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Abstract

In this paper, we present the concept of relations in intuitionistic
fuzzy soft set and study some of their properties and also discuss sym-
metric, transitive and reflexive intuitionistic fuzzy soft relations.
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1 Introduction

Most of the problems of real life have various uncertainties. Traditional math-
ematical tools are unable to solve uncertain problems. There are theories viz.
theory of probability, theory of evidence, fuzzy set, intuitionistic fuzzy set,
vague set for dealing with uncertainties. Thease theories have their own diffi-
culties. The reason for these difficulties is inadequacy of parametrization tool
of the theories. Molodtsov proposed the novel concept of soft set theory in his
pioneering paper [1]. Later on authors like Maji et al. [4, 5, 6] have further
studied the theory of soft sets and introduced the concepts of fuzzy soft set
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and intuitionistic fuzzy soft set.

In this paper we have introduced the concept of intuitionistic fuzzy soft re-
lation and studied a few of its algebraic properties. We have also discussed
symmetric, transitive and reflexive intuitionistic fuzzy soft relations.

The organization of this paper is as follows: In section 2, some basic definition
and preliminary results are given which will be used in the rest of the paper.
In section 3, union and intersection of intuitionistic fuzzy soft sets redefined.
In section 4, relation on intuitionistic fuzzy soft set is defined and some of its
algebraic properties are studied. In section 5, symmetric, transitive and re-
flexive intuitionistic fuzzy soft relations are defined and a few their properties
are studied.

2 Preliminaries

Definition 2.1 [1] Let U be an initial universe set and E be the set of
parameters. Let P(U) denotes the power set of U. A pair (F,E) is called a
soft set over U where F is a mapping given by F' : E— P(U).

Definition 2.2 [}] Let U be an initial universe set and E be the set of
parameters. Let A C E. A pair (F,A) is called fuzzy soft set over U where F

is @ mapping given by F : A — IV, where IV denotes the collection of all fuzzy
subsets of U.

Definition 2.3 [5] Let U be an initial universe set and E be the set of
parameters. Let IFY denotes the collection of all intuitionistic fuzzy subsets
of U. Let A C E. A pair (F, A) is called intuitionistic fuzzy soft set over U,
where F is a mapping given by F : A — IFY.

Example 2.4 Consider the following example:
Let (F, A) describes the the character of the students with respect to the given
parameters, for finding the best student of an academic year. Let the set of
students under consideration is U = {s1, S2,83,84}. Let AC E and A ={r =
"result”, ¢ =" conduct”, g =" games and sports per formances”}. Let
F(r) ={(s1,0.8,0.1), (s2,0.9,0.05), (s3,0.85,0.1), (s4,0.75,0.2) }
F(c) ={(s1,0.6,0.3), (s2,0.65,0.2), (s3,0.7,0.2), (s4,0.65,0.2) }
F(g) = {(s1,0.75,0.2), (s2,0.5,0.3), (s3,0.5,0.4), (s4,0.7,0.2) }.
Then the family {F(r), F(c), F(g)} of IFY is an intuitionistic fuzzy soft set.

Definition 2.5 [5] Intrersection of two intuitionistic fuzzy soft sets (F, A)
and (G, B) over a common universe U is the intuitionistic fuzzy soft set (H,C
where C' = ANB, andVe € C, H(e) = F(e)NG(e). We write (F, A)N(G, B) =
(H,C).



76 Bivas Dinda and T.K.Samanta

Definition 2.6 [5] Union of two intuitionistic fuzzy soft sets (F,A) and
(G, B) over a common universe U is the intuitionistic fuzzy soft set (H,C)

where C = AU B, and Ve € C,

H(e) = F(e), ifec A—B
= G(e), ifee B—A
= F(e) UG(e), ifeec ANB

We write (F, A)J(G, B) = (H,C).

