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Abstract

In this paper, we investigate some notions of the classical sets of sequences
and functions by using the partial metrics with respect to the partial ordering.
Also, we examine the completeness of these spaces and obtain the alpha-, beta-
and gamma-duals of some of these. We investigate the relationships between
these sets and their classical forms and give some properties including defi-
nitions, propositions and various kinds of partial metric spaces. Finally, we
show that each of the sets forms a vector space on the real field and present
some results on the completeness of these partial metric spaces.

Keywords: Sequence and function spaces, metric space, partial metric
space, complete partial metric space.
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1 Introduction

A partially ordered set (or poset) is a pair (X,C) such that C is a partial
ordering on X. For each partial metric space (X,p) let C, be the binary
relation over X such that z C, y (to be read, z is part of y) if and only if
p(z,z) = p(x,y). For the partial metric max(min){a, b} over the nonnegative
reals, Cax (Cmin) 18 the usual ordering > (<). For intervals, [a,b] C, [c, d] if
and only if [¢, d] is a subset of [a, b].

By w, we denote the space of all real valued sequences and any subspace of
w is called a sequence space. Firstly, we define the classical sets (o (P), c¢(P),
co(P) and £,(P) consisting of the bounded, convergent, null and g-absolutely
summable sequences by using the partial metric p with respect to the partial
ordering C,, as follows:

alP) = o= (o) €wssp (00} < oo},
c(P) = {x =(xp) €w:IeR> ]}Lrgops(xk,l) = O},
o(P) = {x = (2x) €w lim p*(zy,0) = o},

ly(P) = {ﬁ—(xk)€W3ips(Ik70)q<Oo}a (1 <g<o0),

where the distance function p® denotes the usual metric with p*(z,y) = 2p(z,y)—
p(z, z)—p(y,y) induced by the partial metric p. One can show that ¢(P), ¢y(P)
and (.. (P) are complete metric spaces with the partial metric p,, with respect
to the partial ordering T, defined by

Poo(2,y) := sup {p”(2x, yi) }
keN
where x = (1) and y = (yx) are the elements of the sets ¢y(P), ¢(P) or

l(P). Also, the space £,(P) is complete metric space with the partial metric
pq defined by

00 1/q
Pq(,y) = [Zps(xk,yk)q] , (1<¢<00),

where = () and y = (yx) are the points of {,(P).

Secondly, we construct the sets bs(P), c¢s(P) and cso(P) consisting of the
sets of all bounded, convergent, null series by using the partial metric p, as
follows:
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bs(P) := {x:(xk)ew:supp (Zxk, ><oo},

neN

cs(P) = {x:(xk)ew:EIZERanh_{Eop (Zxk,>:0},

k=0
cso(P) = {x = (zp) € w: T}Lrgops (Zm,()) = 0} )
k=0

One can conclude that the spaces bs(P), cs(P) and ¢so(P) are complete metric
spaces with the partial metric P, with respect to the partial ordering C,

defined by

neN

o= m{e(E )

where x = (x;) and y = (yx) are the elements of the sets bs(P), cs(P) or
cso(P).

Thirdly, we introduce the space bv(P), bv,(P) and bv.(P) consisting of
sequences of g-bounded variation by using the partial metric p with respect to
the partial ordering C,, as follows:

bu(P) = {CB = (zg) €Ew: Zps [(Az)g, 0] < oo} ,

bu,(P) = {x = (x) Ew: Zps [(Az)g, 0] < oo} ,

e (P) = {:z: = (x)) € w: ilelg{ps [(Az)g, 0]} < oo} :

One can easily see that the sets bu(P), bv,(P) and bv(P) are complete metric

spaces with the following partial metrics,

e}

Pa(z,y) = Z{ps[(m)k,(Ay)k]},

o g
ey = {Trlsanend
P2 (z,y) = sup {ps[(Aw)m(Ay)k}},

keN
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respectively, where x = (z;) and y = (yi) are the elements of the sets bv(P),
buy(P) or bus(P), and (Ax), = xp — xx41 for all k € N.

Finally, we give the classical sets Bla, b] and C/|a, b] consisting of the bounded
and continuous functions defined on [a, b], by using the partial metric p with
respect to the partial ordering C,, as follows:

Bla,b] = {f\f : [a, b] P R+}
Cla,b] = {f\f : [a, b] “Otinuous R+} .

It can be shown by a routine verification that Bla,b] and Cla, b] are complete
partial metric spaces with the partial metric p; and p, defined by

pi(f,9) = sup p°[f(t),q(t)],

tela,b]

p2(f,9) = max (), 9(t)],

respectively, where f, g are bounded and continuous functions on [a, b].

The main purpose of the present paper is to study the corresponding sets
Uoo(P), c(P), co(P), Ly(P), bs(P), cs(P), cso(P), bu(P), buy(P), bus(P) of
sequences and the sets Cla,b] and Ba, b] of functions to the classical spaces.
The rest of this paper is organized, as follows:

In section 2, some required definitions and consequences related with non-
zero self distance, partial order sets, weighted space, quasi-metric space, partial
Hausdorff metric and some topological properties are given. Section 3 is de-
voted to the completeness of the sets (o (P), ¢(P), co(P), £,(P), bs(P), cs(P),
cso(P), bu(P), bu,(P), bus(P) of sequences and the sets Cfa,b], Bla,b] of
functions with the partial metrics by taking into account the partially order-
ing together some related examples. Additionally, in this section we define
the norm function with respect to the partial metric p® induced by the partial
metric p, and we show that the sets (o (P), ¢(P), co(P) and £,(P) of sequence
are Banach spaces with the related norms. In the final section of the paper, we
also define the alpha-, beta- and gamma-duals of the sets £ (P), ¢(P), co(P),
01(P), bs(P), cs(P) and csg(P) of sequences.

2 Preliminaries, Background and Notation

In 1992, a partial metric space is introduced as a generalisation of the notion
of metric space defined in 1906 by Maurice Frechet such that the distance
of a point from itself is not necessarily zero. This notion has a wide array
of applications not only in many branches of mathematics, but also in the
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field of computer domain and semantics. Motivated by the needs of computer
science for non Hausdorff Scott topology, one show that much of the essential
structure of metric spaces, such as Banach’s contraction mapping theorem, can
be generalised to allow for the possibility of non zero self-distances d(x, x).

