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Abstract

In this paper we introduce the concept of fuzgycbntinuous mappings in
fuzzy ideal topological spaces and obtain somet®fbasic properties and
characterizations.
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1 Introduction

In 1945 R. Vaidyanathaswamy [22] introduced thecemh of ideal topological
spaces. Hayashi [6] defined the local function amadied some topological
properties using local function in ideal topolodispaces in 1964. Since then
many mathematicians studied various topologicalcepts in ideal topological
spaces. After the introduction of fuzzy sets by etad25] in 1965 and fuzzy
topology by Chang [2] in 1968, several researche&sewconducted on the
generalization of the notions of fuzzy sets andyuopology. The hybridization
of fuzzy topology and fuzzy ideal theory was irgih by Mahmoud [9] and
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Sarkar [15] independently in 1997. They [9,15] aalnced the concept of fuzzy
ideal topological spaces as an extension of fugyological spaces and ideal
topological spaces . Recently the concepts wdzyf semi-l-open sets [5] ,
fuzzy o-l-open sets [23]fuzzyy-I- open sets [4] , fuzzy pre-l-open sets [11]
and fuzzys-l-open sets [24] fuzzyy}- closed sets, fuzzy+ open sets [17] , fuzzy
l,y— closed sets, fuzzyyl- open [18] sets and fuzzy-icontinuous mappings [19]
have been introduced and studied in fuzzy ideabltagpcal spaces. In the present
paper we introduce and study the conceptofdontinuous mappings in fuzzy
ideal topological spaces.

2 Preliminaries

Let X be a nonempty set. A famityof fuzzy sets of X is called a fuzzy topology
[2] on X if the null fuzzy set 0 and the whole fyzget 1 belongs to andrt is
closed with respect to any union and finite intetism. If t is a fuzzy topology on
X, then the pair (Xz) is called a fuzzy topological space [22]. The rbers oft
are called fuzzy open sets of X and their complémane called fuzzy closed
sets. The closure of a fuzzy set A of X denoteCl{p), is the intersection of all
fuzzy closed sets which contains A. The interigrdRa fuzzy set Aof X denoted
by Int(A) is the union of all fuzzy subsets contdnn A. A fuzzy set A in (X1)

is said to be quasi-coincident with a fuzzy setd&poted by AgB, if there exists a
point x € X such that A(x}+ B(x) > 1 [4]. A fuzzy set V in (Xy) is called a Q-
neighbourhood of a fuzzy poing ¥ there exists a fuzzy open set U of X such that
xgqU < V [4]. A nonempty collection of fuzzy sets | ofset X satisfying the
conditions (i) ifAel andB < A, then Be | ,(ii) if A € | and Be | then
A UB € | is called a fuzzy ideal on X. The triplex g4, denotes a fuzzy ideal
topological space with a fuzzy ideal | and fuzzpdiogy t [8, 11]. The local
function for a fuzzy set A of X with respectt@nd | denoted by A*{ 1) (briefly
A*) in a fuzzy ideal topological spac&,,I) is the union of all fuzzy pointssx
such that if U is a Q-neighbourhood gfand E€ | then for at least one pointey

X for which U(y) + A(y) — 1 > E(y) [13]. Thex—closure operator of a fuzzy set A
denoted by CI*(A) in X,1,1) defined as CI*(A) = AU A* [19]. In (X,1,1), the
collectiont* (I) is an extension of fuzzy topological spacarih via fuzzy ideal
which is constructed by considering the clps§J—E: U €1, E€ I} as a base
[13].

Definition 2.1: A fuzzy set A of a fuzzy topological spate)is called:

(@  fuzzy regular open if A=Int(CI(A)[1] .

(b)  fuzzy regular closed if 1-A is fuzzy regular opén[1

(c) fuzzy g- closed if ClI(AJ O whenever A O and O is fuzzy open [20].

(d) Fuzzy g-open if 1-A is fuzzy g-closed [20].

(e) fuzzy rg—closed if CI(AXU whenever AU and U is fuzzy regular
open[16].

() fuzzy rg—open if 1-Ais fuzzy rg—closed[16]
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Remark 2.1: Every fuzzy regular open (resp. fuzzy regular etf)sset is fuzzy
open (resp. fuzzy regular closed), every fuzzy openis fuzzy g-open (resp.
fuzzy g-closed) and every fuzzy g-open (resp. fugrjosed) set is fuzzy rg-open
(resp. fuzzy rg-closed). But the converse may ediie [16].