Definition 2.7 [5] For two intuitionistic fuzzy soft sets (F, A) and (G, B)
over a common universe U, we say that (F,A) is an intuitionistic fuzzy soft
subset of (G, B) if
(1) AC B, and
(ii) Ve € A, F(e) is an intuitionistic fuzzy subset of G(e).

We write (F, A)C(G, B).

Definition 2.8 [9] A binary operation x : [0, 1] x [0, 1] — [0, 1]
s continuous t - norm if x satisfies the following conditions
(i) x is commutative and associative ,
(ii) x is continuous ,
(i)a x1 = a Va € [0,1],
(iv)a x b < ¢ x d whenever a < ¢,b < danda,b,c,d € [0, 1].

A few examples of continuous t-norm are a * b = ab, a *x b = min{a,b}, a *
b = maz{a+b—1,0}.

Definition 2.9 [9]. A binary operation o : [0, 1] x [0, 1] — [0, 1]
18 continuous t-conorm if ¢ satisfies the following conditions
(i) o is commutative and associative ,
(ii) & is continuous ,
(i) a ¢ 0 = a Va € [0,1],
(v)a o b < cod whenever a < ¢c,b < danda,b,c,d € [0, 1].

A few examples of continuous t-conorm are a ¢ b = a+b—ab, a ¢ b =
max{a,b}, a o b = min{a+b,1}.

We further assume that (C1) axa=a, (C2) ava=a.
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3 Union and intersection of intuitionistic fuzzy
soft sets redefined

Definition 3.1 The intersection of two intuitionistic fuzzy soft sets (F, A)
and (G, B) is denoted by (F, AN (G, B) and defined by a intuitionistic fuzzy
soft set H: AN B — IFY such that for each e € AN B

H(e) = {(#, (@), V3, (1)) s 2 € U}

where () = e (x) * o (x), L () = Ve ()0 Voo (x).

Definition 3.2 The union of two intuitionistic fuzzy soft sets F, and Gg
is denoted by (F, A)U(G, B) and defined by a intuitionistic fuzzy soft set H :
AUB — IFY such that for each e € AU B

H(e) = {(2, f (1), vy (1) s €U} if e A= B

= {(z, ug(e)(x), ug(e)(x)) cxeU} ifee B—A
{0, iy (@), Do @) s 7 € TY if c€ AN
where e (l‘) = Mg (QZ) O Mg (SL’), Vi) (l‘) = Ve (SL’) * V5o (l’)

Example 3.3 Suppose that U 1is the set of medicine under consideration
and U = {my, mg, m3, my}.
Let A = {fever, chest pain, cough } and B = { fever, cough}. i,e., A= {f,p,c}
and B ={f,c}.
The intuitionistic fuzzy soft set (F, A) be defined as follows:
F(f) ={(my,0.9,0.05), (ms,0.25,0.6), (ms,0.65,0.2), (m4,0.8,0.1)}
F(p) = {(m1,0.3,0.6), (m2,0.9,0.1), (m3,0.4,0.6), (m4,0.3,0.65)}
F(c) ={(m1,0.6,0.2), (ms,0.3,0.6), (m3,0.9,0.05), (my4, 0.85,0.1) }.
The intuitionistic fuzzy soft set (G, B) be defined as follows:
G(f) = {(m1,0.85,0.1), (m,0.2,0.7), (ms, 0.5,0.4), (m4, 0.8,0.1)}
G(c) = {(m4,0.65,0.3), (ms,0.3,0.65), (m3,0.9,0.1), (my,0.7,0.2) }.
Let us consider the t-norm function x and t-conorm function ¢ as a x b = ab
and aob=a-+b—ab. Then
(FNG)(f) = {(my,0.765,0.145), (ms, 0.05, 0.88), (ms, 0.325, 0.52), (m4, 0.64,0.19) }

(FAG)(c) = {(m1,0.39,0.44), (my, 0.09, 0.86), (ms, 0.81, 0.145), (m4, 0.595,0.28)}
(FOG)(f) = {(my,0.985,0.005), (ma, 0.4, 0.42), (ms, 0.825,0.08), (m4, 0.96,0.01)}
(FUG)(p) = F(p)

(FOG)(c) = {(m1,0.86,0.06), (ms, 0.51,0.39), (ms, 0.99, 0.005), (m4, 0.955,0.02)}.