Nonzero self-distance is thus motivated by experience from computer sci-
ence, and seen to be plausible for the example of finite and infinite sequences.
The question we now ask is whether nonzero self-distance can be introduced to
any metric space. That is, is there a generalization of the metric space axioms
to introduce nonzero self-distance such that familiar metric and topological
properties are retained? The following is suggested.

Proposition 2.1 [11] (Nonzero self-distance) Let S“ be the set of all infinite
sequences x = (g, x1,Xa,...) over a set S. For all such sequences x and y, let
ds(x,y) = 27%, where k is the largest number (possibly oo) such that z; = y;
for each i < k. Thus ds(x,y) is defined to be 1 over 2 to the power of the length
of the longest initial sequence common to both x and y. It can be shown that
(S¥,ds) is a metric space.

To be interested in an infinite sequence x they would want to know how to
compute it, that is, how to write a computer program to print out the values
Xo, then x1, then xo, and so on. As x is an infinite sequence, its values cannot
be printed out in any finite amount of time, and so computer scientists are
interested in how the sequence x 1s formed from its parts, the finite sequences
(x0), (xo, 1), (T, X1, 22) and so on. After each value xy is printed, the finite
sequence x = (xq,T1, T2, ...,T) represents that part of the infinite sequence
produced so far. Fach finite sequence is thus thought of in computer science as
being a partially computed version of the infinite sequence x, which is totally
computed. Suppose now that the above definition of d is extended to S*, the
set of all finite sequences over S. If x is a finite sequence, then dy(x,z) = 2%
for some number k < oo which is not zero, since x; = x; can only hold if
x; is defined. Thus, axiom P1 does not hold for finite sequences. This raises
an ntriguing contrast between 20th century mathematics of which the theory
of metric spaces is our working example and the contemporary experience of
computer science. The truth of the statement x = x 1s surely unchallenged
i mathematics, while in computer scienceits truth can only be asserted to the
extent to which x is computed.

Definition 2.2 [7] Let X be a non-empty set and p be a function from X x X
to the set R of non-negative real numbers. Then the pair (X, p) is called a
partial metric space and p is a partial metric for X, if the following partial
metric axioms are satisfied for all x,y,z € X:

(P1) x =y if and only if p(x,z) = p(z,y) = p(y, y).
(P2) 0 < p(z,x) < p(z,y).
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(P3) p(x,y) = p(y,z).
(P4) p(z,z) < plz,y) + ply, 2) — p(y, ).

Each partial metric space thus gives rise to a metric space with the additional
notion of nonzero self-distance introduced. Also, a partial metric space is a
generalization of a metric space; indeed, if an axiom p(x,z) = 0 is imposed,
then the above axioms reduce to their metric counterparts. Thus, a metric
space can be defined to be a partial metric space in which each self-distance is
z7ero.

It is clear that p(z,y) = 0 implies z = y from (P1) and (P2). But, z =y
does not imply p(x,y) = 0, in general. A basic example of a partial metric
space is the pair (R", p), where p(x,y) = max{x, y} for all z,y € RT.

Each partial metric p on X generates a 7y topology 7, on X which has as
a base the family open p-balls {B,(z,¢€) : x € X, e > 0}, where B,(x,¢) = {y €
X :p(x,y) < p(x,z) + €} for all z € X and € > 0.

Remark 2.3 [5| Clearly, a limit of a sequence in a partial metric space need
not be unique. Moreover, the function p(.,.) need not be continuous in the
sense that x, — x and y, — y implies p(zn,yn) — p(z,y). For example, if
X = [0,400) and p(x,y) = max{z,y} for x,y € X, then for {x,} = {1},
p(Tn,z) = x = p(x,x) for each x > 1 and so, e.g., x, = 2 and x, — 3 as
n — 0o.

Proposition 2.4 [12] If p is a partial metric on X, then the function p* de-
fined by

P XxX — RF
(z,y) — p*(z,y) =2p(z,y) — p(z,z) — p(y,y)

is a usual metric on X. For example, in (R™,p) where p is the usual partial
metric on R™, we obtain the usual distance in R~ since for any x,y € R™,

p(x,y) = 2p(z,y) — p(z,z) —p(y,y) =z +y — 2min{z, y} = |z — y|.

Definition 2.5 [11] A partial ordering on X is a binary relation T on X such
that

(i) x C x (reflexivity).
(i) If t Ty and y C x then x =y (antisymmetry).
(11i) If x Ty and y C z then x C z (transitivity).

A partially ordered set (or poset) is a pair (X,C) such that T is a partial
ordering on X. For each partial metric space (X,p); let T, be the binary
relation over X such that x T, y (to be read, x is part of y) if and only if
p(x,x) = p(x,y). Then, it can be shown that (X,C,) is a poset.
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Definition 2.6 [5| Let X be a nonempty set. Then, (X,p, <) is called an
ordered (partial) metric space if

(i) (X,p) is a (partial) metric space,
(i1) (X,=) is a partially ordered set.

Definition 2.7 [5| Let (X, <) be a partially ordered set. Then, the following
statements hold:

(a) The elements x,y € X are called comparable if v <y or y = x holds.

(b) A subset IC of X is said to be well ordered if every two elements of IC are
comparable.

(¢c) A mapping f : X — X is called nondecreasing with respect to < if x <y
implies f(z) < f(y).

For the partial metric max{a, b} over the nonnegative reals, C,, is reduced
to the usual ordering >. For intervals, [a,b] C, [c¢,d] if and only if [c,d] is a
subset of [a,b]. Thus the notion of a partial metric extends that of a metric
by introducing nonzero self-distance which can be used to define the relation
is part of which, for example, can be applied to model the output from a
computer program.

Definition 2.8 (cf. [8, 12, 13, 1]) Let (x,) be a sequence in a partial metric
space (X, p). Then, we say that

(a) A sequence (x,) converges to a point x € X if and only if p(x,z) =
1ty +o0 P, 2).

(b) A sequence (x,) is a Cauchy sequence if there exists (and is finite)

hmm,n—mo p(ﬁn, xm) .

(c) A partial metric space (X,p) is said to be complete if every Cauchy se-
quence (x,) in X converges, with respect to the topology Tp, t0 a point
x € X such that p(x,x) = limy, pyoo P(Tm, Tn). It is easy to see that
every closed subset of a complete partial metric space is complete.

(d) A mapping f: X — X is called to be continuous at xy € X if for every
e > 0, there exists 6 > 0 such that f(B,(xo,0)) C By(f(xo),¢).

