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Abstract

The sequence spaces ¢, c* and £, have been recently introduced and studied
by Mursaleen and Noman [On the spaces of A— convergent and bounded se-
quences, Thai J. Math. 8(2)(2010),311-329]. The main purpose of the present
paper is to extend the results of Mursaleen and Noman to the paranormed case
and is to work the spaces cj(u,p),c(u,p) and €X (u,p). Let u denote any of
the spaces co, ¢ and L. We prove that ;/\(u,p) 15 linearly paranorm isomorphic
to pu(p) and determine the a—, 3— and y— duals of the pu*(u, p). Furthermore,
the basis of cj(u,p) and c*u,p) are constructed. Finally, we characterize the
matriz transformations from the spaces cy(u,p),c*(u,p) and €2 (u,p) to the
spaces ¢o(q), c(q), 4(q) and l(q).

Keywords: Paranormed sequence spaces, Matrixz transformations, A—

convergence.
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1 Introduction

By w, we shall denote the space of all real valued sequences. Any vector sub-
space of w is called as a sequence space. We shall write (., c and ¢y for the
spaces of all bounded, convergent and null sequences, respectively. Also by
bs,cs,l; and ¢, ; we denote the spaces of all bounded, convergent, absolutely
and p— absolutely convergent series, respectively; 1 < p < oo.
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A linear topological space X over the real field R is said to be a para-
normed space if there is a subadditive function g : X — R such that g(#) =
0,9(x) = g(—x),9(x +y) < g(x) + g(y) and scalar multiplication is continu-
ous,i.e., |, —a| — 0 and g(x, — z) — 0 imply g(a,x, — ax) — 0 for all as
in R and all 2’s in X, where 6 is the zero vector in the linear space X.

Assume here and after that u = (uy) be a sequence such that uy # 0 for all
k € N and (qx), (pr) be the bounded sequences of strictly positive real numbers
with sup p, = H and L = max{1l, H}, where N = {0,1,2,...}. Then, the linear
spaces {(p), c(p), co(p) and £(p) were defined by Maddox [11, 12] (see also
Simons [18| and Nakano [9]) as follows:

lo(p) = {x = (x1) € w:sup |zgP* < oo} 7
kEN
c(p) = {I:(xk)EWZinm |z — 1PF = 0 for somele(C}’
co(p) = {96 = (7p) Ew: kh—>r£o |z P = ()} 7

and

Up) = {x:(:vk)Ew:Z|xk|pk <oo},

k

which are the complete paranormed spaces by

g1(x) = sup |zt = infp, >0 and gy(z) = (Z |og[Pe) B (1)
keN
k
respectively. For simplicity in notation, here and in what follows, the sum-
mation without limits runs from 0 to co. By F and N, we shall denote the
collection of all finite subsets of N and the set of all n € N such that n > k.

Let A\, be any two sequence spaces and A = (a,;) be an infinite matrix
of real numbers a,,where n,k € N. Then, we say that A defines a matrix
mapping from A into u, and we denote it by writing A : A\ — p, if for every
sequence z = () € A the sequence Ax = ((Az),), the A-transform of z, is in
i, where

(Az), = amz, (n€N). (2)

By (A : i), we denote the class of all matrices A such that A : A\ — p. Thus,
A € (X : p) if and only if the series on the right-hand side of (2) converges
for each n € N and every z € A\, and Ax = {(Ax),}neny € p for all x € A\, A
sequence z is said to be A- summable to « if Ax converges to o which is called
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the A- limit of z.

Let A = (\g)32, be a strictly increasing sequence of positive reals tending
to infinity, that is

D<o <A <X<.. and A — o0 as k— oo.

We say that a sequence x = (x) € w is A— convergent to the number [ € C,
called the A— limit of z, if A, (z) — [ as n — oo where

n

A(x) = Ain S v — M)z (neN). (3)

k=0

In particular, we say that x is a A— null sequence if A,(z) — 0 as n — oc.
Further, we say that z is A— bounded if sup,,cy |An(2)| < 00, [16].

