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Abstract
In this paper, sg-closed sets and sg-open sets usexl to define and
investigate a new class of functions. Relationshigsveen this new class and
other classes of functions are established.
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1 Introduction

Jain [9], Levine [12] and Dontchev [5] introducemtaily continuous functions,
strongly continuous functions and contra continudusctions, respectively.
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Levine [10] also introduced and studied the coreepbtgeneralized closed sets.
The notion has been studied extensively in receatsyby many topologists. As
generalization of closed sets, sg-closed sets wdreduced and studied by
Bhattacharya and Lahiri [2]. This notion was furteidied by Navalagi [14, 15].
In this paper, we will continue the study of soretated functions by using sg-
open sets and sg-closed sets. We introduce andatbarze the concepts of totally
sg-continuous, strongly sg-continuous and contrecsginuous functions.

2 Preliminaries

Throughout this paper (X1), (Y, o) and (Z,n). (or X, Y and Z) represent
topological spaces on which no separation axiorasaasumed unless otherwise
mentioned. For a subset A of a space ()%,cl(A), int(A) and A denote the
closure of A, the interior of A and the complemehA in X, respectively. We set
C(X, x) ={V O C(X) | x OV} for x O X, where C(X) denotes the collection of all
closed subsets of (). The set of all clopen subsets of (¥,is denoted by
CO(X, 1).

We recall the following definitions, which are ugkinh the sequel.
Definition 2.1 A subset A of a space (A,is called:

() semi-open [11] if A7 cl(int(A)).
(i) a-open [16] if AJint(cl(int(A))).

The complements of the above mentioned open setsalled their respective
closed sets.

The intersection of all semi-closed sets of X dairtg a subset A is called the
semi-closure of A and is denoted by scl(A).

Defintion 2.2 A subset A of a space (3,is called:

0] a g-closed set [23] if cl(A)Y7 U whenever A7U and U is semi-open in
(X, 7). The complement qf-closed set is calleg-open.

(i) a *g-closed set [22] if cl(AY7U whenever A7U and U isg-open in (X,
7). The complement of *g-closed set is called *grop

(i)  a "g-semi-closed(brieff{gs-closed) set [24] if scl(A)/ U whenever A7U
and U is *g-open in (X7). The complement digs-closed set is callégs-
open.

(iv) a g-semi-closed (briefly ~g-closed) set [20] if scl(A)Z U
whenever A7 U and U is"gs-open in (X,7). The complement of ™ g
closed set is called sropen
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(V) a generalized semi-closed (briefly gs-closed} [1] if scl(A) /7 U
whenever A7U and U is open in (X7). The complement of gs-closed set
is called gs-open

(vi) a semi-generalized closed (briefly sg-clgseset [2] if scl(A) [/ U
whenever A/7U and U is semi-open in (X). The complement of sg-
closed set is called sg-open. The class of all mgnosets of (X7) is
denoted by SG(X).

(vii) asg-clopen if it is both sg-open and sg-elbs
We set SG(X, x) ={MJ SG(X,1) |x O V}for x OX.

Remark 2.1

From the Definitions 2.1 and 2.2, we have the feilg implications.

closed—> a-closed —> semi-closed

# I: \~A d/\ T/ \
gs-close g s-closed ———» " sg-closed —» gs-closed

None of the above implications is reversible a&sfdtlowing example shows

Example 2.1

(i)
(ii)
(i)
(iv)
(V)
(Vi)
(vii)

Let X ={a, b, ¢}, Tt = { @, {a}, X}. The set {b} is a-closed,’gs- closed
and g s-closed but not closed.

Let X ={a, b, c},t={ @ {a, b}, X}. The set {a, c} isg s-closed but not
o-closed.

Let X = {a, b, c},T = { @, {a}, {b, c}, X}. The set {a, b} is sg-closed’gs-
closed but noQ s-closed.

Let X ={a, b, c},1 ={ @ {a, b}, X}. The set {b, c} is sg-closed but not
a-closed.

Let X ={a, b, c},1 ={ @ {a}, {b}, {a, b}, X}. The set {a} is semi-closed
but nota-closed.

Let X ={a, b, c},t={ @ {a, b}, X}. The set {b, c} is sg-closed, gs-
closed but not semi-closed.

Let X ={a, b, c},1 ={ @ {a}, {a, c}, X}. The set {a, b} is gs-closed but
not sg-closed.

Definition 2.3 A function f: (X,1) - (Y, 0) is called:

(i)

totally continuous [9] if the inverse imagé every open subset of (&),
is a clopen subset of (X).
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(i) strongly continuous [12] if the inverse ima@f every subset of (¥) is
a clopen subset of ().