(e) A sequence (x,) in a partial metric space (X,p) converges to a point
x € X, for any € > 0 such that x € By(z,€), there exists ng > 1 so that,
Ty € By(x,€) for any n > ny.
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A sequence (z,) in a partial metric space (X,p), is called 0-Cauchy, if
My, oo P(Tm, ) = 0. We say that (X, p) is 0-complete if every 0-Cauchy
sequence in X converges, with respect to p, to a point x € X such that
p(z,z) = 0. Note that every 0-Cauchy sequence in (X, p) is Cauchy in (X, p®),
and that every complete partial metric space is O-complete. A paradigm for
partial metric spaces is the pair (X, p), where X = QN [0, +o0) and p(z,y) =
max{z,y} for x,y > 0 which provides an example of an incomplete 0-complete
partial metric space.

Lemma 2.9 [12] Let (X, p) be a partial metric space. Then,

(i) (x,) is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence
in the metric space (X, p®).

(i1) A partial metric space (X, p) is complete if and only if the metric space
(X, p®) is complete. Furthermore, lim,,_,. p*(x,,x) = 0 if and only if
p(xvaj) - hmn—>o<> p($n7x) = hmm,n—wo p($n7$m>

In the partial metric space (R~ p), the limit of the sequence (—1/n) is 0 since
one has lim,,_,,, p*(—1/n,0), where p® is the usual metric induced by p on R™.

Lemma 2.10 [5| Let (X,p) be a partial metric space, f : X — X be a given
mapping. Suppose that f is continuous at xy € X and for each sequence (x,),
if xn — x0 in (X, 1) then f(x,) — f(xo) holds in (X, 7,).

Definition 2.11 [1] Suppose that (X1, p1) and (X2, p2) are partial metric spaces
with induced metrics pj and ps respectively. Then the function f: (X1,p1) —

(X2,p2) is said to be continuous if both f : (X1,7,,) — (Xo,7p,) and f :

(X1,p5) — (Xa,p3) are respectively continuous in the sense of topological and
metric spaces.

Definition 2.12 [11]| A sequence x = (z,,) of points in a partial metric space
(X,p) is Cauchy if there exists a > 0 such that for each ¢ > 0 there exists
k such that |p(zn, zm) — a| < € for all n,m > k. In other words, a sequence
x = (x,) in a partial metric space (X, p) is Cauchy if im, oo P(Tn, Tn) = a
implies a = 0 whenever (X, p) is a metric space.

Definition 2.13 [11] A sequence x = (x,) in a partial metric space (X,p)
converges to y in X if

p(y,y) = lim p(x,,z,) = lim p(z,,y).
n—oo n—oo

Lemma 2.14 [10] Assume that x, — z as n — 0o in a partial metric space
(X, p) such that p(z,2) = 0. Then lim,_, p(T,,y) = p(z,y) for every y € X.
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Definition 2.15 A sequence (z,,) in a partial metric space (X, p) is bounded
if and only if there exists M > 0 such that p*(z,,0) < M.

Now, we give some definitions about the sets of bounded or continuous
functions by taking into account the partial order C, on [a, b].

Definition 2.16 The sequence {f,(t)} of functions is said to be uniformly
convergent to f(t) on [a,b], if for every e > 0 and there exists ng = ny(€) € N,
depending only on €, such that p*(f,(t),0) < € for every n > ny.

Lemma 2.17 Let (X, p) be a partial metric space and f be a function from X
to Y. The function f is said to be bounded if and only if there exists M > 0
such that p*(f(t),0) < M.

Lemma 2.18 Let (X, p) be partial metric space and {f,(t)} be a sequence of
continuous functions on I. If {f,(t)} uniformly converges to f(t) on I, then
the function f(t) is continuous on I.

Partial metric spaces arose from the need to develop a version of the con-
traction fixed point theorem which would work for partially computed se-
quences as well as totally computed ones. Since then much research has been
aimed at extrapolating away from computer science in order to develop a math-
ematics of posets for metric spaces. To discover more about the properties of
partial metric spaces we now look at equivalent formulations.

Definition 2.19 [11] (Equivalent partial metric spaces) A weighted metric
space is a triple (X,d, |- |) such that (X,d) is a metric space. Then,

(i) 0 < |z,

(ii) |z] = |y| < d(z,y)
for all x,y € X. Thus, a weighted metric space is a metric space with a non-
negative real number assigned to each point as a weight. Let (X,d,|-|) be a
weighted metric space and let

ol + Iyl + d(z,y)

p(z,y) 5 :

Then (X, p) is a partial metric space and p(z,x) = |z|. Conversely, if (X,p) is
a partial metric space, then (X,d,|-|), where (as before) p*(z,y) = 2p(z,y) —
p(z,z) — ply,y) and |x| = p(z,x), is a weighted metric space. It can be seen
that from either space we can mowe to the other and back again. In a weighted
metric space the ordering can be defined by x T, y if |x| = d(x,y) + |y|. Note
that any metric space can be trivially weighted by defining |x| = 0 for each x.
Thus a partial metric space combines the metric notion of distance, weight,
and poset in a single formalism.
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Definition 2.20 [11] A quasi-metric g on X, defined by q : X x X — R which
has the following properties for x,y,z € X,

(Q1) 0 < q(z,y).

(Q2) If x =y then q(z,y) = 0.

(Q3) If q(z,y) = q(y,x) = 0 then x = y.
(Q4) alz,2) < qlz,y) + q(y, 2).

Since quasi-metrics are not in general symmetric, we revise our definition of
indistancy to be q(x,y) = q(y,x) = 0. Thus, in quasi-metric spaces equality
is identified with indistancy. A metric space (X, d) can be formed by defin-
ing d(z,y) = q(z,y) + q(y, x). For any quasi-metric q, a partial order T, is
described by x T, y if and only if q(z,y) = 0.

Each partial metric induces a quasi-metric in a natural way. In fact, partial
metrics are equivalent to weighted quasi-metrics [12]. Their topology is the
topology of the associated quasi-metric. It is well known that each second-
countable Tj space is quasi-metrizable. This does not hold for partial metrics.
Kunzi and Vajner [4] provide a subtle discussion of which spaces are partial
metrizable. Every quasi-metric generates a quasi-uniformity in the usual way.
Conversely, every countably based quasi-uniformity with associated Tj topol-
ogy can be generated in such a way. It is not known whether this is also true
for partial metrics. This connection between posets and quasi-metric spaces
can be related to partial metric spaces as follows.

