.4:Let X = {a, b}. Consider the fuzzy seisu, « andp defined on X
as follows:

A X > [0,1]is defined as(a) =0.5\(b)=0.7.
u: X - [0, 1] is defined asu(a) = 0.8p(b) =0.9.
a: X - [0, 1] is defined asx(a) = 0.6;a(b)=0.9.
B : X =[O, 1] is defined ag3(a) = 0.7; (b) = 0.8.

Then, T ={0,A, u, 1} is a fuzzy topology on X. Now, u, a , B, (@ v3), (anB) and
1 are the non-zero fuzzy pre-open sets in (X, T).

Then1-a, 1-8,1-(avp), 1-(anB),1-1,1-uare fuzzy pre- nowhere dense

sets in (X, T) and(1-a) (1-8 ) A1 - (@avB) (1 — W)} = 1- (anB)}and {1 -
(aB)} is a fuzzy pre-first category set in(X,T).

Definition 3.4: Let A be a fuzzypre- first category set in a fuzzy togatal space
(X, T). Therl- Ais called afuzzy pre-residualset in (X, T).

Proposition 3.13:1f A is a fuzzy pre-first category set in a fuzzy tagital space
(X, T), thenl - 2 = A7Z; (i), wherepcl(y,) = 1.

Proof: Let 1 be a fuzzy pre-first category set in (X, T). There havel =

ViZ1(4;), wherel;’s are fuzzy pre-nowhere dense sets in(X, T). Now\ 1 —
[VZ1(AW)] = AZ,(1 —&). Lety; = 1- 2, Then 1 -k = A7Z,(y,). Sincé's are
fuzzy pre-nowhere dense sets in (X, T), by propmsi8.7, we have (1Xx;)’s are
fuzzy pre-dense sets in (X, T). Hengel(u;) = pcl(1 - A;) = 1. Therefore we
have 1 - = AZ,(,), wherepcl(y;) = 1.

Definition 3.5: A fuzzy topological space (X, T) is called a fuzpye-first
category space if the fuzzy dgtis a fuzzy pre-firs category set in (X, T). That
is,1x = Vi2;(%,), wherel's are fuzzy pre-nowhere dense sets in (X, T).
Otherwise (X, T) will be called a fuzzy pre-secaradegory space.



108 G. Thangaraj et al.

Proposition 3.14:1f A is a fuzzy pre-nowhere dense set in a fuzzy tapcéd
space (X, T), thepint(1) = 0.

Proof: Let A be a fuzzy pre-nowhere dense set in (X, T). Tipént pcl(1) = 0.
Now A < pcl(d) implies thapint(1) < pint(pcl(1)). Hence pint(1) < 0.
That is,pint(1) = 0.

Proposition 3.15:1f 1 is a fuzzy pre-closed set in a fuzzy topologigalce (X, T)
and ifpint(1) = 0, thenA is a fuzzypre-nowhere dense set in (X, T).

Proof: Let A be a fuzzy pre-closed set in (X, T). Then we hpag€A) = 1. Now
pint(pcl(1)) = pint(1) andpint(4) = 0, implies thatpint(pcl(1)) = 0. Hence
A is a fuzzy pre-nowhere dense set in (X, T).

Remarks: If A1 is a fuzzy set in a fuzzy topological space (X, shich that
pint(4) = 0, then A need not be a fuzzy pre-nowhere dense set in (XFai),
consider the following example:

Example 3.5:Let X = {a, b}. Consider the fuzzy sets u, a« andp defined on X
as follows:

A: X —][0,1] isdefinedad(a) = 0.5; A(b) = 0.7
u: X —>1[0,1] is defined asu(a) = 0.8; u(b) = 0.9
a: X —[0,1] is defined ag(a) = 0.6; a(b) = 9
B: X— [0,1]is defined ag(a) = 0.7; f(b) = 0.8.

Then, T = {0,4,u,1} is a fuzzy topology on X. Now, u, @, B, (a\B3), (arB)
and 1 are the non-zero fuzzy pre-open sets in (X, T)wNbe fuzzy set; :

X — [0,1]defined asy(a) = 0.4; n(b) = 0.5, is not a fuzzy pre-nowhere dense
set in (X, T), even thoughint(n) =

4 Fuzzy Pre-Baire Spaces

Motivated by the classical concept introduced iw& shall now define:
Definition 4.1: Let (X, T) be a fuzzy topological space. Then (XisTcalled a
fuzzy pre-Baire space iht(V;Z,(4;)) =0, where 4;'s are fuzzy pre-nowhere

dense sets in (X, T).