(i)  contra-continuous [5] (resp. contra-semiftinuous [6], contraa-
continuous [7]) if the inverse image of every opaibset of (Yg) is a
closed (resp. semi-closeghclosed) subset of ().

(iv)  sg-continuous [21] if the inverse image oégvopen subset of (¥) is a
sg-open subset of (¥).

Definition 2.4 A function f: (X,1) - (Y, 0) is called:

(1) sg-irresolute [21] if the inverse image of eysg-closed set of () is a
sg-closed of (X1).
(i) sg-open [4] if for each open set U of (¥, f(U) is sg-open set of (¥).

Definition 2.5 [14] Let (X, 7) be a topological space and/AX. We define the sg-
closure of A (briefly sg-cl(A)) to be the intersent of all sg-closed sets
containing A.

3  Two Classes of Functionsvia sg-Clopen Sets
We introduce the following definitions:

Definition 3.1 A function f : (X,7) - (Y, 0) is said to be totally semi-
generalized-continuous (briefly totally sg-contiosd if the inverse image of
every open subset of (W) is a sg-clopen (i.e. sg-open and sg-closed) esubis
X, 7).

It is evident that every totally continuous funatie totally sg-continuous. But the
converse need not be true as shown in the folloexagnple.

Example3.1lLet X={a,b,c}, Y ={p,q},t={ o {a}, {b}, {a, b}, X} and o=
{o, {p}, Y}. Define a function f: (X,1) - (Y, 0) such that f(a) = p, f(b) = f(c) =
g. Then clearly f is totally sg-continuous, but twitally continuous.

Definition 3.2 A function f : (X,7) - (Y, 0) is said to be strongly semi-
generalized-continuous (briefly strongly sg-conting) if the inverse image of
every subset of () is a sg-clopen subset of (¥,

It is clear that strongly sg-continuous functiontagally sg-continuous. But the
reverse implication is not always true as showthafollowing example.

Example3.2Let X ={a, b,c} =Y 1 ={ @ {a}, {b}, {a, b}, X} and o = {¢,
{a}, Y}. Then the identity function f : (X1) - (Y, 0) is totally sg-continuous,
but not strongly sg-continuous.

Theorem 3.1 Every totally sg-continuous function intg-3pace is strongly sg-
continuous.
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Proof. In a Ti-space, singletons are closed. Hen¢A¥ is sg-clopen in (XT) for
every subset A of Y.

Remark 3.1 It is clear from the Theorem 3.1 that the classestmngly sg-
continuous functions and totally sg-continuousctions coincide when the range
is a T;-space.

Recall that a space (X) is said to be sg-connected [3] if X cannot kperessed
as the union of two non-empty disjoint sg-open.sets

Theorem 3.2 If f is a totally sg-continuous function from a @grnected space X
onto any space Y, then Y is an indiscrete space.

Proof. Suppose that Y is not indiscrete. Let A be a projer-empty open subset
of Y. Then fY(A) is a proper non-empty sg-clopen subset of )X,which is a
contradiction to the fact that X is sg-connected.

Definition 3.3 A space X is said to be sg{R1] if for any pair of distinct points
X, y of X, there exist disjoint sg-open sets U ¥rsdich that X7 U and y// V.

Lemma 3.1 The sg-closure of every sg-open set is sg-open.

Proof. Every regular open set is open and every operssg-bpen. Thus, every
regular closed set is sg-closed. Now let A be @ngEen set. There exists an open
set U such that Ul A O cl(U). Hence, we have U sg-cl(U) O sg-cl(A) O sg-
cl(cl(V)) = cl(V) since cl(U) is regular closed. ditefore, sg-cl(A) is sg-open.

Theorem 3.3 A space X is sg:1if and only if for any pair of distinct points ¥,
of X there exist sg-open sets U and V such thatW, and y/7 V and sgcl(U) n

sgcl(V) =@

Proof. Necessity. Suppose that X is sg. Tet x and y be distinct points of x.
There exist sg-open sets U andgih that X1 U, yOV and Un V = ¢. Hence
sgcl(U) n sgcl(V) =@ and by Lemma 3.1, sgcl(U) is sg-open. Therefore, w
obtain sgcl(U) n sgcl(V) =@.

Sufficiency. This is obvious.