Definition 2.21 [11] A weighted quasi-metric space is a triple (X,q,| | :
X — R) such that (X,q) is a quasi-metric space and 0 < |x| for each x
in X, and |x| + q(x,y) = |y| + q(y,x) for all x and y in X. If we define
p(z,y) = |z| + q(z,y) then (X,p) is a partial metric space. Conversely, if
(X, p) is a partial metric space then (X, qs, |-|,) where ¢s(z,y) = p(x, y)—p(z, x)
and |z|, = p(z,x), is a weighted quasi-metric space. A weightless point of a
weighted quasi-metric space is a point of zero weight. With these definitions,
for any partial metric, 5,=C, . Every quasi-metric space has not a weight
function | - |.

Definition 2.22 [14] Let (X,p) and (Y,p') be two partial metric spaces. A
mapping f : X — Y is said to be an isometry if p'[f(x), f(y)] = p(z,y) for all
z,y € X.

Definition 2.23 [14] Two partial metric spaces (X,p) and (Y,p') are called
wsometric if there is an isometry from X onto Y.
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Definition 2.24 [6] (Partial Hausdorff metric) Let (X, p) be a partial metric
space. Let CBP(X) be the family of all nonempty, closed and bounded subsets
of the partial metric space (X,p), induced by the partial metric p. Note that
closedness is take from (X, 1,) (7, is the topology induced by p) and boundedness
is given as follows: A is a bounded subset in (X, p) if there exist vo € X and
M > 0 such that for all a € A, we have a € By(xo, M), that is, p(xg,a) <
pla,a) + M.

For A,B € CB?(X) and x € X, definep(x, A) = inf{p(z,a),a € A},5,(A, B)
= sup{p(a, B),a € A} and 6,(B,A) = sup{p(b, A),b € B}. Finally, we say
that

H,(A, B) :=max{J,(A, B),d,(B,A)}.

It is immediate to check that p(x,A) = 0 = p*(x, A) = 0 where p*(z, A) =
inf{p*(x,a),a € A}.

Remark 2.25 [6] Let (X,p) be a partial metric space and A any nonempty
set in (X,p), then a € A if and only if p(a, A) = p(a,a), where A denotes
the closure of A with respect to the partial metric p. Note that A is closed in
(X,p) if and only if A = A.

Proposition 2.26 [6] Let (X, p) be a partial metric space. For any A, B,C €
CBP(X), we have the following:

(i) 6,(A, A) = sup{p(a,a),a € A}.
(i) 0p(A, A) < 6,(A, B).
(iii) 6,(A, B) = 0 implies that A C B.
(iv) 6,(A, B) < 0,(A,C)+ 0,(C,B) —inf.cc p(c, c).

Proposition 2.27 [6] Let (X, p) be a partial metric space. For any A, B,C €
CBP(X), we have

(i) Hy(A, A) < Hy(A, B).
(ii) H,(A, B) < H,(B, A).
(1ii) Hy(A, B) =0 implies that A = B.

(vi) H,(A,B) < H,(A,C) + H,(C, B) — inf.cc p(c, ¢).

Remark 2.28 (6| It is easy to show that any Hausdorff metric is a partial
Hausdorff metric. The converse is not true, in general.
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3 Completeness of Some Spaces of Sequences
and Functions with Respect to the Partial Met-
ric

Proposition 3.1 [1| Let x,y € X and define the partial distance functions p
by

p: XxX — RT (R
(z,y) — plz,y) = max{z,y} (- min{z,y})

for X = R" and X = R, respectively. Then, (RT,p) is complete partial
metric space; where the self-distance for any point x € R is its value itself.
The pair (R™,p) is complete partial metric space for which p is called the
usual partial metric on R™; where the self-distance for any point x € R~ 1s its
absolute value.

The open balls are of the form B,(z,¢) = {y € RT : max{z,y} < e} = (0,¢)
for all z € R" and € > 0 with z < —¢ otherwise, if x > ¢ then B,(z,¢) = 0.
Suppose that y € B,(z,€), then max{z,y} < e which implies that y < e.
Similarly, the open balls are of the form B,(z,¢) = {y € R~ : —min{z,y} <
€} = (—¢,0) for all z € R~ and € > 0 with x > —e otherwise, if z < —e then
By,(z,€) = (). Suppose that y € By(z,¢€), then —min{z,y} < e which implies
that min{x,y} > —e¢, hence y > —e.

Example 3.2 [10] Let X = [0,1]U[2, 3] and define the distance function p by

_ |$ - y| ) {xmy} C [07 1]7
plz.y) = { max{z,y} , {z,y}N[2,3]#0,

It is easy to check that (X,p) is a complete partial metric space.

Example 3.3 [1| Let P, denote the power set of the positive integers w = Ny
with the subset ordering. The function p : P, X P, — [0, 1] such that

1
ply)=1- ) on Jorany zy € B,

nexNy

18 a partial metric on P, and the space P, is complete with respect to its usual
partial metric.

Example 3.4 [1| Let X be the set of finite and infinite sequences over a
non-empty set X, with the prefix ordering (ag,ay,...,an) < (bo,b1,...;bm) if

n <m and a; = b; fori = 0,...,n. Denote the length of a sequence v € X
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by U(z) with [(0) = 0, which is the index of the last term of x whose value is
defined. Then the function p : X x X — R* defined for any x,y € X by

p(:l?, y> — 9~ sup{ieN:i<min{l(z),l(y)}},V 0<j<i, x;=y;}

15 a partial metric on X°°, called the Baire partial metric. The value of the
supremum is the first instance where the sequences differ (taking care if one
sequence is shorter than the other).

Proposition 3.5 Define p,, on the space v(P) by

Poo : Y(P)xy(P) — RF

(z,y) > Doo(,y) = sup{p®(wx, yr) },
keN

where v(P) denotes any of the spaces {o(P), c¢(P) and co(P), and x = (zx),y =
(yx) € Y(P). Then, (7(P),pso) is complete partial metric space with respect to
the usual partial ordering in Definition 2.5.

