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Abstract

K.P.R. Sastry, Ch. Srinivasa Rao, N. Appa Rao fjoduced the notation of
a control function and proved a fixed point theoréon a strict generalized
weakly contractive map of an orbitally complete nme$pace when the control
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function is not assumed to be continuous. In thygep we introduce the notation
of a generalized type weakly contractive map ofodnitally complete metric

space and prove a fixed point theorem for such maiplsout assuming the
continuity of the control function. Our result aresw an open problem raised in
Sastry et al. [5], in the affirmative.

Keywords. weakly contractive maps, generalized weakly catitra maps,
fixed point, T-orbitally complete metric spacesricst generalized weakly
contractive map, control function, strict generaliztype weakly contractive map.

1 I ntroduction

In 1997, Alber and Cuerre-Delabriere [1] introducta concept of weakly
contractive maps in a Hilbert space and provedettistence of fixed points. In
2001, Rhoades [4] extended this concept to Banpakes and established the
existence of fixed points.

Throughout this papelX, d) is a metric space, arft X - X a self map o¥.

Let R* = [0,), N, the set of all natural numbers afj the set of all real
numbers. We write

¥ = {y:[0,0) - [0,0)/ Y is strictly increasing and  (0) = 0}
Members of¥ are called control functions.

@ = {@:[0,0) > [0,0) / @ is continuous ,non decreasing and ¢ (t) =
0e t=0}

Definition 1.1 (Rhoades, [4]): A self mapT: X - X is said to be a weakly
contractive map if there exists@ € @ with lim,_,,, ¢(t) = o such that

d(Tx,Ty) < d(x,y) — (p(d(x,y)) forall x,yeXx .... (1.1.1)

Here we observe that every contractive rfiagn X with contractive constarit is
a weakly contractive map with(t) = (1 — k)t, t > 0. But its converse is not
true.

Rhoades [4] proved the following theorem.

Theorem 1.2 (Rhoades [4], Theorem 1.1): Let (X, d) be a complete metric space
andT a weakly contractive self map &n ThenT has a unique fixed point K.

Babu and Alemayehu [2] introduced the notion of enegalized weakly
contractive map.

Definition 1.3 (Babu and Alemayehu, [2]): A mapT:X — X is said to be a
generalized weakly contractive map if there exastse @ such that
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d(Tx, Ty) < M(x,y) — (p(M(x, y)) for all x,y € X where

M(x,y) = max {d(x,),d(x,Tx),d(y,Ty),; (d(x, Ty) + d(y, Tx))}

Remark 1.4 (Babu and Alemayehu, [2]): Every weakly contractive map defined
on a bounded metric space with a positive diamistest generalized weakly
contractive map, but its converse is not true.

Theorem 1.5 (Babu and Alemayehu [2], Theorem 1.3): Let (X,d) be a
complete metric space arfdX — X be a self map. If' is a generalized weakly
contractive map oY, thenT has a unique fixed point K.

If X is a complete bounded metric space, Theorem li®df®as a corollary to

Theorem 1.5: In fact in this case, Theorem 1.5 is a generalaratf Theorem 1.2
(Example 3.2 of Babu and Alemayehu [2]).

Definition 1.6: LetT: X - X .Forx € X, 0(x) = 0r(x) ={T"x /n=10,1,2,....}
is called the orbit of, whereT?® = I, the identity map of.

Let (X,d) be a complete metric space afid{ —» X. ThenX is said to be T-
orbitally complete, if, forx € X, every Cauchy sequence which is contained in
0(x) converges to a point af. In other wordsQ (x) is a complete metric space.

Babu and Sailaja [3] proved the existence of figpethts of a generalized weakly
contractive maff’ in T-orbitally complete metric spaces.