Theorem 3.4 Let (F,A), (G,B) and (H,C) be any three intuitionistic
fuzzy soft sets over (U, E), then the following holds:
(1) (F,A)J(G, B) = (G, B)U(F, A).
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(ii) (F,A)A(G, B) = (G, B)A (F, A). )
() (7, A0 (G YO (1.0) = (7. 0 (0. B0, C).
(iv) (F, A (G, B)A (. C)) = (F, AN (G, B))A (K. C).

Proof. Since the ¢t-norm function and t-conorm functions are commutative
and associative, therefore the theorem follows.

—~

Remark 3.5 Let (F, A), (G, B) and (H,C) be any three intuitionistic fuzzy
soft sets over (U, E). If we consider a x b = min{a, b} and a ¢ b = max{a, b}
then the following holds:

(i) (F, AN((G, B)U (K, C)) = ((F, AN (G, B))U ((F, AN (H, C)).
(i) (F, AU (G, B)1 (H,C)) = ((F, A)U(G, B))N (F, A)U(H,C)).

But in general above relations do not hold.

4 Relations on intuitionistic fuzzy soft sets

Definition 4.1 Let U be an initial universal set and E be the set of pa-
rameters. Let A, B C E and (F,A), (G, B) be two intuitionistic fuzzy soft sets
over (U, E). Then the cartesian product of (F,A) and (G, B) is denoted by
(F,A) x (G,B) = (H,C) where C = Ax B and H : C — IFY is defined as

H(a,b) = (F,AN(G, B), (a,b)e C.

Example 4.2 Consider the ezample 3.3. Let (F,A) x (G,B) = (H,C),
where C' = A x B. Consider the t-norm function x and t-conorm function ©
as axb = ab and aob = a+b—ab. Then the elements of (H, C') will be as follows:

H(f, f) = {(mq,0.765,0.145), (m2, 0.05, 0.88), (ms, 0.325, 0.52), (ma, 0.64,0.19)}
H(f, ) = {(m1,0.585,0.335), (my, 0.075,0.86), (ms, 0.585, 0.28), (m4, 0.56,0.28)}
H(p, f) = {(m1,0.255,0.64), (ms, 0.18,0.73), (ms, 0.2,0.76), (m4, 0.24, 0.685)}
H(p, ) = {(m1,0.195,0.72), (ms, 0.27,0.685), (ms, 0.36,0.64), (m4, 0.21,0.72)}
H(e, f) = {(m1,0.51,0.28), (my, 0.06, 0.88), (s, 0.45, 0.43), (m., 0.68,0.19)}
H(c,¢) = {(m1,0.39,0.44), (ms, 0.09, 0.86), (ms, 0.81, 0.145), (my4, 0.595, 0.28)}.

Definition 4.3 Let (F, A), (G, B) be two intuitionistic fuzzy soft sets over
(U, E). Then an intuitionistic fuzzy soft relation from (F, A) to (G, B) is
an intuitionistic fuzzy soft subset of (F,A) x (G, B).

In other words, an intuitionistic fuzzy soft relation from (F,A) to (G, B) is of
the form (R, C) where C' C Ax B and R(a,b) C (F,A)x(G,B), V(a,b) € C.

Example 4.4 Consider the intuitionistic fuzzy soft sets (F, A) and (G, B)
over U defined as follows:
Let U be the set of medicines under consideration and U = {mq, ms, mg, my}.
A and B describes the disease of the patients
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A = {maleria, dengue} and B = {fileria, cough}. i.e., A = {m,d} and
B ={f,c}.

Define an intuitionistic fuzzy soft relation (R,C) from (F,A) to (G,B) as
follows:

(a,b) € C C A x B if and only if a and b are both from mosquito.