Proof. Since the proof is similar for the spaces ¢(P) and ¢y(P), we prove the
theorem only for the space (. (P). Let = = (z1), y = (yx) and z = (z;) €
l(P). Then,

(i) By using the axiom (P1) in Definition 2.2, it is trivial that

r=y < p(Trye) =202k, yi) — P(Tk, Tk) — DY, Yi) = 0
& p*(zk, yk) = P (Tk, k) = D°(Yk, Ur)
< sup{p®(zk, yx) : k € N} = sup {p°(z, xy) : k € N}
keN keN

= sup 0" (ks yk) 1 k € N} © poo(2,y) = poo(@, ) = Do (y, ).
S

(ii) By using the axiom (P2) in Definition 2.2, it folllows that

Poo(®, ) = ilelg{?p(wwk) p(xr, ) — p(Tg, 71) } > 0,
Poo(®,y) = sup {0 (wr, yr) } = sup{?p(wk,yk) p(wr, ox) — p(Yrs yr) }
= ilelg {lp(@r, ye) — (xka xr)| + [p(Tk, yk) — (Ye, Ur)] }

sup P’ (@, )} > 0= 0 < poo(z,2) < poo(z,y).
eN

v

(iii) By using the axiom (P3) in Definition 2.2, it is clear that

Poo(z,y) = sup {p*(wx, yx) : k € N} = sup {p*(yr, 7x) : k € N}
keN keN

= p00<y7 ZL‘)
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(iv) By using the axiom (P4) in Definition 2.2 with the inequality

Pz, 2z1) = 2p(k, 26) — p(ak, k) — p(2k, 21)
< 2[p(@r, yi) + p(Yks 21) — Pk, Yr)] — P(Tk, 1) — D(2ks 21)
= p*(xr, yr) + 0° (k> 2k) — 2 (Yk> i),
we have
Poo(T,2) = iug {p*(zp, z1) } < iug{ps(xkyyk) + 0 (Y 2) — 2 (i, yk)}
S S
< sup {p°(zk, yx) : k € N} + sup {p°(yx, 2x) : k € N}
keN keN
- sw 1P° (ke yk) -k € N} < poo(, ) + Poo (¥, 2) — Poo (¥, Y)-
€

Therefore, one can conclude that ({(P),ps) is a partial metric space on

loo(P). Tt remains to prove the completeness of the space (o (P). Let x,, =
{xgm), xém), . } be any Cauchy sequence on ¢, (P). Then, for any € > 0, there

exists mg € N for all m,r > mg such that

Poo(Tm, T,) = supp® <x,(€m),x§:)> < €.
keN

A fortiori, for every fixed £ € N and for m,r > my

{ps <m,§m),x,gr)> ke N} <e. (1)

Hence for every fixed £ € N, by using completeness of R, we say that x,(fm) =

{x,il), :ng)? .. } is a Cauchy sequence and is convergent. Now, we suppose that
(m)

lim,, o0 2, = x) and x = (21, g, ...). We must show that

Im poo(@m,x) =0 and z € l(P).

m—r00

The constant mg € N for all m > my, taking the limit as r — oo in (1), we
obtain

p [ m < @)

for all £ € N. Since z,, = (x,(gm)) € l(P), there exists M > 0 such that

P’ [x,(cm),O} < M for all & € N. Thus, (2) gives together with the triangle
inequality for m > mg that

p’(z1,0) < p° [xk,x,gm)} +p° [m,(gm),()} <e+ M. (3)
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It is clear that (3) holds for every k € N whose right-hand side does not involve
k. This leads us to the consequence that © = (z;) € ((P). Also, from (2)

we obtain for m > mg that pe (2, z) = supkeNpS(x;m),xk) < €. This shows
that peo(zm,x) — 0 as m — oo. Since (x,,) is an arbitrary Cauchy sequence,
loo(P) is complete.

Proposition 3.6 Define the distance function p, by
pg o Ly(P)x{,(P) — R*

o 1/q
() pq<x,y>=[kzops<xk7yk>q}  (1<g<oo)

where x = (xy), y = (yr) € ,(P). Then, ({,(P),p,) is complete partial metric
space with respect to the usual partial ordering in Definition 2.5.

Proof. 1t is obvious that p, satisfies the axioms (P1), (P2) and (P3). Let
r = (x), y = (yx) and z = (2;) € {,(P). Then, we derive by applying the
Minkowski’s inequality that

0 1/‘1
p2) = {3 blon ) = plon ) +plaon, 1) = plen )|

o0 o0

IA

(]

(e, ) — plae, )] }w {5 blon ) — o 20}

=
Il
o

k=0

K

IN

1/q

e
Il
o

NE

1/q
(s ) + Do 22) — Pl ) — Pl 201" }

i
o

WE

IA

1/q
[p(2k, yr) — Pk, 21)]* } + [p(yr> z1) — Yk, Yr)]*

=
Il

0

+

{
{
A
{
{

NE
M 10

0 [p(zk, yi) — p(Y, yi)]? }l/q + {

z,y) + gy, 2) — pg(y, y)-

e
I
e
Il

0

IN

—~

Pq

This shows that the axiom (P4) also holds. Therefore, one can conclude that
(¢,(P),pq) is a partial metric space.

Since the proof is analogous for the cases ¢ = 1 and ¢ = oo we omit their
detailed proof and we consider only case 1 < ¢ < oo. It remains to prove the

completeness of the space ¢,(P). Let z,, = {wgm),xgm), . } be any Cauchy

1/q

1/q

1/q
[p(yr, z1) — p(2k, 26)] }
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sequence on £,(P). Then for every e > 0, there exists my € N such that

- m ]9 Ha
Pg(Tm, ) = {Zps [xl(c ),xé )] } <€ (4)

k=0

for all m,r > my. We obtain for each fixed k£ € N from (4) that
p° [l‘;m),l'g)] <e€ (5)

for all m,r > my. By using the completeness of R, we say that the sequence

:B;m) = {xél),xl(f), . } is a Cauchy sequence and is convergent for each fixed

k € N, say to xx € R.
Now, we suppose that x;m) — x, as m — oo and x = (x). We must show
that
lim p,(zm,x) =0 and =z € (,(P).

m— 00

We have from (5) for each j € N and m,r > my that

J
q
Zps [x,(cm),as,(:)} <€l (6)
k=0

Take any m > myg. Let us pass to limit firstly » — oo and next j — oo in (6)
to obtain p,(z,,, ) < e. By using the inclusion (3) and Minkowski’s inequality
for each j € N that

1/q

J 1/q J q 1/q J q
Lo { Tl | { T ] <
k=0 k=0 k=0

which implies that x € ¢,(P). Since p,(z,z) < € for all m > my it follows
that lim,, o pg(@m, x) = 0. Since (z,,) is an arbitrary Cauchy sequence, the
space ({4(P),pq) is complete. This step concludes the proof.

