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Abstract

In this paper, we study a new cldgéd” of multivalent functions with negative
coefficient defined by integral operator with friactal calculus. We obtain
coefficient estimates, radius 6f~ closed — to — convex, integral representation.

Keywords: Multivalent Functions, Integral Operator, CoeffinieEstimates,
Integral Representatiork, ~ Closed —to — Convex.

1 Introduction

Let JAM " denote of a class of multivalent analytic functiarf the form:

f(z2) =mz° + i az" , 1)

n=p+1
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Which are analytic and multivalent functions in thet disk

U ={z:zOCand|4<1}.

Let DAM; a subclass of JAM" consisting of functions of the form:

f(zy=mz’- > az" .(a,20, pOIN m>0)

n=p+1

In the next we defined a new integral operatoiokiticed by R. H. Buti.

Definition (1): Let the function defined by (2) in the class, then

1

RAF)A ( (7)) = — 1+ o 1o 1) z
(RAF)44( (Z”‘mlt log | f (el

- 1 w4
=mz’ - )’ (—j 2"

n=p+1 1_ /B(n _1)

=mz’ - i W(B,u,na,z"

n=p+1

WhereW(ﬁ,y,n):(Wln_l)j and <0 ,0<u<l.

We need the following definition given by H.M. Sastava and S.Owa [6].

Definition 3: The fractional derivative of orded (0< d<1) is defined by

s 1 de f)
b 1(2)= I'(l—J)d_zJ-O (Z-1)°

Where f € )is an analytic function in a simply connected oegof z-plane
containing the origin and the multiplicity ¢z —t)° is removed by required

log(z-t) to be real wher{z-t)> 0

The fractional derivative of the integral operasdefined by

Definition (2): A function f defined by (1) belonging to the classis in the

classO™ (a,A,u,0,B) if it satisfies the condition:

(2)

(12)
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22 (- a)(RAFE( f(z)))" - 2(p-1)(RAF/ ( f(Z)))' ‘ -
‘ a2’ (RAF ((2)) +2-16)(RAF(1(2)) ‘

1, 3)

Wheref<0, O<a<l, 0sA<1, 0<6<1, Osu<l.

For a given real numbeg, (0<z <1). Let O (i= 0l be a subclass of
[, satisfies the condition,” f(z,) <1 and p™z® f(z,) < lrespectively.

Let
0% (a,A,u,6,8.2)=0" @A u 6 B8)n0"(=0,1 (4)

Some another classes studied by M.K. Aouf, A. Sirady and M.F. Yassen [1],
W.G. Atshan and S.R. Kulkarni [3], N.E. Cho and MAuf [4], S.R. Kulkarni
and Mrs. S.S. Joshi [5], consisting of multivalemd meromorphic univalent
functions respectively.

2 Coefficient Estimates:

In the next theorem, we obtain a necessary ancc&uif condition for function to
be in the classO™ (@,A,1,6,8 )

Theorem (1): A function f defined (2) be in the class™ (a,4,u,6, B)if and
only if

i nf1+(n- p) - A6]W (B, 1,n)a, < mp(L-16). (5)

Under the parametric restraints given (3), theltesisharp.

Proof: Let the inequality (5) holds true. Fle, we have

n

2 1-a)(RAF (1(2)))

- 2(p-1)(RAF( f(z)))"

—‘azz (RAFE(f(2))) +2(1-16)(RAF( f(z)))"

mi-a)p(p-12° - (1-a) > n(n-DW(B, 1,1 a,7"

n=p+1

—mp(p-Dz°+(p-1) Y nW(B,1n)a,7"

n=p+1




98 RBHabib Buti

-mp(p-1az® -a i n(n-HW(B,u,n)a,z"

n=p+1

+mpl-A16)z° - 1-16) i nW(B8,u,n)a,z"

n=p+1

map(p-12° + 3 nld-a)(n-1) - (p-DIW(B. 1. a2’

n=p+1

00

md(p-a + 1-16)]z° - > n(a(n-1) + @-16)|W (B, 1,n) 3, 2"

n=p+l

00

<map(p-17"+ Y n@-a)(n-1)-(p-H¥(B.un)a,|7"

n=p+l

~[md(p-Da+a-40)]2" + 3 nl@n-1+a- 16w (B, 1 ma, /7"

n=p+l

= 3 na+(n-p)-16]9 (8,13, ~mp-16).

Hence by principle of the maximum moduldi&z) 00 @,4,44,6,) .

Conversely, assume thaf(z) 00 @,4,1,6,5) . Then

22 0-o)(RAFA(£(2))) - 2(p-D)(RAFA((2)) ‘
az*(RAFZ(£(2)) +z(1- AO)RAF(1(2)) ‘

map(p-12°+ 3 la-a)(n-D-(p-D]W (B, a7

n=p+1

<1,

00

m(p-Da+@-A6)]z° - 3" nl(a(n-) +L-16)|W (B, 1) 32"

n=p+1

for all zOU . Using the facRe(?) <| for z it follows that

map(p-12°+ > la-a)(n-1)-(p-D|W(B.4 N8z

R e <1.