Theorem 3.41f f: (X, 1) - (Y,0)is a totally sg-continuous injectionand Y is T
then X is sg-4

Proof. Let x and y be any pair of distinct points of X.erhf(x) # f(y). Since Y is
To, there exists an open set U containing say, fig)nbt f(y). Then & f(U) and
yO £1(U). Since fis totally sg-continuous;*({)) is a sg-clopen subset of X. Also,
x O f(U) and yJ X - f1(U). By Theorem 3.3, it follows that X is sg-T
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Theorem 3.5 A topological space (X7) is sg-connected if and only if every

totally sg-continuous function from a space (X, into any B-space (Y,0) is
constant.

Proof. Suppose that X is not sg-connected and every yowdcontinuous
function from (X,1) to (Y, 0) is constant. Since (X) is not sg-connected,
there exists a proper non-empty sg-clopen subs#t)A Let Y = {a, b} and o =

{o, {a}, {b}, Y} be a topology for Y. Let f: (X,T) - (Y, 0) be a function such
that f(A) = {a} and f(Y — A) = {b}. Then f is non-constant and totally sg-
continuous such that Y isgTwhich is a contradiction. Hence X must be sg-
connected.

Converse is similar.

Theorem 3.6 Let f:(X,7) — (Y, o) be a totally sg-continuous function and Y is
a Ti-space. If A is a non-empty sg-connected subst ¢iien f(A) is a single
point.

Definition 3.4 Let (X, 7) be a topological space. Then the set of all gointn X
such that x and y cannot be separated by a sg-agparof X is said to be the
guasi sg-component of X.

Theorem 3.7 Let f : (X, 7) - (Y, 0) be a totally sg-continuous function from a
topological space (X7) into a T,-space Y. Then f is constant on each quasi sg-
component of X.

Proof. Let x and y be two points of X that lie in the saquasi-sg-component of
X. Assume that f(x) =a # B =1(y). Since Y is T, {a} is closed in Y and so ¥
{a} is an open set. Since f is totally sg-continuahgrefore ({a}) and (Y-
{a}) are disjoint sg-clopen subsets of X. Further,d f*({a}) and y O f(Y-
{a}), which is a contradiction in view of the fadtat y belongs to the quasi sg-
component of x and hence y must belong to everypsg set containing x.

4  Contra-sg-Continuous Functions

Definition 4.1[17] A function f : (X,7) - (Y, 0) is called contra-sg-continuous
(briefly csg-continuous) if'{V) is sg-open in (X;) for every closed set V in (Y,

0)

It is clear that every strongly sg-continuous fumetis csg-continuous. But the
reverse implication is not always true as showthafollowing example.

Exampled4llet X =Y ={a, b,c}, 1={¢@ {a, b}, X} ando ={qg {b, c}, Y}.
Then the identity function f : (X1) - (Y, 0) is csg-continuous but it is not
strongly sg-continuous.
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Definition 4.2 Let A be a subset of a topological space #XThe set) {U 1/
A [7U} is called the Kernal of A [13] and is denoteg ker(A).

Lemma 4.1 [8] The following properties hold for subsets A, Bgpace X:

() x [7ker(A) if and only if A0 F Z gfor any F7/C(X, X);
(i) A [Jker(A) and A = ker(A) if Ais open in X;
(i) If A 7 B, then ker(A)7 ker(B).

Theorem 4.1 Assume that arbitrary union of sg-open sets is @gRo The
following are equivalent for a function f: (X, — (Y, 0):

0] f is csg-continuous;

(i) for every closed subset F of Y(F) 7 SG(X,1);

(i)  for each x/7 X and each F7/ C(Y, f(x)), there exists J SG(X,7) such
that f(U) 7 F;

(iv)  f(sgcl(A))7ker(f(A)) for every subset A of X;

(v)  sgcl(f'(B)) Zf'(ker(B)) for every subset B of Y.

Proof. The implications (i) - (ii) and (ii) - (iii) are obvious.

(iii) — (ii). Let F be any closed set of Y andxf*(F). Then f(x) O F and there
exists Y O SG(X, x) such that f(i) O F. Therefore, we obtain™fF) = U{U,
|x OfYF)} O SG(X,1).

(i) - (iv). Let A be any subset of X. Suppose thatker(f(A)). Then by Lemma
4.1 there existsFC(X, y) such that f(AY1 F =@. Thus, we have A1 f(F)
= @ and sgcl(A)N fY(F) = . Therefore, we obtain f(sgcl(AY)) F = ¢ and yO
f(sgcl(A)). This implies that f(sgcl(A)) ker(f(A)).

(iv) - (v). Let B be any subset of Y. By (iv) and Lemma,4we have f(sgcl{(f
Y(B))) O ker(f(f*(B))) O ker(B) and sgcl{}(B)) O f*(ker(B)).