Theorem 1.7 (Babu and Sailaja [3], Theorem 2.1): Let (X, d) be a metric space
andT: X — X. Suppos€ is a T-orbitally complete metric space. Assumé thia
some x, € X, there exists a ¢ € @ such that d(Tx,Ty) < M(x,y) —
o(M(x,y)) forallx,y € 0(xy) .. (1.7.2)

Where M (x,y) = max {d(x, v),d(x,Tx),d(y, Ty),%((d(x, Ty) +d(y, Tx))}

Then the sequendd™x,} is a Cauchy sequence fh Letlim,,_,,, T"xy, = z,z €
X.

Thenz is a fixed point off".

Further,z is unique in the sense th@afx,) contains one and only one fixed point
of T.

Corollary 1.8 (Babu and Sailaja [3], Corollary2.2): Let (X,d) be a T-orbitally
complete bounded metric space. Assume that for sgraeX, there existy € @
such that
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d(Tx,Ty) < d(x,y) —o(d(x,y)) forallx,y € 0(x,) (1.8.1)
Then the sequend&™x,} is Cauchy iX. Letlim,,_,,, T"xy, = z,z € X.
Thenz is a fixed point off".

Further,z is unique in the sense tha{x,) contains one and only one fixed point
of T.

Definition 1.9: Let (X,d) be a metric space anf: X — X. We say thaf" is a

strict generalized weakly contractive map if thergsts a control functiog € ¥
such that

d(Tx, Ty) < M(x,y) — 1/;(M(x, y)) forallx,yeX ... (2.9.1)
WhereM (x, y) = max {d(x, y),d(x,Tx),d(y, Ty),% ((d(x, Ty) +d(y, Tx))}
Using the above notion, Sastry et. al. [5] provesifbllowing theorem.

Theorem 1.10: Let (X,d) be a metric space afidX — X. Let (X,d) be T-
orbitally complete. Assume that for somee X, there exists a control function

Y € ¥ such that

d(Tx,Ty) < M(x,y) —p(M(x,y)) forallx,y € 0(xy) -.... (2.2.1)
WhereM (x, y) = max {d(x, y),d(x,Tx),d(y, Ty),% ((d(x, Ty) +d(y, Tx))}

Then the sequend&™x,} is Cauchy inX. Let lim,_,, T"x, = z,z € X, thenz is
a fixed point ofT.

Further,z is unique in the sense thé(x,) contains one and only one fixed point
of T.

Further Sastry et. al. [5] raised the following ngeoblem: Is Theorem 1.10 true
if M (x,y) is replaced bya(x,y) =§ dx,Ty) +d(y,Tx)) ?

In this paper we prove a fixed point theorem whatswers the above open
problem in the affirmative.

In proving our main result, we make use of thediwlhg well known result; a
proof can be found in Babu and Saliaja [3].

Lemma 1.11: Suppos€X,d) is a metric space. L€k, } be a sequence X such
that d(x,, x,_1) = 0 as n - . If {x,} is not a Cauchy sequence then there exist
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an € > 0 and sequences of positive integéns(k)} and {n(k)} with m(k) >
n(k) > k such thati(xm(k),xn(k)) > g, d(xm(k)_l,xn(k)) < ¢eand

() limyoo d(Xmgo -1, Xn@o+1) = €

(II) limkqood(xm(k),xn(k)) =¢ and

(III) limk_m d(xm(k)_l,xn(k)) = E&.

2 Main Results
Before we prove our main result, we first provemma.

Lemma 2.1: Supposeap: [0,%) — [0,) is strictly increasing andp(0) = 0. If
{y.} is a sequence if0, ), theny(y,) - 0=y, = 0.

Proof: Supposey(y,) - 0 and y, does not tend to zero. Thary > 0 and an
infinite sequencey, such thafy,, } =vy. Theny(y,,) = Y (¥).

Letting k —» o, we get0 =y (y) (~ ¥(y,,) 2 0 as k > o)
~ y =0, acontradiction.
- Yn = 0.

Now we state and prove our main result which answiee open problem of
Sastry et.al [5] in the affirmative.