The main purpose of this paper is to introduce the sequence spaces c(’}(u, D),
M (u,p) and €2 (u,p) of non-absolute type which are the set of all sequences
whose A"— transforms are in the spaces co(p),c(p) and lo(p), respectively;
where A" denotes the matrix A" = (\%,) defined by

e — Ng—
Ak = : )mk o (0<k <n)

0, (k> mn).

Besides this, we have constructed the basis of the spaces cj(u, p) and c*(u, p)
and computed the a—, 3— and y— duals of the spaces ¢} (u,p), c*(u,p) and
(2 (u,p). Finally, a basic theorem is given and some matrix mappings from
the spaces cy(u, p), c*(u,p) and £ (u,p) to the sequence spaces of Maddox are
characterized.

2 The Sequence Spaces c)(u, p), c*(u, p) and 2 (u,p)

of non-absolute type

In this section, we define the sequence spaces c;(u, p), ¢*(u, p) and €2 (u,p) and

prove that c)(u, p),c*(u,p) and 2 (u,p) are the complete paranormed linear
spaces.

For a sequence space X, the matrix domain X4 of an infinite matrix A is
defined by

Xa={r=(2y) ew: Are X} (4)
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By using the matrix domain of a triangular infinite matrix, the new se-
quence spaces have been defined by many authors. For example see [2, 3, 7, 8,
4,14, 15| and the others.

Quite recently, Demiriz and Cakan have studied the sequence spaces ef(u, p)
and el (u,p) in [17]. With the notation of (4), the spaces e{(u,p) and €. (u, p)
may be redefined as

ep(u, p) = [co(P)lgre,  ec(u,p) = [e(p)lpra,

where the matrix £* = (e}, (u)) is defined by

{ (Z) (1-— T)"’krkuk, (0<k<n)

eon{0) = 0, (k > n).

The sequence spaces ¢y, c* and 2 of non-absolute type have been intro-

duced by Mursaleen and Noman [16] as follows:

IR
Cé = {x = (zp) Ew: hm)\— Z()\k — Np—1)xp = 0}

n
" k=0

1 .
P {x = (z}) Ew: hm)\— Z()\k — A1) Tg ex1sts}

R
<oo}.

Following Choudhary and Mishra [4], Bagar and Altay [7], Aydin and Bagar
[5], Demiriz and Cakan [17], we define the sequence spaces cy(u,p),c*(u,p)
and £ (u,p) as the set of all sequences such that AU-transforms of them are

in the spaces ¢o(p), c(p) and £ (p), respectively, that is

and

1 n
)\— Z()\k - )\kq)ﬂ?k

n k=0

0 = {m:(ﬂvk)Ew:sup

n Pn
|1
A(u,p) = {x: (21) € w : lim /\—Z(Ak—)\k,l)ukxk - }
™ k=0

n Pn
AMu,p) = {x = (zp) € w: lim |— Z()\k — A1) Uk Tk exists}

Pn
<oof.

1 n
x Z()\k — Aj—1) Uk Tk

" k=0

0 (u,p) = {x = (2x) € w : sup
neN
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In the case (u) = (pr) = e = (1,1, 1,...), the sequence spaces ¢} (u,p), c*(u, p)

and (2 (u,p) are , respectively, reduced to the sequence spaces cj,c* and £,
which are introduced by Mursaleen and Noman [16]. With the notation of (4),

we may redefine the spaces cy(u, p), c*(u,p) and 2 (u, p) as follows:

co(u.p) = [co(p)]av, *(u,p) =[e(p)lav and €3 (u,p) = [foc(p)]ae-

Define the sequence y = {y,(\)}, which will be frequently used, as the
A"-transform of a sequence = = (), i.e.

n

Un(N) = — Y (M — M—)upze;  (n € N). (5)

Now, we may begin with the following theorem which is essential in the text.