Definition 2.2: A fuzzy set A of a fuzzy ideal topological spaGer( I) is called:

(@)  fuzzy §—closed if AX U, whenever AU and U is fuzzy open [17].

(b) fuzzy §—open if its complement-Ais fuzzy § —closed [17].

(c) fuzzy |y —closed if AX U, whenever A U and U is fuzzy regular
open [18].

(d) fuzzy ly—open if its complement-Ais fuzzy 4, —closed [18].

Remark 2.2: Every fuzzy §—closed set is fuzzygl—closed. But the converse may
not be true [18].

Definition 2.3: A mapping f from a fuzzy ideal topological spacer(X{) to a
fuzzy topological space (¥) is said to be fuzzy, tcontinuous] if the inverse
image of every fuzzy closed set of Y is fugzjoksed in [19].

3 Fuzzy |y —Continuous Mappings

Definition 3.1: A mapping f from a fuzzy ideal topological spacer(X{) to a
fuzzy topological space (¥) is said to be fuzzyyl-continuous if the inverse
image of every fuzzy closed set of Y is fugzsidsed in X.

Theorem 3.1:A mapping f:(Xz, 1)=(Y,0) is fuzzy |, -continuous if and only if
the inverse image of every fuzzy open set ofuzzy fy -open in X.

Proof: The proof is obvious becaufe!' (1-U) = 1-f~1(U) for every fuzzy set U
of Y.

Remark 3.1: Every fuzzy §-continuous mapping is fuzzydcontinuous, but the
converse may not be true. For-

Example 3.1:Let X ={a, b}, Y = {x ,y} and the fuzzy sets Lhd V are defined
as follows:

U(@) =0.5, U(b)=0.7;

V(@) =0.3 , V(b)=0.2;

Lett={0, U, 1}, 0 = {0, V, 1} be the topologies on X and Y respectwand
| = {0} be the fuzzy ideal on X. Then the mappin@gX t, I)-=(Y, o) defined by
f(a) = x and f(b) =y is fuzzy ¢ -continuous, but not fuzzy-continuous.

Theorem 3.2:1f f:(X, 7, I)=(Y,0) is fuzzy |, -continuous then for each fuzzy
pointxz of X and each fuzzy open set ¥zfE€ V there exists a fuzzy fopen set

U such thatyz € U and f(UXV.
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Proof: Let xg be a fuzzy point of X and V be a fuzzy open sehsihat fkg) € V
Put U =f~1(V) then by hypothesis U is a fuzzy-open set of X such that; €
U and f(U) = f€~1(V)) <V.

Theorem 3.3:1f f:(X, 7, I)=(Y,0) is fuzzy } -continuous then for each fuzzy point
xg of X -and each fuzzy open set V of Y such thg)q/, there exists a fuzzy +

open set U of X such thagqU and f(UxV.

Proof: Let xg be a fuzzy point of X and V be a fuzzy open sehsthat f&z)qV.
Put U =~*(V).Then by hypothesis U is a fuzzy topen set of X such thagqU
and f(U) = f€~1(V)) <V.

Definition 3.2: Let (Xg,I) be a fuzzy ideal topological space. The regular
generalized-I-closure of a fuzzy set A of X dendtgdglcl (A) is defined as
follows:

rgicl(A) = inf {B:B >A,B is fuzzy |4 -closed set of (X, I)}.

Remark 3.2: A<rglcl(A) <cl(A) for any fuzzy set A of X.

Theorem 3.4: If . (X,7, 1) - (Y, o) is fuzzy J}-continuous then
f(rglcl(A)) <cl(f(A)) for every fuzzy set A of X.

Proof: Let A be a fuzzy set of X. Then cl(f(A)) is a fyzelosed set of Y. Since f
is fuzzy | -continuous,f~*(cl(f(A))) is fuzzy k4 -closed in X. Clearly A
f~1(cl(f(A))). Therefore rglcl(A)<rglcl(f~1(cl(f(A)))) = f~1(cl(f(A))). Hence
f(rglcl(A)) <cl(f(A)).

Remark 3.3: The converse of Theorem3.4 may not be true. For,

Example 3.2:Let X ={a, b, ¢}, Y = {X, y, z} and the fuzzy sdil and V are
defined as:

U(@) =1, U) =0, U(c)=0;

V(x)=1, V(y)=0, V(z) =1.