Theorem 3.7 n-dimensional Euclidian space R™ consisting of all ordered n-
tuples of real numbers, is a partial metric space with the metric p with respect
to the usual partial ordering in Definition 2.5, defined by

p(x7y) = Zps<xk7yk)2a T = (I’l,l’g, s 7$n)7y = <y17y27 s 7yn) € R™. (7)
k=1

Proof. Let x = (x1,29,...,2,), ¥y = (Y1,Y2,---,Yn) and z = (21, 29,...,2,) €
R”. Then, (P1), (P2) and (P3) are obvious. To prove (P4), we use Minkowski’s
inequality with ¢ = 2 in Proposition 3.6. This step concludes the proof.
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Definition 3.8 Let X be a vector space over the field R and || || be a function
from X to R satisfying the following norm axioms: For x,y € X and o € R,

(N1) ||z]| =0 < 2 =0,
(N2) ||az|| = |afl|z]],
(N3) ||z +yll < |lz| + [[yl-

Then, (X, -||) is said a normed space. It is trivial that a norm || - || on X
defines a metric p°, induced by the partial metric p with respect to the usual
partial ordering in Definition 2.5, on X which is given by

p(@,y) =z —yl; (z.y€X).
Now, we can give the theorem on the completeness of the metric space
(R™, p).
Theorem 3.9 (R",p) is complete.
Proof. 1t is known by Theorem 3.7 that p defined by (7) is a partial met-
ric on R™. Suppose that (z,,) = {x,im)} is a Cauchy in R", where z,, =

{x&m),xgm),mgm), . ,x%m)} for each fixed m € N. Since (z,,) is Cauchy, for
every € > 0 there is an ng € N such that

P( T, ) = Zps(a:,gm),xff)ﬁ <e (8)
k=1

(m) .(r)

with the partial ordering in Definition 2.5, for all m, r > ny. We have p*(z, ", ;.
< ¢ for all m,r > ny. This shows for each fixed k € {1,2,...,n} that

{x,(j),mgf)w..} is a convergent sequence with {L’](fm) — Ty, as m — 00. Us-

ing these n limits, we define x = (z1,29,...,2,) in R”. From (8), letting
r — oo it is obtained that p(x,,,z) < e for all m > ng which shows that (z,,)
converges in R". Consequently (R",p) is a complete metric space.

It is trivial that R™ is a vector space over R with respect to the algebraic
operations (+) addition and scalar multiplication (-) defined on R, as follows:

+ : R"xR* — R»
(r,y) = x+y=(v1+y,22+Y2. ., Tn+Un),

RxR* — R”
(,x) +—— az = (ax,axs,...,ax,),

where x = (21,22, ..., %), ¥y = (Y1,Y2, - -, Yn) € R" and o € R.
Since R™ is a complete metric space with the metric p defined by (7) induced
by the norm || - ||, as a direct consequence of Theorem 3.9, we have:

)
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Corollary 3.10 R" is a Banach space with the norm || - ||z defined by

lell2 =

Since it is known by Proposition 3.5 that the spaces (o (P), ¢(P) and ¢y(P)
are complete metric spaces with the partial metric p,, induced by the norm
I oo, defined by

l#llec = supp*(2,0); 2 = () €7, 7 € {loo(P), e(P), co(P)} (9)

ke

we have:

Corollary 3.11 The spaces loo(P), ¢(P) and co(P) are Banach spaces with
the norm || - ||« defined by (9).

Since it is known by Proposition 3.6 that the space ¢,(P) is complete metric
spaces with the metric p, induced by the norm || - ||,, defined by

s 1/q
zllq = [Z p*(x, O)q] ; (x=(2) € 4(P), ¢=1), (10)

we have:

Corollary 3.12 The space (,(P) is a Banach space with the norm ||-||, defined
by (10).

Proposition 3.13 Define P, on the space ju(P) by

Po : pu(P)xp(P) — R*
(z,y) — Px(z,y) =sup p° (Z Thy Y yk> ,
k=0 k=0

neN

where u(P) denotes any of the spaces bs(P), cs(P) and cso(P), and © =
(xk),y = (yx) € p(P). Then, (u(P), Px) is a complete partial metric space
with respect to the usual partial ordering in Definition 2.5.

Proof. Since the proof is similar to Proposition 3.5, one can easily establish
that (u(P), Px) is a complete partial metric space. So, we leave it to the
reader.
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Proposition 3.14 Define the distance functions Pa(x,y), P2 (2, y) and PL(x,y)

by

Pa(z,y) = Y p (A2, (Ay)], (A2)p = 2p — 23

PqA(x,y) = Z {r° [(Az)y, (Ay)k}q}l/q7 (Az)y =x) — x4y and x_1 =0
Po(z,y) = sup p°[(Az)k, (Ay)],

keN

where © = (vg), y = (yr) are the element of the spaces bu(P), bv,(P) or
buss (P), respectively. Then, (bu(P), Pa), (bvg(P), P2) and (bus(P), PL) are
complete metric spaces with respect to the usual partial ordering in Definition

2.5.

Proof. Since the proof is similar for the spaces bv(P) and bus(P), we
prove the theorem only for the space bu,(P). One can easily establish that
PqA defines a metric on bv,(P) which is a routine verification, so we leave it
to the reader. Also the proof is analogous for the cases ¢ = 1 and ¢ = oo
we omit their detailed proof and we consider only the case 1 < ¢ < oco. Let
rt = {x((f), x&’), ...} be any Cauchy sequence on bv,(P). Then for every € > 0,
there exists a positive integer ng(e) € N for all 4, j > ng such that

o > 4 , 1/q
PR = 3 { [(aalh, o) < )

n=0

where (Az), =z, — x,_1 and x_; = 0. We obtain for each fixed n € N from
(11) that

p* [(Az),, (Ax)]] < e (12)

for all 4,5 > ng(e) which leads us to the fact that the sequence {(Ax)’} is a
Cauchy sequence and is convergent. Now, we suppose that (Az)!, — (Az), as
n — oo. We have from (12) for each m € N and ¢, 5 > ng(e) that

m

> v [(Ax), (Ax)]T < PRt a7) < € (13)

k=0

Take any ¢ > ng(e). Let us pass to limit firstly j — oo and next m — oo in
(13) to obtain P;*(z,2) < e. Finally, by using Minkowski’s inequality for each
m € N that

m 1/q
{Zps(Ax)k,O)q} < P2(2',z) + PP (a",0) < e+ PP (2",0) < o0
k=0



Some Partial Metric Spaces of... 29

which implies that x € bvg(P). Since P2 (z, 2) < € for all i > ng(e), it follows
that #° — z as ¢ — oo. Since () is an arbitrary Cauchy sequence, the space
bu,(P) is complete. This step concludes the proof.