Theorem 2.1 ¢} (u,p),c*(u,p) and €2 (u,p) are the complete linear metric
spaces paranormed by g, defined by

k pr/M

1
) =sup |— N — i) Ui
g(z) kell\l) )\k;(J Jl)]]

g is a paranorm for the spaces (5 (u,p) and c:‘(u,p) only in the trivial case

inf pr > 0 when 03 (u,p) = £ and *u,p) = .
Proof. We prove the theorem for the space c)(u,p). The linearity of cj(u, p)
with respect to the co-ordinatewise addition and scalar multiplication follows
from the following inequalities which are satisfied for =,z € ¢} (u,p) (see [10,

p.30])

Lk pr/M |k pr/L
sup |— N — Ao ua(xs + 25 < sup|— A — AUz
keg )\k;(J j-1)ui (T i) keg )\k;(J 1)U
1 k pr/L
+ sup|— A — A1)z 6
kENAij()(j Jl)JJ ()

and for any a € R (see [12])
o7 < max{1, |a|*}. (7)

It is clear that g(f) = 0 and g(z) = g(—=) for all x € c}(u,p). Again the
inequalities (6) and (7) yield the subadditivity of ¢ and

glax) < max{l, |af}g(z).
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Let {2"} be any sequence of the points 2" € ¢} (u, p) such that g(z"—z) — 0
and (o) also be any sequence of scalars such that «,, — a. Then, since the
inequality

g9(") < g(x) +g(z" — x)
holds by the subadditivity of g, {g(z™)} is bounded and we thus have

k pr/M

1
oz —ax) = sup|— A — Aiopus (a2 — ax;
g( ) keII\I) A ;( j j-1)u( J i)

< oy —al g(@")+|af g(a" —x)

which tends to zero as n — oco. This means that the scalar multiplication is
continuous. Hence, g is a paranorm on the space ¢} (u, p).

It remains to prove the completeness of the space ¢} (u,p). Let {z'} be any
Cauchy sequence in the space ¢} (u,p), where x* = {x((f),xgi),xg), ...}. Then,
for a given € > 0 there exists a positive integer ng(e) such that

g(z' —a7) <

| ™

for all i, 7 > ng(e). By using the definition of g we obtain for each fixed k € N
that

(A" = (A )M < sup (M) — (A2 < = ()

keN

for every i, j > ng() which leads us to the fact that {(A“z%)y, (A“x')g, (A¥2?)y, ...}
is a Cauchy sequence of real numbers for every fixed k£ € N. Since R is complete,
it converges, say (A“z'), — (A“r)y as i — oo. Using these infinitely many lim-
its (A“z)o, (A"x)1, (A"x)a, ..., we define the sequence {(A“x)o, (A"x)1, (A¥T)s, ...}
From (8) with j — oo, we have

(A" = (A < S (02 mo(e) (9)

for every fixed k € N. Since 2’ = {x,(;)} € cy(u, p) for each i € N, there exists
ko(e) € N such that

£

2

for every k > ky(¢) and for each fixed i € N. Therefore, taking a fixed i > ny(¢)
we obtain by (9) that

(At <

(A" 2)g[PeM < (At 2)e — (A2 [P 4 (A2 M < e

for every k > ko(g). This shows that € ¢} (u,p). Since {2} was an arbitrary
Cauchy sequence, the space c;(u, p) is complete and this concludes the proof.
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Note that the absolute property does not hold on the spaces cé(u, p), Mu, p)
and 2 (u, p), since there exists at least one sequence in the spaces 3 (u, p), c* (u, p)
and (2 (u,p) such that g(x) # g(|z|); where |x| = (|xx]). This says that

cy(u, p),cMu,p) and 2 (u, p) are the sequence spaces of non-absolute type.

Theorem 2.2 The sequence spaces ¢y (u, p), c*(u, p) and €2 (u, p) of non-absolute
type are linearly isomorphic to the spaces co(p),c(p) and L (p), respectively;
where 0 < pp < H < o0.