(v) — (i). Let V be any open set of Y. Then by Lemma we have sgclf(V))
O fker(V)) =fYV) and sgcl(V)) = f(V). This show thatf(V) is sg-closed
in (X, 1).

Theorem 4.2 Every contra semi-continuous function is csg-cardirs.

Proof. The proof follows from the definitions.

Remark 4.1 Contra sg-continuous need not be contra semi-aonti® in general
as shown in the following example.
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Example42let X=Y ={a,b,c}, t={ ¢, {a c}, X} and o ={g, {b, c}, Y}.
Then the identity function f: () — (Y, 0) is csg-continuous. However, f is not
contra-semi-continuous, since for the closed set{&}, f *(F) is sg-open but not
semi-open in (X1).

Corollary 4.1 Every contraa-continuous (resp. contra-continuous) function is
csg-continuous.

Theorem 4.3 Assume that arbitrary union of sg-open sets isggroLet f : (X))
- (Y, 0) be a function. Then the following are equivalent.

0] f:(X,7) - (Y,0) is sg-continuous.
(i) for each x in X and each open set V in Y with £}, there is a sg-open
set U in X such that KU, f(U) /7V.

Proof. (i) = (ii). Let f(x) O V. Since f is sg-continuous we havelxf(V) O
SG(X,1). Let U = f}(V). Then xO V and f(U)O V.

(i) = (i). Let V be an open set in () and let xO f*(V). Then f(x)O V and
thus there exists a sg-open sgtsuch that X1 U, and f(U) [0 V. Now x [0 Uy [
f5(V) and (V) = O x o r1v) Ux. Therefore (V) is sg-open in (X;1) and
consequently, f is sg-continuous.

Theorem 4.4 Assume that arbitrary union of sg-open sets isggnolf a function
f: (X, - (Y,0) is csg-continuous and Y is regular, then f icegtinuous.

Proof. Let x be an arbitrary point of X and V an open @kl containing f(x).
Since Y is regular, there exists an open set W aoittaining f(x) such that cl(W)
[0 V. Since f is csg-continuous, so by Theorem Hetd exists U SG(X, x) such
that f(U) O cl(W). Then f(U)O cl(W) O V. Hence, by Theorem 4.3 f is sg-
continuous.

Theorem 4.5 Assume that arbitrary union of sg-open sets isggrolLet f : (X))
- (Y, 0) be a function and g : X- X xY the graph function, given by g(x) = (X,
f(x)) for every x7X. Then f is csg-continuous if and only if g ig-centinuous.

Proof. Let x(O X and let W be a closed subset ofxXY containing g(x). Then
W ({x} xY) is closed in {x}x Y containing g(x). Also {x}x Y is homeomorphic
to Y. Hence {yO Y| (x, y)O W }is a closed subset of Y. Since f is csg-
continuous,J{ f(y) | (x, y) O W }is a sg-open subset of X. Further,IxU{ f°
Yy) | (x, yyOW } Og*W). Hence g(W) is sg-open. Then g is csg-continuous.
Conversely, let F be a closed subset of Y. ThenkXis a closed subset of XY.
Since g is csg-continuous (X x F) is a sg-open subset of X. Alsa'(¥ x F) =
f1(F). Hence f is csg-continuous.
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Theorem 4.6 Assume that arbitrary union of sg-open sets is@grolf X is a
topological space and for each pair of distinctmieix and % in Xthere exists a
map f into a Urysohn topological space Y such fita) = f(x;) and f is csg-
continuous at xand %, then X is sg-4

Proof. Let x; and % be any distinct points in X. Then by hypothesisr¢his a
Urysohn space Y and a function f : (X) - (Y, o) , which satisfies the
conditions of the theorem. Let;y= f(x) for i =1,2. Then y # y,. Since Y is
Urysohn, there exist open neighbourhoogsdhd U, of y; and ¥ respectively in
Y such that cl({y) M cl(Uy) = @. Since f is csg-continuous at xhere exists a
sg-open neighbourhoods \Mbf X in X such that f(W) O cl(Uy) for i =1,2.

Hence we get \W (1 Wy, = @because cl(Uy (1 cl(Uy,) =@. Then X is sg-T.

Corollary 4.2 Assume that arbitrary union of sg-open sets ispggrolf f is a csg-
continuous injection of a topological space X iatdJrysohn space Y, then X is
sg-T.