Example 4.1:Let X = {a, b}. Consider the fuzzy seks u, o andp defined on X
as follows:

A+ X — [0,1]is defined ad(a) = 0.5; A(b) = 0.7.
p: X — [0,1]is defined ag(a) = 0.8; u(b) = 0.9.
a: X — [0,1]is defined ast(a) = 0.6;a(b) = 0.9.
B: X — [0,1]is defined ag(a) = 0.7; B(b) = 0.8.
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Then,T = {0,4, u, 1} is a fuzzy topology on X. Now, , a, B, (a ), (anB) are
the non-zero fuzzy pre-open sets in (X, T). The,1-8,1- (a v),
1-(anB),1- A, 1- pare fuzzy pre- nowhere dense sets in (X, T) and

pint[(1-a) (1-B )AL - (a vB)}ALl- (a AR} A1-2)A(1-p)] = 0.
Hence the fuzzy topological space (X, T) is a fupmy-Baire space.

Example 4.2:Let X ={a, b, c}. Consider the fuzzy seisp, v, A, u andé defined
on X as follows :

a: X —[0,1]is defined asa(a) = 0.6; a(b) = 0.4; a(c) = 0.3.
B: X —[0,1]is defined asB(a) = 0.5; B(b) = 0.7; f(c) = 0.2.
v : X >[0,1] is defined asv(a) = 0.7; v(b) = 0.5; v(c) = 0.6.
A+ X 5[0, 1] is defined ast(a) = 0.8; A(b) = 0.4; A(c) = 0.6.
U+ X —>[0,1] is defined asu(a) = 0.4; u(b) = 0.7; u(c) = 0.3.
6: X —[0,1] is defined ass(a) = 0.4; §(b) = 0.6; §(c) = 0.9.

Then,T ={0,a,B, v,a\vB, Bvyo, arB, fAv, 1} is clearly a fuzzy topology on X.
The non-zero fuzzy pre-open sets in (X, T)@&rp, v, (alB), (L), (a[B), (BCL),
A w8, (W), (M), (WD), [AOuB], 1.

Now the fuzzy sets
1-a,1-B8,1-v,1-(avpB),1- (Bvv),1-1,1-u, 1-6,1- (Av ),

1- (Av6), 1- (uv6),1 - (Avu o) are fuzzy pre-nowhere dense sets in (X,T)

andpint[(1- a) (1- ) (1- v) YLl - (av R} AL - (Bv)} A1 - A)v

(1- W(1-8)1-(Avil - (AL -(wvd)v{l-(Avuvél}] = a
* 0.

Hence the fuzzy topological space (X, T) is nohzzly pre-Baire space.

Proposition 4.1: If pint(V;Z,(4;)) = 0, wherepint(4;) = 0 and A;’s are fuzzy
pre-closed sets in a fuzzy topological space (XthEn (X, T) is a fuzzy pre-Baire
space.

Proof: Let (A)’'s be fuzzy pre-closed sets in (X, T). Sinpét(4;) =0, By
proposition 3.14, th&;’s are fuzzy pre-nowhere dense sets in (X, T).

Therefore we haveint(V;Z,(4;)) = 0 where Aj's are fuzzy pre-nowhere dense
setsin (X, T). Hence (X, T) is a fuzzy pre-Baipase.
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Proposition 4.2: If pcl(AjZ,(1;) =1, whereA;'s are fuzzy pre-dense and fuzzy
pre-open sets in a fuzzy topological space (XthBn (X,T) is a fuzzy pre-Baire
space.

Proof: Now pcl(A;Z;(A;)) =1 implies thatl - pcl(A;Z;(4;)) =0. Then we have
pint(1 — (AZ,(4)) =0, which implies thapint( V;Z,(1-1;) ) = 0.

Sincel;’s are fuzzy pre-dense sets in (X, Pgl(4;,) =1 anint(1- 4;) =
1-pcl(1)=1-1=0.

Hence we haveint(V;Z,(1 —A;)) = 0, wherepint(1-1;) = 0 and(} A)’s are
fuzzy pre-closed sets in (X, T). Then, by propositd.1, (X, T) is a fuzzy pre-
Baire space.

Proposition 4.3: Let (X, T) be a fuzzy topological space. Then dhleving are
equivalent:

(1) (X,T) is a fuzzy pre-Baire space.
(2) pint(A) = 0 for every fuzzy pre-first category dan (X,T).
(3) pcl(n) = 1 for every fuzzy pre-residual setn (X, T).

Proof: (1) =(2). Let A be a fuzzy pre-first category set in (X, T). Then
ViZ1(%) , wherel;'s arefuzzy pre-nowhere dense sets in (X,T). Npowt (1) =
pint(ViZ,(4;)) =0 (since (X, T) is a fuzzy pre-Baire space). Themefo
pint(1) = 0.