Proof. To avoid the repetition of the similar statements, we give the proof
only for ¢} (u, p). We should show the existence of a linear bijection between the
spaces cy(u, p) and co(p). With the notation of (5), define the transformation 7'
from ¢} (u,p) and co(p) by * — y = Tx. The linearity of T is trivial. Further,
it is obvious that x = 6 whenever Tz = 6 and hence T is injective.

Let y € ¢o(p) and define the sequence z = {z(\)} by

zi(\) = Z (—1)’“‘1‘#%; (k € N).

I
wn
S
o
i[~]
=)
g,
<

Thus, we have that = € ¢}(u, p) and consequently 7 is surjective and paranorm
preserving. Hence, 71" is a linear bijection and this says us that the spaces

co(u, p) and co(p) are linearly isomorphic, as was desired.

3 The basis for the spaces cé(u, p) and CA(U, D)

In the present section, we give two sequences of the points of the spaces ¢} (u, p)

and c’\(u,p) which form the basis for those spaces.

Firstly, we give the definition of the Schauder basis of a paranormed space
and later give the theorem exhibiting the basis of the spaces cj(u,p) and
Mu,p). Let (X, h) be a paranormed space. A sequence (b) of the elements
of X is called a basis for A if and only if, for each x € A, there exists a unique
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sequence (ay) of scalars such that

h(m—Za;Jm) — 0 as n — oo.

k=0

The series Y | axby which has the sum z is then called the expansion of x with
respect to (by,), and written as x = ) aybg.

Because of the isomorphism 7' is onto, defined in the Proof of Theorem
2.2, the inverse image of the basis of those spaces ¢o(p) and ¢(p) are the basis
of the new spaces cj(u, p) and c*(u, p), respectively. Therefore, we have the

following;:

Theorem 3.1 Let v (\) = (A%z)y, for allk € N and 0 < pp < H < co. Define
the sequence b®) () = {b%k)()\)}neN of the elements of the space cj(u,p) by

A
1\
bgk)()‘) = =1) (A = Ap—1)ug
0 (n<korn>k+1)

(n<k<n+1), (10)

for every fized k € N. Then,
(a) The sequence {b™)(\)}ren is a Schauder basis for the space c}(u,p) and
any T € c(’}(u,p) has a unique representation of the form

z =Y (M (N). (11)

k

(b) The set {b, b6V (X), 6P (N),...} is a basis for the space *(u,p) and any v €
cMu,p) has a unique representation of the form

r=1lz+> [m(d) = oW (N); (12)
k
where b = {t}zozo and
[ = klim (A"x)y. (13)

Proof. It is clear that {b(")(\)} C ¢)(u, p), since
ADE(N) = e € co(p),  (kEN) (14)

for 0 < pr, < H < oo; where e is the sequence whose only non-zero term is
a 1 in k™ place for each k € N.
Let x € ¢)(u,p) be given. For every non-negative integer m, we put

m

2= " ()P (V). (15)

k=0



34 Serkan Demiriz et al.

Then, we obtain by applying A* to (15) with (14) that
Azt =3 " u (AP () =) (M) e®
k=0 —

k=0

and
0, (0 <i<m),

where 7, m € N. Given € > 0, then there is an integer m, such that

sup |(A“x)i|p’“/M < g

>m

for all m > my. Hence,

gla — al") = sup |[(A"2)[*/ < sup |(A"a) /M < © < e

i>m i>mg

for all m > mg which proves that x € cj(u, p) is represented as in (11).

Let us show the uniqueness of the representation for = € cj(u,p) given
by (11). Suppose, on the contrary, that there exists a representation x =
> ik (A)B®(X). Since the linear transformation T from c;(u, p) to co(p), used

in Theorem 2.2, is continuous we have at this stage that

(A)n = > WA B N} =D Vel = ua(N); (neN)

which contradicts the fact that (A"x), = v,(\) for all n € N. Hence, the
representation (11) of x € ¢j(u, p) is unique. This completes the proof of Part
(a) of Theorem.