Then the intuitionistic fuzzy soft relation (R,C) = {F(m) x G(f), F(d) x
g(f)t-

Example 4.5 Let U be the set of candidates attending for an interview of
school service and U = {c1, ¢, ¢3, ¢4, C5, C, C7 }.
A denotes the academic qualification of candidates
A={B.Sc., M.Com., M.A., M.Sc} i.e., A={b,c,a,s}.
Then the intuitionistic fuzzy soft set (F, A) describes the B.Sc. passed students,
M.Com. passed students and so on.
A relation (R,C') on (F,A) be defined by
(a,b) € C C A x Aif and only if a and b both are of science.
Then (R,C) = {F(b) x F(b), F(b) x F(s),F(s) x F(s),F(s) x F(b)}.

Definition 4.6 Let R be an intuitionistic fuzzy soft relation from (F,A)
to (G, B) then R~ is defined as

R (a,b) = R(b,a), V(a,b) e CC AxB

Proposition 4.7 If R is an intuitionistic fuzzy soft relation from (F,A)
to (G, B) then R~ is a intuitionistic fuzzy soft relation from (G, B) to (F, A).

Proof. R7'(a,b) = R(b,a) = G(b)NF(a), Va,be C C Ax B.
Hence R~ is an intuitionistic fuzzy soft relation from (G, B) to (F, A).

Proposition 4.8 If Ry and Ry be two intuitionistic fuzzy soft relations
from (F,A) to (G, B) then
(i) (Ri ™)™ ' =Ry and (i) RiC Ry = R ' C Ry L.

Proof. (i) (R1™')"(a,b) = Ry '(b,a) = Ri(a,b). Hence (R, H)™' = R,.
(11) Rl(a, b) - RQ(CL, b) = Rl_l(b, a) - Rz_l(b, CL) = Rl_l - Rg_l.

Definition 4.9 The composition o of two intuitionistic fuzzy soft relations
R1 and Ry is defined by
(R1 0 Rs)(a,c) =Ri(a,b)NRa(b, )

where Ry is a intuitionistic fuzzy soft relation form (F,A) to (G, B) and Ry
is a intuitionistic fuzzy soft relation from (G, B) to (H,C).
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Proposition 4.10 If Ry and Ry be two intuitionistic fuzzy soft relations
from (F,A) to (G,B) then (RioRy) ' =Ry ToR L

Proof. (R1oR3)(a,c) = (R1oR2)(c,a) = Ri(c,b)Ra(b,a) = Ra(b,a) Ry (c,b) =
R271<(l, b)ﬁRlil(ba C) = (R271 o Rlil)(au C)'
Hence (RioRy) ' =Ry toR ™

Theorem 4.11 R, is an intuitionistic fuzzy soft relation form (F,A) to
(G, B) satisfying (C1) and (C2) and Ry is a intuitionistic fuzzy soft relation
from (G, B) to (H,C) satisfying (C1) and (C2) then R10Rs is an intuitionistic
fuzzy soft relation from (F,A) to (H,C).

Proof. By definition
Ri(a,b) = F(a)NG((b) = {(x, [hp i (T) * pg, (2), l/f(a>(:13)<>l/g(b)($)) cx €
UY, Y(a,b) C A x B.
Ra(b,c) = G(b)NH(c) = {(a:, fg i (T) * pyy ) (2), Vg, (T) 01 (x)) cx e U}, V(bc) C
B x C. Therefore,
(R1 0 Rs)(a,c) = Ri(a,b)NRa(b, c)
= {(=, (Mf@( )b () % (g () %y (1)), (Ve ()00, () & (Vg (2)0
I/H(C)(JJ)) : U}, Y(a,b,c) CAx BxC.
Now, (um)( ) P (£)) % (g, () %ty (7))
= Hiray () * bgpy () % fy ) (2)
< Py (@) % L figy ) (2)
Nf(a)( ) * UH@)( z)
and (v, (7) 0 Vg, () © (Vg () 0 vy, (2))

= .F(a)(x) Q(b)( b)) Uiy \
H )(m;O 00w, (2)

( (T ) Hence Rq(a,b)NRa(b,c) C F(a)VH(c).
Thus 721 o 722 1S an intuitionistic fuzzy soft relation from (F, A) to (H,C).