Proposition 3.15 Let f,g € Bla,b|. Define the distance function p; by

p1 : Bla,b] x Bla,b] — R"
(f.9) — p1(f,9) = subyepy PPLF(E),9(t)].

Then, (Bla, b, p1) is a partial metric space with the partial order T, on Bla, b].

Proof. One can easily establish that p; defines a partial metric on Bla, b] which
is a routine verification, so we omit its details. Suppose that the sequence
{fn(t)} of bounded functions be any Cauchy sequence in the space Bla,b].
Then, for any € > 0, there exists ng € N for all m,n > ng such that

P1(frs fr) = sup p° [fu(t), fin(t)] < €

te€[a,b]

A fortiori, for every fixed n € N and for m,n > ng

P [fa(t), f(t)] <e. (14)
By taking into account the completeness of R, we conclude that {f,(¢)} is a
Cauchy sequence and is convergent. Now, we suppose that f,(t) — f(t) as

n — oo for all ¢ € [a,b]. We must show that
lim pi(fo, /) =0 and  f € Blab.
n—oo

Let ng € N be fixed such that m > ng, taking the limit for m — oo in (14),
we obtain

P Lfalt), F()] < e (15)
for all t € |[a, } Since {f.(t)} € Bla,b|, there exists M > 0 such that
p°[fn(t),0] < M. Thus, (15) gives together with the triangle inequality of

Definition 2.2 for m > ng that

PLf(),0] < P LF(1), fu(D)] + P°[fn(1),0] < e+ M.

That is to say that the sequence f € Bla,b]. Other hand, using the inequality
(15) and Definition 2.16, the sequence {f,(¢)} of functions converges to f(t)
uniformly on [a, b]. Hence, the partial metric space (Bla,b], p1) is complete.

We give the following proposition without proof. Since the proof can also
be obtained in the similar way used in the proof of Proposition 3.15, we omit
the detail.
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Proposition 3.16 Let f,g € Cla,b]. Define the distance functions ps and ps
by

pa 1 Cla,b] x Cla,b] — RT
(f.9) — p(fi9) = [éﬁ{ps(f(t)7g(t))},

t€la

ps : Cla,b] x Cla,b] — RT
(f,9) — pa(fr9) == [T P (f(t), g(t))dt.

Then, pa and ps are the partial metrics on Cla, b] with the partial order C, and
the space Cla, b is complete with respect to the metric py while it is incomplete
with respect to the metric ps.

4 The Duals of the Sets of Sequence with the
Partial Metric

Firstly, we define the alpha-, beta- and gamma-duals of a set u(P) C w which
are respectively denoted by {u(P)}*, {u(P)}? and {u(P)}?, as follows:

Py = { — (@) € w: (i) € (P for all () € u(P)},
{uw(P)} = {x = (zg) € w: (xpyg) € cs(P) for all (yx) € M(P)},

{w(P)} = {:L‘ = (zg) € w: (xpyg) € bs(P) for all (yx) € u(P)}.

Theorem 4.1 The following statements hold:
(i) {{oo(P)}* = {c(P)}* = {co(P)}* = &(P).
(i1) {6(P)}* = lo(P).

Proof. (i) Since one can prove in the similar way that {c¢(P)}* = {co(P)}* =
(1(P), we only show that {{-(P)}* = (;(P). Let y = (yx) € (,(P) and
x = (2x) € loo(P). Then, supyeyp®(xk, 0) < co. Therefore,

keN

> 0 (yes, 0) < {supps(wk,())} > P (1, 0) < o, (16)

since y € ¢1(P) and this implies that y € {{,(P)}*. Hence, the inclusion
01 (P) C {lo(P)}* holds.
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Conversely, let y = (yx) € {{(P)}* and z = (1,1,...,1,...) € l(P).
Then, using the inequality (16)

Zps(yk,o) = Zps<ykxkao) < 00
k=0 k=0

since y € {{(P)}* and this implies that y € ¢;(P). Hence, the inclusion
{l(P)}* C £1(P) holds. Therefore, the inclusions ¢1(P) C {l.(P)}* and
{ls(P)}* C £1(P) give that {{(P)}* = (1(P).

(ii) Let y = (yx) € loo(P) and z = (xy) € €1(P). Then, >, p*(x4,0) < oo.
Now,

> P (wiye, 0) < {sup P*(Yr, 0 } > p(ak,0
k=0

and y € {¢,(P)}*. Therefore, the inclusion £, (P) C {¢;(P)}* holds.
Conversely, suppose that y = (yx) € {(1(P)}*and z = (1,1,...,1,0,0,...) €
¢1(P). Thus, it is immediate that

sup p°(yx,0) = sup p*(xxys,0) < > p’(z4ys, 0
keN keN prt

which gives that y € ¢, (P). This means that the inclusion {l.(P)}* C
¢1(P) holds. Therefore, by combining the inclusions £, (P) C {¢;(P)}* and
{1 (P)}* C 4o (P) we obtain the desired result {¢1(P)}* = o (P).

Theorem 4.2 Let 1 < q < oo with ¢' +r~t = 1. Then, {{,(P)}* =

{6(P)}? = £:(P).

Proof. Suppose that 1 < ¢ < oo with ¢! +771 = 1 and y = (yp) €
{€,(P)}*/L.(P). Then, >, p*(yxxs, 0) < oo for all z = (z) € £,(P). Then, we
can find an increasing sequence (ny) of positive integers such that [p*(yn,,0)] >
k? for all k € Ny. Define the sequence x = (x,,) by

T — 1/ynk 9 n:nk”
" 0 ) n#nka

where k € N;. Then, x € (,(P) but

Zps(ykﬂﬁk, Zp Ynye» 0 ynk,O)_1:1+1+...:oo

which is a contradiction. Therefore, y € ¢,(P) and we have {{,(P)}* C ¢,(P).
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Conversely, suppose that x = (zy) € (,(P) and y = (y;) € ¢.(P). Then,
one can see by Holder’s inequality

e 0 /T 2 1/q
> 0 (s, 0) < {Z [p°(yk, 0 } {Z (2,0 } < o0
k=0 k=0 k=0

which means that y € {{,(P)}*. Hence, the inclusion ¢,(P) C {{,(P)}* holds.
Lemma 4.3 [3| If X is solid, then X* = X# = X".