(b) Since {bV(N\)} C ¢)(u,p) and b € co(p), the inclusion {b,b®(\)} C
c*(u, p) is obviously true. Let us take x € ¢*(u, p). Then there uniquely exists
an [ satisfying (13). We thus have z € ¢} (u,p) whenever we set z = x — [b.
Therefore, we deduce by Part (a) of the present theorem that the representation
of z is unique. This implies that the representation of x given by (12) is unique,
which concludes the proof.

Proposition 3.2 [1, Remark 2./] The matriz domain X4 of a normed se-
quence space X has basis if and only if X has a basis.

Since it is known that ¢, (p) has no basis, we can deduce from this proposition
the following corollary.

Corollary 3.3 () (u,p) has no Schauder basis.
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4 The a—, 3— and v— duals of the spaces ¢} (u, p),
c*(u,p) and £, (u,p)

In this section, we state and prove the theorems determining the a—, 3— and
y— duals of the sequence spaces ¢} (u,p), c*(u, p) and €2 (u, p) of non-absolute

type.

We shall firstly give the definition of a—, 3— and y— duals of a sequence
spaces and later quote the lemmas which are needed in proving the theorems
given in Section 4.

For the sequence spaces A and p, define the set S(\, p) by

S\ ) ={z=(z) 2z = (xp2) € for all x € N} (16)

With the notation of (16), the a«—, f— and y— duals of a sequence space A,
which are respectively denoted by A*, A and A7, are defined by

A =S\, N =S(\cs)and N = S(\bs).

Lemma 4.1 [13, Theorem 5.1.3 with q, = 1] A € ({x(p) : ¢1) if and only if

sup Z Z ankBl/p’“

KeF =7 |kek

< oo for all integers B > 1. (17)

Lemma 4.2 [13, Theorem 5.1.9] A € (¢o(p) : ¢(q)) if and only if

supz || B~YPE < o0 (3B € Ny) (18)
neN &
d(ax) CR > lim |ay, — ag|™ =0 for all k € N. (19)

(o) C R > sup NVan Z G — x| B7YP* < 00 (3B € Ny and VN € Ny).
K

neN

(20)

Lemma 4.3 [6, Theorem 3] Let py, > 0 for every k. Then A € ({so(p) : loo) if
and only if

sugz k| BYP* < 0o for all integers B > 1. (21)
ne L
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Theorem 4.4 Let K* ={keN:n—1<k<n}NK for K € F and B € Ns.
Define the sets Aq(u,p), As(u) and As(u,p) as follows:

Ai(u,p) = U {a = (ax) € w: sup Z Z (—1)"”“0\” _i\i_l)unanBl/p’“

B>1 KeF 7 lkek~

Ao(u) = {a:(ak)ewzz <oo}

As(u,p) = ﬂ {a = (ax) € w : sup Z Z (—1)"_k<)\n _i\\il)unanBl/p’“

B>1 KeF "7 ke

s

. oo}
Then

[ca(u.p)]" = As(u,p),  [Mu,p)]" = Ai(u,p)NAs(u) and [0 (u,p)]" = As(u,p).

Qn

Unp,

Proof. We give the proof only for the space /2 (u,p). Let us take any a =

(a) € w and define the matrix C* = (¢},) via the sequence a = (a,) by

Ak
—1)nk . —1<k<n),
CT)'\Lk - ( ) (>\n - An—l)una (n B o n)

0 0<k<n-—1lork>n)

where n, k € N. Bearing in mind (5) we immediately derive that

n ) )\k
- - = (C* n . 22
ApTy kzzn:l( ) ()\n — )\n_l)un An Yk (C ’y) s (n c N) ( )

We therefore observe by (22) that ax = (a,z,) € {1 whenever x € (3 (u,p)
if and only if C*y € ¢; whenever y € (. (p). This means that a = (a,) €
(02, (u,p)]" whenever z = (z,) € € (u,p) if and only if C* € ((uo(p) : ).
Then, we derive by Lemma 4.1 for all n € N that

[E’O\o(u,p)}a = As(u,p).