Let t ={0, U, 1} ando ={0, V, 1} be fuzzy topologies on X and Y respeely

and | = {0} be a fuzzy ideal on X. Consider the meg f: (X,t, )=(Y, o)

defined by f(a) =y, f(b) = x, f(c) = z. Then f(a{A)) <cl(f(A)) holds for every
fuzzy set A of X, but f is not fuzzy,4continuous.

Definition 3.3: A fuzzy ideal topological space (X,1) is said to be fuzzy F),
if every fuzzy 4-closed setin X is fuzzy closed in X.

Theorem 3.5: A mapping f from a fuzzy [F;,, -space (Xz, I) to a fuzzy
topological space (¥g) is fuzzy continuous if and only if it is fuzzy 4
continuous.
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Proof: Obvious.

Remark 3.4: The composition of two fuzzygyl-continuous mappings may not be
fuzzy |g-continuous.

Example 3.3:Let X ={a, b}, Y = {x, y} and Z = {p, q} and thduzzy sets U, V
and W are defined as follows:

U(a) = 0.5, U(b) =0.7;
V(x) =0.3, V(y)=0.2;
W(p) = 0.6, W(q) =0.4.

Lett={0, U, 1}, 0 ={0, V, 1} andn={0, W, 1} be fuzzy topologies on X, Y and
Z respectively and; I= {0} be the fuzzy ideal on X and3{0} fuzzy ideal on Y.
Then the mapping f: (%, 11) — (Y, o) defined by f(a) = x, f(b) = y and the
mapping g: (Yo, o) = (Z,n) defined by g(x) = p and g(y) = q are fuzzy-
continuous but gof is not fuzzy Fcontinuous.

Theorem 3.6:1f f: (X, 7, I)>(Y,0) is fuzzy | -continuous and g:( ) —=(Z,n) is
fuzzy continuous. Then gof: @X,I) = ( Z,n) is fuzzy | -continuous.

Proof: If A is fuzzy closed in Z, thefi"1(A) is fuzzy closed in Y because g is
fuzzy continuous. Therefore (B01(A)=f~*(g"1(A)) is fuzzy Ly -closed in X.
Hence gof is fuzzyd-continuous.

Theorem 3.7: If f: (X,7, )=(Y,0) and g:( Yg) —(Z,n) are two fuzzy
lg -continuous mappings and @) is fuzzy I-T} ,-space then gof: (%, 1)-(
Z,n) is fuzzy |}, -continuous.

Proof: The proof is obvious.

Definition 3.4: A collection {4;: i€ A} of fuzzy |y -open sets in a fuzzy ideal
topological space (%, I) is called a fuzzy d-open cover of a fuzzy set B of X if
B<U{4;: i€ A}.

Definition 3.5: A fuzzy ideal topological space @X,l) is said to be fuzzy IRGO-
compact if every fuzzy, tlopen cover of X has a finite sub cover.

Definition 3.6: A fuzzy set B of a fuzzy ideal spacetr(X) is said to be fuzzy
IRGO-compact if for every collectiotAf{ i€ A} of fuzzy |, -open subsets of X
such that BXU{A4;: i€ A} there exists a finite subsaf and A such that BBU{A4;:
i€ Ao}

Definition 3.7: A crisp subset B of a fuzzy ideal topological space, 1) is said
to be fuzzy IRGO-compact if B is fuzzy IRGO-comaa@ fuzzy ideal subspace
of X.
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Theorem 3.8:A fuzzy }, -closed crisp subset of fuzzy IRGO-compact space (X
1) is fuzzy IRGO-compact relative to X.

Proof: Let A be a fuzzy .} -closed crisp set of fuzzy IRGO-compact space
(X, 7, 1).Then A is fuzzy |g-open in X. Let M be a cover of A by fuzzy }
open sets in X. Then {M,-1A} is a fuzzy l4-open cover of X. Since X is fuzzy
IRGO-compact, it has a finite sub cover say {G,, Gs, ...... ,Gp}, if this
subcover contains-4A, we discard it. Otherwise leave the subcovert & itrue
we have obtained a finite fuzzy, topen sub cover of A. Therefore A is fuzzy
IRGO-compect relative to X.

Theorem 3.9:A fuzzy 4 -continuous image of a fuzzy IRGO-compact fuzzl ide
topological space is fuzzy compact.