Theorem 2.2: Let (X,d) be a complete metric spafeX — X andT is orbitally
complete. Assume that for somec X, there exists ap € ¥ such that

d(Tx,Ty) < a(x,y) —¢p(alx,y)) V x,y € 0(xg) ... (2.2.1)
Where a(x,y) =5 [d(x, Ty) + d(y, Tx)]

Then the sequendd™x,} is a Cauchy sequence in If lim,_,T"x, =2, z €
X, thenz is a fixed point of.

Further,z is unique in the sense thét(x,) contains one and only one fixed point
of T.

Proof: Lety = Tx in (2.2.1). Then

d(Tx, TTx) < %[d(x, TTx) + d(Tx, Tx)] — ¥ (% [d(x, TTx) + d(Tx, Tx)])

= {d(TT0} - ¥ (Gld@ TT0}) ... (2.2.2)

If R.H.S of (2.2.2) iD, thend(Tx, TTx) = 0= TTx = Tx
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~ Tx is a fixed point of’.

Supposed(Tx, TTx) + 0.
Then (2.2.2) ¢ G (d(x, TTx)) <= d(x,TTx) — d(Tx, TTx) ... (2.2.3)

< 2(d(x,Tx) + d(Tx,TTx)) — d(Tx, TTx)

=2(d(x,Tx) — d(Tx,TTx)) ... (2.2.4)

2
Now v G (d(x, TTx)) =0 = d(x,TTx) =0
= d(Tx,TTx) = 0 (from (2.2.3)), contradicting our supposition.

L 0<y (% (dx, TTx)) < 1{d(x,Tx) — d(Tx, T} (from (2.2.4))

= d(Tx,TTx) < d(x,Tx)

. d(Tx,TTx) < d(x,Tx) ....... (2.2.5)
with equality< x is a fixed point of.

Let x, € X, write T"xy = x,, n =0,1,2, ...

Write a,, = d(x,, x,+1). Then from (2.2.5),

Api1 = d(Xny1, Xpa2) = d(Txp, TTxy) < d(xp, Txy) = tp.

~ a, IS adecreasing sequence and hence tendsnbit,ashy,a.
~ Y(a,) Is a decreasing sequence and hence tends ta sy b.

s an>a = Play) 2 Y(a) = b = Y(a)

Now
1 1
Opt1 = d(xn+1;xn+2) = d(Txn; TTxn) < 2 d(xn' TTxn) - 1/) (Ed(xanTxn))

from (2.2.2) ...... (2.2.6)

< %(d(xn, Tx,) + d(Txp, TTx,)) — ¥ (% d(xy, TTxn))

= %(an + an+1) -y (% d(Txn' TTle))
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= 1!’ (%d(Txn: TTxn)) < %(an + an+1) — Apn+41

=l(a —ne) 20 as n> oo
2 n n+1

Y/ (%d(Txn, TTxn)> -0asn-ow ... 2.2.7)

. d(Tx,, TTx,) -0 asn—->o ... (2.2.8)
(*+ s strictly increasing and y(0) = 0, bt Lemma 2.1)

Now from (2.2.6), (2.2.7) and (2.2.8), we get
a< apyq < % d(x,, TTx,) — Y (%d(xn, TTxn)) - 0asn-wo

~a=0
Now y(a,) =b=> a, =1y 1(b)
Letting n » o, we getd > Y~ 1(b)

2« Y (b)=01ieb=0
s~ d(xp, Xps1) 2 0 as n —» o and w(d(xn,xnﬂ)) -0asn->ow

We now show that the sequenge,} c 0(x,) is Cauchy.