Theorem 4.5 Define the sets Ay(u, p), As(u, p), A¢(u), A7(w), As(u, p) and Ag(u, p)
as follows:

Ay(u,p) = U{a:(ak)Ew:;'A {m} A

B>1

As(u.p) = | {a = (a) Ew {mamlm} € ew}

B>1

B7Yr < oo}
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Ag(u) = {a— ap) € w: Z‘ {)\k Sy }Ak <oo}

o - {a:mkm Y S, R,

Nfe-@ew s <o}

SRR
|3 [ M

Ao(u,p) = ) {a = (a) Ew: {O\_)\—kmakBl/pk} e co}.

Ab—
B>1 k k=1

A8(Uap)

Then,

[, p)]” = A, p) O As(u,p), [Xu,p)]” = [, p)]” N Ag(u) N Ar(u)

and
[géo(u,p)}ﬁ = AS(uvp) N AQ(uvp)'

Proof. We give the proof only for the space ¢;(u, p). Consider the equation

n
2w = )
k=0

k=0 Lj=k-1
n—1 a )\

—= A k :| A + n an = D)\ : 23
% {(/\k — Ak—1)up, KUk (An — An—1)u yn = (Dy)n; (23)

where D* = (d?,) is defined by

A
Ay, = L ay, (k=n),

o
=
V
=

and

X g g k41

A [()\k - Ak—l)uk:| A |:()\k - )\k—l)uk (>\k+1 - )\k)ukz-',-l A

Thus, we deduce from Lemma 4.2 with ¢, = 1 for all n € N and (23) that
ar = (apry) € cs whenever r = (z1) € c}(u,p) if and only if D*y € ¢
whenever y = (yx) € ¢o(p). This means that a = (a,,) € [cé(u,p)}ﬁ whenever
r = (1,) € cy(u,p) if and only if D* € (co(p) : ¢). Therefore we derive from
(18) with ¢, = 1 for all n € N and some B € Ny that

I TR

B Yk < o
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and

A 4
TR a.BYPk lo.
{ O — M) " } ©

This shows that [c()\(u,p)]ﬁ = A4(u,p) N As(u, p).
Theorem 4.6 Define the sets Ao(u) and Ai1(u,p) as follows:

Ajo(u) = {a = (ag) €Ew: {mak} € bs}

and

A1 (u,p) = m {a = (ag) € w: {makBl/pk} € éoo}.
Then,

[cé(u,p)p = Ay(u,p) N As(u, p), [c’\(u,p)]7 = [c{}(u,p)]7 N Ajp(u)
and

[K;\O(u,p)}7 = As(u,p) N Ayq(u, p).

Proof. This may be obtained by proceedings as in Theorems 4.4 and 4.5,
above. So we omit the details.

5 Certain Matrix Mappings on the spaces cé(u, D),
cMu,p) and £, (u, p)

In this section, we characterize the matrix mappings from the sequence spaces
cy(u,p),cMu,p) and €2 (u,p) into any given sequence space. We shall write

throughout for brevity that

~ Ank
SN S Y
fink {(/\k—Ak—l)uJ ’

_ [ Ank _ n k41 } Ae
()\k - )\k—l)uk (>\k+1 - )\k)uk—H

for all n, k € N. We will also use the similar notation with other letters and
use the convention that any term with negative subscript is equal to naught.

Suppose throughout that the entries of the infinite matrices A = (a,;) and
C' = (cuk) are connected with the relation

Ak — M
Cok = Qnk <0r equivalently a,;, = Z %
— k

ukcnj> (n,k € N).

(24)
Now, we may give our basic theorem.
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Theorem 5.1 Let p be any given sequence space. Then, A € (cy(u,p) : u) if
and only if C € (¢o(p) : ) and

————a BTV , (VneN,IBeNy). 25
{(/\k_)\k_l)Ukak }ECO (Vn € € Ny) (25)
Proof. Suppose that (24) holds and u be any given sequence space. Let
A € (c)(u,p) : 1) and take any y € co(p). Then, (ani)ren € [cy(u, p)]? which
yields that (25) is necessary and (cx)reny € ¢1 for each n € N. Hence, Cy
exists and thus letting m — oo in the equality

chkyk ZZ (A — )\k ) —————— UGy, (n,m e N)

k=0 j=k

we have that C'y = Az which leads us to the consequence C' € (co(p) : p).