(2) = (3). Let u be a fuzzy pre-residual set in (X, T). Then f is a fuzzy pre-
first category set in (X, T). By hypothesigint(1-p) = 0 which implies that
1 —pcl(u) = 0. Hence we havpcl(w)) = 1.

(3) =(1). Let A be a fuzzy pre-first category set in (X, T). TheaVZ;(A),
where)'s are fuzzy pre-nowhere dense sets in (X, T).eSins a fuzzy pre-first
category set in (X, T), 1 xis a fuzzy pre-residual set in (X, T). By hypotises
we havepcl(1-1) = 1. Then1-pint(A) = 1, which implies thapint(1) = 0.
Hencepint(V;Z,(4;)) = 0 whereA;'s are fuzzy pre-nowhere dense sets in (X, T).
Hence(X, T) is a fuzzy pre-Baire space.

Proposition 4.4:1If a fuzzy topological space (X, T) is a fuzzy Pegre space,
then (X, T) is a fuzzy pre-second category space.

Proof: Let (X, T) be a fuzzy pre-Baire space. Theimt(V;Z,(4;)) = 0 where
A's are fuzzy pre-nowhere dense sets in (X, T). TWgnR(%,) #1 [Otherwise,
ViZ1(4;) = 1« implies thatpint(V;Z,(4;)) = pint(1x) = 1x, which implies that
0 =1, a contradiction]. Hence (X, T) is a fuzzgsecond category space.
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Remarks: The converse of the above proposition need notuse A fuzzy pre-
second category space need not be a fuzzy pre-Saace.

For, in example 4.2, The fuzzy sets-a,1-8,1-0,1- (avB),1-(Bww),
1-14,1-u, 1-3, 1-(Aw), 1- (M), 1- (u[H),1- (Avpv 8) are fuzzy pre- nowhere
dense sets in (X, T) and

[(1-a)A(1-B)v(L-v)v{l-(avB)}AL - (Bv)IAL-2) A1-p) A1 -8)v
{1 - (A\/,u)}\/{l— (A\/(S)}\/{l— (,u\/(S)}\/{l - (Avuv6)} = a #ly.

Hence the fuzzy topological space (X, T) is a fugms-second category space but
not a fuzzy pre-Baire space.

Proposition 4.5: If a fuzzy topological space (X, T) is a fuzzy Pegre space,
then no non-zero fuzzy pre-open set in (X, T) fiszay pre-first category set in
X,T).

Proof: Suppose thal is a non-zero fuzzy pre-open set in (X, T) suchtth
A=V;Z,(4) , wherel;'s are fuzzy pre-nowhere dense sets in (X, T). Twen
have pint(1) = pint(V;Z,(4;)). Since A is a non-zero fuzzy pre-open set in
(X,T) pint(A) = A. Thenpint(V;Z;(A)) =1 # 0. But this is a contradiction to
(X,T) being a fuzzy pre-Baire space, in whignt(V;Z,(4;)) = 0, where)'s are
fuzzy pre-nowhere dense sets in (X, T). Hence westninave A =V;Z;(4;).
Therefore no non-zero fuzzy pre-open set in (XjsTa fuzzy pre-first category
setin (X, T).

5 Inter—Relations between Fuzzy Baire Spaces and
Fuzzy Pre-Baire Spaces

Definition 5.1[12]: Let (X, T) be a fuzzy topological space. Then Xs €alled a
fuzzy Baire space iht(V;Z,(4;)) =0, wherelj's are fuzzy nowhere dense sets in
X, T).

There are some fuzzy topological spaces whichumzeyfBaire, but not fuzzy pre-
Baire. A fuzzy Baire space need not be a fuzzyBpnee space. For, consider the
following example:

Example 5.1:Let X = {a, b, c}. Consider the fuzzy setsu, v, «, § andd defined
on X as follows:

A : X— [0,1] is defined asti(a) = 0.5; A(b) = 0.6; A(c) = 0.7.
pu : X— [0,1] is defined asu(a) = 0.8; u(b) = 0.4; u(c) =0.2.
v:X —)[0, 1] is defined asv(a) = 0.7; v(b) = 0.5; v(c) = 0.8.
a:X — [0,1] is defined asz(a) = 0.3; a(b) = 0.6; a(c) = 0.4.
B :X — [0,1]is defined asf(a) = 0.6; L(b) = 0.2; B(c) =0.7.
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6:X —> [0,1]is defined asé(a) = 0.8; &(b) = 0.3; 6(c) = 0.6.