5 Symmetric, transitive and reflexive relations
on intuitionistic fuzzy soft sets

Definition 5.1 An intuitionistic fuzzy soft relation R on (F, A) is said to
be intuitionistic fuzzy soft symmetric ralation if R(a,b) = R(b,a), Ya,b € A.

Definition 5.2 An intuitionistic fuzzy soft relation R on (F, A) is said to
be intuitionistic fuzzy soft transitive relation if RoR C R.

Definition 5.3 An intuitionistic fuzzy soft relation R on (F, A) is said to
be intuitionistic fuzzy soft reflexive relation if R(a,b) C R(a,a) and R(b,a) C
R(a,a), Ya,be A.
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Definition 5.4 An intuitionistic fuzzy soft relation R on (F,A) is said to
be an intuitionistic fuzzy soft equivalence relation if it is symmetric, transitive
and reflexive.

Proposition 5.5 If R is symmetric if and only if R~ is so.

Proof. Let R is symmetric. Then R™!(a,b) = R(b,a) = R(a,b) = R™1(b, a).
So, R~! is symmetric.

Conversely, let R™! is symmetric. Then R(a,b) = (R™') " (a,b) = R™(b,a) =
R (a,b) = R(b,a). So, R is symmetric.

Proposition 5.6 R is symmetric if and only if R = R~!.

Proof. Let R is symmetric. Then R™*(a,b) = R(b,a) = R(a,b). So, R™! =
R.
Conversely, let R™! = R. Then R(a,b) = R (a,b) = R(b,a). So, R is

symmetric.

Proposition 5.7 If Ry and Ry are symmetric relations on (F,A) then
R1 0 Ry is symmetric on (F,A) if and only if Ry 0o Ry = R0 R;y.

Proof. R, and Ry are symmetric implies 721_1 =Ry and R;' = Ry. Now
(RioRy)™ = Ry o R{Y. So, Ry o Ry is symmetric implies Ry 0 Ry =
(RioRy) ' =Ry oR ' =Ry0Ry.

Conversely, (RioRy) ™' = Ry'oR{' = RooRy = Ri0Ry. So, Ry o Ry is

symmetric.

Corollary 5.8 If R is symmetric then R"™ is symmetric for all positive
integer n, where R" is RoRo---oR (ntimes).

Proposition 5.9 If R is transitive then R~ is also transitive.
Proof. R7(a,b) = R(b,a) 2 (RoR)(b,a) = R(b,c)"R(c,a) = R(c,a)"R(b,c) =
R a,c) "R (c,b) = (R o R (a,b).
So, R"'oR~' C R~!. Hence the result.

Proposition 5.10 If R is transitive then R o R is so.
Proof. (R o R)(a,b) = R(a,c)"R(c,b) 2 (R o R)(a,c)N(R o R)(c,b) =
(RoRoRoR)(a,b).
So, RoRoRoR CRoR. Hence the result.

Proposition 5.11 If R is reflexive then R is so.
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Proof. R7'(a,b) = R(b,a
R (b,a) = R(a,b) C R
Hence the proof.

Proposition 5.12 If R is symmetric and transitive then R is reflexive.

Proof. R(a,a) 2 (RoR)(a,a), since R is transitive

= R(a,b)"R(b,a) = R(a,b)"R(a,b), since R is symmetric
= R(a,b).

Similarly we can show that R(a,a) 2 R(b,a).

Hence the proof.

6 Conclusion

In this paper the theoretical point of view of intuitionistic fuzzy soft set is
discussed. we extend the concept of relation in intuitionistic fuzzy soft set
theory context. These are supporting structure for research and development
of soft set theory.
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