Proof: Let f: (X,t, )=(Y, o) be a fuzzy | -continuous mapping from a fuzzy
IRGO-compact space (X, I) onto a fuzzy topological space (). Let {A;:i€
A} be a fuzzy open cover of Y thedi {1(4;) : i€ A} is a fuzzy l4-open cover of
X. Since X is fuzzy IRGO-compact it has finite subover say
{f71(A),f71(AY), f1(As),....... L71(A)Yof X. Since fE~1(4;)) = A for each

I, it follows that {A;,A2,As,...... JAn} is a finite sub cover of Y. Hence (%) is
fuzzy compact.

References

[1] K.K. Azad, On fuzzy semi continuity, fuzzy almosintinuity and fuzzy
weakly continuity J. Math. Anal. App).82(1981), 14-32.

[2] C.L. Chang, Fuzzy topological spacds,Math. Anal. App].24(1968),
182-189.

[3] J. Dontchev, M. Ganster and T. Noiri, Unified opena approach of
generalized closed sets via topological ideslath. Japonica 49(1999),
395-401.

[4] M.K. Gupta and Rajneesh, Fuzgyl-open sets and a new decomposition
of fuzzy semi-I-continuity via fuzzy ideal$nt. J. Math. Anal. (Ruse),
3(28) (2009), 1349-1357.

[5] E. Hatir and S. Jafari, Fuzzy semi-l-open setsfamdy semi-I-continuity
via fuzzy idealizationChaos Solitons Fractal84(2007), 1220-1224.

[6] E. Hayashi, Topologies defined by local propertiddath. Ann,
156(1964), 114-178.

[7] D. Jankovic and T.R. Hamlet, New topologies frord via ideals Amer.
Math. Monthly 97(4) (1990), 295-310.

[8] K. Kuratowski, Topology (Vol. 1) (Transl,)Academic Press New York,
(1966).

[9] R.A. Mahmoud, Fuzzy ideal, fuzzy local functiongldnzzy topologyJ.
Fuzzy Math.5(1) (1997), 165-172.

[10] A.A. Naseef and R.A. Mahmoud, Some topological ppibns via fuzzy
ideals,Chaos Solitons Fractal4.3(2002), 825-831.



94

[11]
[12]

[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]

[24]

[25]

Anita Singh Banafar et al.

A.A. Naseef and E. Hatir, On fuzzy pre-l-open satd a decomposition
of fuzzy I-continuity,Chao Solitons Fractal$40(3) (2007), 1185-1189.
M.N. Krishnan and D. Sivraj, Regular generalizedsed sets in ideal
topological spaced, Adv. Res. Pure Mat2(3) (2010), 24-33.

P.M. Pu and Y.M. Liu, Fuzzy topology I: Neighboudubstructure of a
fuzzy point and Moore-Smith convergencé, Math. Anal. App].
76(1980), 571-599.

P.M. Pu and Y.M. Liu, Fuzzy topology II: Productdaguotient spaces,
Math. Anal. Appl.77(1980), 20-37.

D. Sarkar, Fuzzy ideal theory, fuzzy local functiand generated fuzzy
topology,Fuzzy Sets and Syster@%(1997), 117-123.

S.S. Thakur and R.K. Khare, Fuzzy rg-closed mampiN@rahmihir J.
Math. Sci, 3(1) (2003), 65-70.

S.S. Thakur and A.S. Banafar, Generalized closesl isefuzzy ideal
topological spaced, Fuzzy Math.(2013) (In press).

S.S. Thakur and A.S. Banafar, Regular generalizesed sets in fuzzy
ideal topological spaces, (Communicated).

S.S. Thakur and A.S. Banafar, Fuzzy—continuous mappings,
(Communicated).

S.S. Thakur and R. Malviya, Generalized closed sefsizzy topology,
Math. Note 38(1995), 137-140.

R. Vaidyanathaswamy, The localization theory in s®iology, Proc.
Indian Acad. Scj.20(1945), 51-61.

R. Vaidynathaswamyet TopologyChelsea, New York, (1960).

S. Yuksel, G.E. Caylak and A. Acikgoz, On fuzayl-continuous and
fuzzy a-lI-open functions,Chaos Solitons Fractals41(4) (2009), 1691-
1696.

S. Yuksel, G.E. Caylak and A. Acikgoz, On fuz®y-open sets and
decomposition of fuzzg-I-continuity, SDU Journal of Scienge5(1)
(2010), 147-153.

L.A. Zadeh, Fuzzy seténform. Contro] 8(1965), 338-353.