Otherwise, by Lemma 1.11, there exists an> 0 and sequences of positive
integers{m(k)} and{n(k)} withm(k) > n(k) > k such that

d(xm(k),xn(k)) = s,d(xm(k)_l,xn(k)) < g and
limy,_,., d(xm(k)_l,xn(k)+1) = g, limy_, d(xm(k)_l,xn(k)) = ¢ and
im0 d(Xm)—1 Xn(41) = € eee (2.2.9)

Hence & < d(Xmk) Xngey) < d(Xmwy Xno+1) + d(Xn@+1, Xnei)
= d(Txm@w)-1 Tn@w)) + d(Xn0o+1 Xn(i))
< a(Xng-1, Xngiy) = ¥ (a(xn(k)_l,xn(k))) + d(Xng0+1, %n0))
= ~[d(Xmao-1 *nr41) + 4 (Fngoy Xmao)]
— G [d(Xm@-1 Xngo+1) + d(xn(k»xm(k))])
+d (Xn(i)+1, Xn (i)

... (2.2.10)
= M(k) — (M) + d(Xnio+1, X))
Where M(k) = %[d(xm(k)_l, xn(k)+1) + d(xn(k), xm(k))]
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From (2.2.9)M(k) » € as k - «

ConsequentlyM (k) < e + ¢ (f) and M (k) = %,for large k.
(228)<g+¢() (
Y

==(v(3)-

< & since d(xn(k)+1,xn(k)) — 0 as k - o and Y is strictly increasing, which
is a contradiction

T) + d(xn(k)+1; xn(k)) for large k
( )) + d(xn(k)+1,xn(k)) forlarge k

Therefore{x,, } is a Cauchy sequence.

Supposex,, —» z € O(xy) and Tz # z . Then

d(Xp41, Tz) =d(Tx,,Tz) < a(x,,z) — tp(a(xn, Z))
(d(xn+1, T2) +d(z Txy)) zp( d(xs1,T2) + d(z, Txn))

< E(d(xn, Tz) + d(z, Txn)) = (5 d(x,, Tz) + d(z, Txn+1)>

On lettingn — «, we getz(z,Tz) < %(d(z, Tz) +d(z,2)) = % d(z,Tz)
~ d(z,Tz) =0 and hencelz = x.

Thereforez is a fixed point off".
Uniqueness: Let, y be fixed points of" in 0(x,).

Then from (2.2 .1), we have
d(x,y) = d(Tx, Ty) < a(x,y) - lp(a(x,y))
=2 (d(x,Ty) + d(7,Tx)) = P (d(x, Ty) + d(3,Tx)))

=d(x,y)— w(d(x,y)) <d(x,y), if x+y,a
contradiction

X =Yy

Note: On similar lines, the following theorem, whichparallel to Theorem1.2
(Rhodes [4], Theorem1.1) can also proved.

Theorem 2.3: Let (X,d) be a complete metric spafeX — X andT is orbitally
complete. Assume that for somec X, there exists ap € ¥ such that

d(Tx,Ty) < d(x,y) —tp(d(x,y)) V x,y € 0(xp)

Then the sequend&™x,} is a Cauchy sequence n
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If lim,.,T"xy, =z, z € X, thenz is a fixed point of".

References

[1]

[2]

[3]

[4]
[5]

Ya. I. Alber and S. Guerre-Delabriere, Prinefplof weakly contractive
maps in Hilbert spaces, In: I. Gohberg and Yu. lighl{Eds), New results
in operator theoryln: Advances and ApplBirkhauser, Basel, 98(1997),
7-22.

G.V.R. Babu and G.N. Alemayehu, Point of codence and common
fixed points of a pair of generalized weakly cootr&e maps,Journal of
Advanced Research in Pure Mathemat&{2010), 89-106.

G.V.R. Babu and P.D. Sailaja, A fixed point ¢dihem of generalized
weakly contractive maps in orbitally complete mespaces] hai Journal
of Mathematics9(1) (2011), 1-10.

B.E. Rhoades, Some theorems on weakly cont@aathaps,Nonlinear
Analysis 47(2001), 2683-2693.

K.P.R. Sastry, Ch. S. Rao and N.A. Rao, A fixpdint theorem of
generalized weakly contractive maps in orbitallynpbete metric spaces
when the control function is not necessarily camus,Communicated