Proof. For each pair of distinct pointg &and % in X, f is csg-continuous function
of X into Urysohn space Y such that f{¢ f(x2) because f is injective. Hence by
Theorem 4.6, X is sg2I'

Corollary 4.3 If f is a csg-continuous injection of a topologisplace X into Ultra
Hausdorff space Y, then X is sg-T

Proof. Let x; andx, be any distinct points in X. Then since f is oijee and Y is
Ultra Hausdorff fk;) # f(x2) and there exist ¥ V, OO CO(Y, o) such that ;) [
V1, f(x2) O Vo and V. n Vo =@ Thenx O f(V) OSG (X,7)for i=1, 2 andf
Yv1) n fYV,) =@ Thus, X is sg-T.

Theorem 4.7 If f: (X, 1) - (Y, 0) is a contra sg-continuous function and g : (Y,
0) - (Z, n) is a continuous function, then (g o f) : B, - (Z, ) is csg-
continuous.

Theorem 4.8 Letf: (X,7) - (Y, 0) be surjective sg-irresolute and sg-open and g
- (Y,0) - (Z,n) be any function. Then (g o f) : (¥, - (Z, n) is csg-continuous
if and only if g is csg-continuous.

Proof. The “If” part is easy to prove. To prove the “onfy/part, let (g o f): (X,
1) - (Z, n) be csg-continuous. Let F be a closed subset ®h&n (g o f)(F) is a
sg-open subset of X. That iS(G*(F)) is sg-open. Since f is sg-open{*(F)))
is a sg-open subset of Y. SO(F) is sg-open in Y. Hence g is csg-continuous.

Theorem 4.9 Let {X | i [7/} be any family of topological spaces. If f : X /7 X
is a csg-continuous function. Theno f : X - X is csg-continuous for each/¥
[4 wherert is the projection of 7X; onto X.
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Definition 4.3 The graph G(f) of a function f: (X) - (Y, 0) is said to be csg-
closed in Xx Y if for each (x, y)7(X x Y) — G(f), there exist U/SG(X, x) and V
[7C(Y, y) such that (& V) n G(f) = @

Lemmad4.2 The graph f: (X7) - (Y,0)is contra sg-closed (briefly csg-closed)
in X x Y if and only if for each (x, y)/ (X x Y) — G(f), there exist W/ SG(X, X)
and VZJC(Y,y)such that f(Up V=@

Proof. The proof follows from the definition.

Theorem 4.10 Assume that arbitrary union of sg-open sets isggnolf f : (X,7)

- (Y, 0) is csg-continuous and Y is Urysohn, then G(fpistra-sg-closed in X%
Y.

Proof. Let (x, y) O (X x Y) — G(f). Then y# f(x) and there exist open sets V, W
such that f(x)J V, y O W and cl(U)n cl(W) =@. Since f is csg-continuous, there
exists UL SG(X, x) such that f(U) cl(V). Therefore, we obtain f(U) cl(W) =

¢. This shows that G(f) is contra-sg-closed.

Theorem 4.11 A csg-continuous image of a sg-connected spaamisected.

Proof. Let f : (X, 1) - (Y, 0) be a contra-sg-continuous function of a sg-
connected space X onto a topological space Y. LbeYisconnected. Let A and
B form a disconnected of Y. Then A and B are cloged Y=AIB
where An B = ¢. Since f is a contra-sg-continuous function X*Yf) = fA O

B) = f1(A) O f%(B) where f(A) and f}(B) are non-empty sg-open sets in X. Also
f3(A) n fYB) = @ Hence X is non sg-connected which is a contramtict
Therefore Y is connected.

Theorem 4.12 Let X be sg-connected and Y bejaspace. If f is csg-continuous,
then f is constant.

Proof. Since Y is T spaced = {f({y}) : y O Y} is a disjoint sg-open partition of
X. If | = 2, then X is the union of two non-empty sg-opets.s8ince X is sg-
connected,[]| = 1. Hence, f is constant.

Definition 4.4 A topological space (Xz) is said to be sg-normal if each pair of
non-empty disjoint closed sets can be separatatidpyint sg-open sets.

Definition 4.5 [19] A topological space (X1) is said to be ultra normal if each
pair of non-empty disjoint closed sets can be sajgarby disjoint clopen sets.
Theorem 4.131f f: (X, 1) - (Y, 0) is a csg-continuous, closed injection and Y is
ultra normal, then X is sg-normal.
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Proof. Let i, and F, be a disjoint closed subsets of X. Since f is edband
injective, f(R) and f(F) are disjoint closed subsets of Y. Since Y isauliormal
f(F1) and f(R) are separated by disjoint clopen setsaWd \s respectively. Hence
F O fYVv), £5(Vi) O SG(X,1) fori=1,2 and(V1) n f1(V,) = @ Thus, X
is sg-normal.
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