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Abstract

In this article we will give some properties of Naginormal operators in
Hilbert spaces. The object of this paper is to gtadnditions on T which imply N-
guasinormality. If T and T, are N-quasinormal operators, we shall obtain
conditions under which their sum is N-quasinornaadd if T is N-quasinormal
operator and ¥ quasinormal operators, we shall obtain conditiomxer which
their product is N-quasinormal.
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1 Introduction

Let us denote by the complex Hilbert space and wiB{H) the space of all

bounded linear operators defined in Hilbert spbiceLet T be an operator in
B(H) . The operatofl is called quasinormal iff(T*T) = (T*T)T. The operatol

is calledN- quasinormal operator, T (T*T) = N(( T 7) 1)
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+T* T-T*

Let TOB(H), T=U+iV whereU:ReT:T andV =ImT =

2i

the real and imaginary parts Bf We shall writeB> =TT* andC* =T* T where
B andC are non-negative definite.

In this paper we will study some propertiesNsfquasinormal operators. Exactly
we will give conditions under which an operafiois N —quasinormal. Also, we
shall that if T; and T, are N-quasinormal operators, we shall obtain conditions
under which their sum itN-quasinormal and ifT; is N-quasinormal operator and

T, quasinormal operators, we shall obtain conditiomden which their product is
N-quasinormal.

2  N- Quasinormal Operators

In this section we will show some properties Mfgquasinormal operators in
Hilbert space.

Theorem 2.1:If T is an operator such that

0] B commutes with U and V
i) TB=N(CT).

Then T is N —quasinormal operator.
Proof: Since BU =UB, BV = VE we haveB’U =UB?, B*V = VB then

BT+BT*=TE+ T B
BT-BT*=TE- T B

This givesB’T=TB = N(CT)= TF == N T TJ.
HenceT is N —quasinormal operator.

Theorem 2.2:Let T be N —quasinormal operator af@* = N(CZT) . Then B
commutes with U and V.

Proof: SinceTB? = N(CZT)We haveT (TT*) = N((T* T) T)
Hence(TT*) ™ = N(™ (T 1))

SinceT is N —quasinormal operator we have
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T+T* T T+ TF T _
2
N((T*T)T)+ N(T (T )
2
N((T*T) T+ T (7 1))
2
N ) (r 7))
2

TT*+T*TF _ T+ ¥
2

B?U =TT*

TT* = UB,

SinceB is non-negative definite, it follows thBtU = UB. Similarly BV = VB.

Theorem 2.3:1f T is an operator such that?U :%UCZ, CZV:% VC ThenT

is N —quasinormal operator.

Proof: Since C%U :%UCZ, CZV:% VC then we have

C*(U+iV)==(U+iV)C? and we haveC*T :%Tcztherefore

1
N

(M) T=<T(T D= (T = N7 T -

Theorem 2.4:Let T be N —quasinormal operato aidT :%(CZT) . Then:

; -1~
() Ccu=_uc
) ool

(ii) CV—NVCZ.

Proof: (i) Since

BZT:%(CZT):(TT*) T:%((? T I= T( W):—;(*T(*T )|)_

SinceT is N —quasinormal operator we have
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CZU=T*T[@T+T*j=T* T+TTY
2 2
1 1
STTHET+S T2 T .
=N N LT ger-Llye
2 N 2 N

(ii) Similary
C% = iVC2
N

Theorem 2.5: Let T, and L be two N-quasinormal operators such that
TL=TT=T*T,=TF T=0 . Then their sumT, +T, is N-quasinormal
operator.

Proof:

(M+T)(T+T)*(T+ T)]=

(M+T) (T +T*)(T+ T)]=
(TATNT*T+T* T+ T T+ T)=
(L) (T T T T)
LT+ T L+ TE T+ 1% T
TT* T+ TT* T,=

N((T*T) T)+ N((T* T) T)=
N((T*T) T+(T ) T)=

N((T1+T *(T+ )2)

HenceT, +T, is N -quasinormal operator.

Theorem 2.6:Let T, be N —quasinormal operator and fjuasinormal operator.
Then their product 1T, is N—quasinormal operator if the following condits
are satisfied

(I) T1T2 = TZ-E.
(i)  TL*=T*T
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(
TT(TT) (T T)=
(L) (T T) =
N(T* ) (T 77

S—

HenceT;T, is N —quasinormal operator.
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