Then,T = {0, A, u, v, [Avu], [Avol, [uvol, [Aau], [Aav], [uav], Aunav], ufAdav],
va[Avul, [Avuvol, 1} is clearly a fuzzy topology on X.

The non-zero fuzzy pre-open sets in (X, T) &rev,[A0u], [Avu], [pwvu], [A0u],
[AAvL], [uau],

Alunav], uAav], va[Av u], [Avuvol, a, B, 6, [avB], [avé], [BVE], [anB], [and],
[BAS], aV[BAS], B AaAS], SA[aVvB], 1.

Now the fuzzy sets

1-p, 1-v, 1- [A0u],1- [AD], 1-[p ], 1-(Av[pav]),
1- uv[Anv]),1- (oa[Avul), 1- [Avu vy,

1-8,1-6,1- [avB],1- [a@V8],1- [f VD ], 1- (BV[and] are fuzzy pre- nowhere
dense sets in (X, T)

And pint([l—u] v[l— z)] \/{1— [A \/,u]}v{l— [A \/U]}\/{l— [u \/U]}v{l— (A\/[,u/\z)])}v
{1- (w2 IAL- (oA[Av DI AL-[Av pvol}

U1-BI1-8]v1-[avB] Al-[avE]} A1-[BVS ]}v) = a # 0.

Hence the fuzzy topological space (X, T) is notizzly pre-Baire space. But (X,T)
is a fuzzy Baire space. Since, for the fuzzy nowltanse sets

1-p, 1-u, 1—[A0y], 1-[A0], 1-[puV],21—(Av [paAv] ),1- (uv[Aav]), 1-
(VA[AO W] ,2- [AOuvu] in (X, T)

we haveint([1-u]v[1-v]v{1-[Avul}v{1l-[Avv]}v

{1=[pvol} v{1- (Av [pao] )AL= (u Ao} U 1= (va[Avu])} v{T-[Avuvol}) =
0.

Hence a fuzzy Bairespace need not be afuzzy pne>Bpace.

There are some fuzzy topological spaces which aeither fuzzy Baire nor fuzzy
pre-Baire.

Example 5.2:Let X ={a, b, c}. Consider the fuzzy seis u anda defined on X
as follows:

A+ X —]0,1] is defined asi(a)
U X —[0,1] is defined asu(a)

0.3; A(b) = 0.2; A(c) = 0.7.
0.8; u(b) = 0.8; u(c) = 0.4.
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a: X —][0,1] is defined ag(a) = 0.8; a(b) = 0.7, a(c) = 0.6
Then,T = {0, A, u, Avu, Ay, 1}is clearly a fuzzy topology on X.

The non-zero fuzzy pre-open sets in (X, T)Aamdvu, Ay, a, v, u\fi al,
un[Aval, 1.

The fuzzy nowhere dense sets(x)T) arela , 1—p, 1 —pOu], 1 —[A0a], 1 —

(nOABe]) andint {(1-2) 1- ) (1 - [Avu]) (1 - [Ava]) (1 - (U 2ra])}
= Aru # 0.

Hence (X, T) is no ta fuzzy Baire space. Also tliezzy pre-nowhere dense sets
in (X, T) arel- A, 1-, 1- [AOW], 1 -0, 1—[ ACo], 1— @O ADa ]),

1- @O0 ) andpint { (1 - D) v (1 - (1-a) (1 -[Avu]) (1 -[Ava])

v (1- (ufAra]) (1- (un[Ava )} = Aau #0.
Hence (X, T) is not a fuzzy pre-Baire space.

Proposition 5.1:1f a fuzzy topological space (X, T) is a fuzzy Ppa@e space and
if every fuzzy pre-nowhere dense/sat (X, T) is a fuzzy closed set, then (X,T) is
a fuzzy Baire space.

Proof: Let (X, T) be a fuzzy pre-Baire space such tharyeWazzy pre-nowhere
dense set in (X, T) is a fuzzy closed set in (X,Sihce (X, T) is a fuzzy pre-Baire
space, by proposition 4.3jnt(1) = 0 for every fuzzy pre-first category sktin

(X, T). That ispint(V;Z,(4;)) = 0, whereA;'s are fuzzy pre-nowhere dense sets
in (X, T). Since the fuzzy pre-nowhere densei&tsn (X, T) are all fuzzy closed
sets in (X, T), by proposition 3.@;'s are fuzzy nowhere dense sets in (X, T).
Now int(4) < pint(1) implies that int(ViZ;(}))< pint(V;z,(2,) and
pint(V;z;(A,))= 0, implies thatnt(ViZ;(};))= 0. Hence we havat(VZ;(})) =

0, where/;'s are fuzzy nowhere dense sets in (X, T). Theeef®r T) is a fuzzy
Baire space.
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