00

mi(p-Da+1-16)|z° - > n(a(n-1)+0-A8|W(B.u, N8z

=p+l

(6)
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n

| RAF/(1(2))
Now choose the values ofz on the real axis so that — is real.

(RAFZ (f(2)))

Upon clearing the dominator in (6) and lettimg- 1" through positive values, we
obtain

i n1+(n- p) - A6]W (B, 1,n)a, < mp(L-16).

n=p+1

The function

f ) :n{zp _ p-A6) Zn}
n[L+(n-p) = A6]¥ (B, 14.1)

Show that the inequality (5) is sharp.

Corollary (1): Let f(200% @,A,u1,6,) . Then

mpl—A6)
i (- P - AW B

(7)

Theorem (2): Let (200 @,A,14,6,5) .Then f(200™ @,A,u,6,53,2,) if and
only if

5 (n[1+(n— p) - AG]W (B.4.1) -z

p(-16) ja“ =+ ©

n=p+1
Proof: Since f(200™ @.A,u4.,6,5,2, ), we have

ZPH(z)=m- Y az™®
n=p+l

Which gives
ms<l+ > az’® .

Putm in (5), we get
3 i+ (n-p) - A6lW (B.um)a, < p(l—w){1+ > anzo“’}

n=p+1 n=p+1

Which is equivalent to

> n[1+(n—p)—/16?]LIJ(,8,/,1,n)_ np
Z( o(L-18) % ]a“ﬂ'

n=p+l
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Conversely, let the inequality holds true, thenhage

Z“’: (n[1+(n—p)—/‘9]w(ﬁ’”'n)— ”"’jan

p(-16) %
& (it (n-p) -8B ) & e
—mZ( mpl-16) a“j 2 3%

=m- i az?=z"f(z)<1.

n=p+1
Then (200 @.A,1,6,3,2,).
Corollary (2): Let f(200™ @,A,u4,6,5,2,) . Then

o< p(L-46)
" i+ (n-p) - 46w (B 1) - pA-A6)z)"

(10)

Theorem (3): Let f(200 @,A,4,6,0). Then (2 00™ @,1,u,6,53,2, )if and
only if

3 (n[1+(n— P) = A6 (BN _

10 ‘P)z&‘pjan <1. (11)

n=p+1

Proof: Since f(200™ (@,A,u,6,53,z, ) we have

Pz "f'(z)=m- > np'az”’, (12)
n=p+1
Which gives
m<1+ > nplaz® (13)
n=p+1

Substituting this value ofn (given (13)) in Theorem 1 we get desire assertion.
Corollary (3): Let f(200™ @,1,u,6,53,2,). Then

. pL-A6)
T n[L+(n-p)-AGlW (B, 1,n) —nA-A6) 2P

a, (14)
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3 Integral Representation:

In the next theorem, we obtain the integral repregen for
f(200® @,Au6.p).

Theorem (4):Let (200 @,A,u,6,5). Then

(RAF;( f(Z))), - eXFi:JZ' (p-)+P(1)1-16) dT:| where|CD(T)| <1.

rl1-a @+ o))

n

(RAF;( f(Z)))’ =Q(2) in (3) we have

RAF£( f(2)

Proof: By putting

e@e-0)-0-p)|_,
| Q@a+@-16) |

or equivalently

Q(2)-a)=A=P) _
Q(2)a+@1-10)
Where

Rarz(1@) _ (p-1+0(2)a-106)
(RAF/(f(z))  AL-a@+ ()]

After integration obtain

(p-DH+P(T)L-16) dr

log(RAFZ (1(2) =] f-a@+o@)]

0

Thus

) 12 (p-D+D()L-16)
(RAF/( f(2))) -ex’ﬁ rll-a@+ o)) dr]

And this gives the result.

Definition (3): Let f(z) defined by the form

101
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f(z)=kz+ > az" (a,20k>0,pOIN).

n=p+1

Then f(2) is saidk —closed — to — convex of order,(0<a < Mand only if

'@ —kp{sl—a . (15)

4 Radius ofk - Closed — to — Convex

In the next theorem, we obtain the radius lbfclosed — to — convex
for f(2 00 @,A,u,6,5).

Theorem (5):If (200 @,A,1,6,0) ,then f(2) is k - closed — to — convex in
the disk|Z < r:@A,u4.6,8),

Where
1
@ A8, B) =int | G DL (0=P) =G (B ) | (16)
P n mpl-A16)
Proof: For |7 <r.(@A,u.6,p) we have
f'(z = n-
@ -mp< 3 nafz"
z n=p+1
Thus '@ —m%sl—a if i (LjanMn_p <1. (17)
z"t n=p+l l-a
According to Theorem (1), we have
5 Mr-p-Ade@un, 18

o mp(-A6) "

Hence (17) will be true if

2™ _nfi+(n-p)-16]¥(B.u.n)

l1-a mp@l—A6)
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Equivalently if

s

A-afi+(n-p)-A6]¥ (B4, n)}n-l hs2 19)

mpl—-A6)

The proof is completes.
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