Conversely, let C' € (co(p) : i) and (25) holds, and take any x € ¢} (u,p).
Then, we have (ar)ken € [cy(u,p)]? for each n € N. Hence, Az exists. There-
fore, we obtain from the equality

m m—1
Am
Zankxk = Z CnkYk + ()\ Y 1)u ApmYm; (nvm € N)

as m — oo that Ax = Cy and this shows that A € (cy(u,p) : pu). This
completes the proof.

Theorem 5.2 Let p be any given sequence space. Then,
(i) A€ (Mu,p) : ) if and only if C € (c(p) : 1) and (25) holds.
(i1)A € (02 (u,p) : ) if and only if C' € (loo(p) : 1) and (25) holds.

Proof. This may be obtained by proceedings as in Theorem 5.1, above. So,
we omit the details.

Now, we may quote our corollaries on the characterization of some ma-
trix classes concerning with the sequence spaces ) (u,p), c*(u, p) and 2 (u, p).

Before giving the corollaries, let us consider the following conditions:

an

Qnk 1/
su Al —8 )V INBY"| <o, (VBeN), 26
nelND ;‘ (()\k_)\kl)uk) ‘ ( ) (26)
qn
su A MBYPHl < 00, (VB eN), 27
DI [er e i RY BN, (1)
su — " | M| BYP <00, (VB eN), 28
neﬁz {Ak—xk u 1 ¢ ( ) (28)
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qn
Hew) CR> lim | |A (m) M — oy BYP| =0, (VBEN),
k

(29)

q7L

Ank -1/
su Al ——— | M| B /P <oo, (dB€N), 30
nEII\T) Zk: (()\k - )\k—l)uk) g ( ) ( )
an

su A A < 00, 31
neII\I) Z [ )\k—)\k 1)%} g ( )

qn
su A MeB7VPE| <0, (3B €N), 32
3 I e i @Bem,

2.

n

qn

do e R> lim =0, (34)

n—oo

gAl#})\k—a

— Ap—1)Ug

q7L
H(Oék) C R > lim ‘A |:(a+k>u:| A — Qg =0, (Vk € N): (35)
k

n—00 A — Ak—1

(o) C R > sup NVan Z

neN &

Ank
Al—— | A\ —
{(Ak - )\k—l)uk} b

(36)

Corollary 5.3 (i) A € ({2 (u,p) : lo(q)) if and only if (25) and (26) hold.
(i1) A € (02, (u,p) : £(q)) if and only if (25) and (27) hold.

(iii) A € (02 (u,p) : c(q)) if and only if (25), (28) and (29) hold.

(iv)A € (0 (u,p) : co(q)) if and only if (25) holds and (29) also holds with
ar =0 for all k € N.

Corollary 5.4 (i) A € (Mu,p) : luo(q)) if and only if (25),(30) and (51)
hold.

(ii) A € (*(u,p) : €(q))
(i) A & CA( ,p) c(q))
also holds with g, = 1 for alln € N.

(iv) A € ( ,p) co(q)) if and only if (25) holds, and (34),(35) and (36) also
hold with o« =0, ax = 0 for all k € N, respectively.

if and only if (25),(32) and (33) hold.
if and only if (25),(34),(35) and (36) hold, and (30)

Corollary 5.5 (i) A € (c)(u,p) : loo(q)) if and only if (25) and (30) hold.
(ii) A € (c)(u,p) : £(q)) if and only if (25) and (32) hold.

(iii) A € (c}(u,p) : c(q)) if and only if (25), (35) and (36) hold and (30) also
holds with q, =1 for all n € N.

B7YPr < 50, (VN,3B € N).
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(iv) A € (cy(u,p) : colq)) if and only if (25) holds and (29) also holds with
ap =0 for all k € N.
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