Although one can directly derive the beta- and gamma-duals of the spaces
loo(P), co(P) and ¢,(P) which are solid, by combining the results of Theorem
4.1, Theorem 4.2 and Lemma 4.3, we give their detailed proof.

Theorem 4.4 The a—dual of the sets cs(P), bs(P) and bvi(P) of sequences
is the set £1(P).

Proof. We prove the case {cs(P)}* = ¢;(P) and the rest can be obtained
similarly. Let x = () € ¢s(P) and y = (yi) € ¢1(P). Then, >, p*(yx,0) < 00
and we have

> P (s, 0) < [sup p* (Zxk ) Z (Y, 0
k=0 k=1 k=

Therefore, y € {cs(P)}* which gives that ¢,(P) C {cs(P)}°.

Conversely, let y = (yx) € {cs(P)}*/¢1(P). Then to every natural number
7, we can find an odd n; with n; < n;,; and Zk‘ti 1P (e, 0) > 2¢ for all
i € N. Define the sequence x = (xy) by

Th — (_1)k2_i/2 ,ony <k <miga,
b 0 ., otherwise,

where i € N. Then, z = (zx) € {cs(P)} but >, {p*(yxzs,0)} = oco. This
contradicts that y € {cs(P)}*, and so y = (yx) must be in ¢,(P) which gives
the inclusion {cs(P)}* C ¢1(P).

Theorem 4.5 The following statements hold:
(i) {es(P)} = bui(P).
(ii) {bv(P)}’ = cs(P).
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Proof. Since Part (ii) can be similarly proved, we consider only Part (i).
Let x = (x3) € {es(P)}¥ and w = (wy) € co(P). Define the sequence y =
(yr) € cs(P) by yr, = wg — wyyq for all k& € N. Therefore, >, x4y, converges,
but

n n—1
Z(wk - wk+1>l’k = Zwk(xk — q;lcfl) — Wnp41Tn, (55—1 = 0)
k=1 k=0

and the inclusion ¢;(P) C cs(P) yields that (x3) € {cs(P)}’ C {,(P)}’ =
lo(P) which implies that

Z(wk — Wpy1)Tp = Zwk(xk —Zp-1), (221 =0).

k

Hence, (zp — 1) € {co(P)}’ = {co(P)}* = (1(P), i.e., x € bvi(P). There-
fore, {cs(P)}’ C bu,(P).

Conversely, suppose that x = (x) € bvy(P). Then, (2 — z4—1) € (1(P).
Further, if y = (yx) € cs(P), the sequence (w,) defined by w, = >";_, y; for
all n € N, is an element of the space ¢(P). Since {c¢(P)}* = ¢,(P), the series
> x We(xk — xp41) is convergent. Also, we have

n n—1
Z P’ [(wg — wy—1)zk, 0] < Z P’ [we (T — Tpy1), 0] + Wn Ty — Wi 1T, (17)
k=m k=m

Since (wy) € ¢(P) and (zg) € bu(P) C ¢(P), second and third terms in the
right-hand side of the inequality (17) tend to zero, as m,n — oo. Hence, the
series Y, (wy —wg_1)xk, that is, Y, Txyx, converges and so, bvy (P) C {cs(P)}*.
Thus, {cs(P)}’ = bv(P) .

Theorem 4.6 The following statements hold:
(i) {bs(P)}7 = {cs(P)}? = bu(P).

(ii) {bvi(P)}Y = bs(P).

Proof. We prove only Part (i) for {cs(P)}?, the rest can be proved along
similar lines.

By Theorem 4.5, we have bvy (P) C {cs(P)}” and since {cs(P)}? C {cs(P)}7,
so bu(P) C {cs(P)}’. We need to show that {cs(P)}* C bvy(P). Let
r = (z,) € {cs(P)} and y = (y,) € co(P). Then, for the sequence,
(w,) € cs(P) defined by w, = y, — yn41 for all n € N, we can find a con-
stant K > 0 such that >, p*(zpwy, 0) < K for all n € N. Since (y,) € co(P)
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and (z,) € {cs(P)}" C lx(P), there exists a constant M > 0 such that
P*(ZnYn,0) < M for all n € N. Now,

n n+1
> 07 k(e — 211), 00 P [(Yk — Yes1), 0] + Ynyotnis < K + M.
k=1 k=0

Hence (xp — x_1) € {co(P)}? = (1(P), i.e., (z) € bvy(P). Therefore, since
the inclusion {cs(P)}” C bvy(P) holds we conclude that {cs(P)}Y = bvy(P).

5 Concluding Remarks

Partial metrics are more flexible than metrics, they generate partial orders and
their topological properties are more general than the ones for metrics, argued
by the fact that the self distance of each point need not be zero. They are
enormously useful in partially defined information for the study of domains
and semantics in computer science.

We succeeded in developing the mathematical concepts of partial metrics
which are equivalent to weightable quasi-metrics in the sense that a partial met-
ric can be interpreted as a weightable quasi-metric and conversely a weighted
quasi-metric can be considered as a partial metric.

The partial metric spaces were assigned every property from their induced
metric spaces, allowing us to construct the completion of an incomplete partial
metric space by first completing their induced metric space, using the set of
all Cauchy sequences in the space of interest. The demonstration was similar
to the one for completing metric spaces, involving notions of isometry and
topological properties.

In this research some new sequence and function spaces are introduced
by using the notion of partial metric with respect to the partial order, and
shown that the given spaces were partially complete. In addition, this work
presents a new tool for the description and analysis of partial metric spaces.
The potential applications of the obtained results include the establishment
of new sequence and function spaces on partial metric which are interesting
topics for our future works. Of course, it will be meaningful to determine the
alpha-, beta- and gamma-duals of the partial metric sequence spaces .. (P),
¢(P) and ¢,(P). We should record that one can study on the domain of some
triangle matrices in the partial metric sequence spaces {(P), ¢(P) and £,(P)
which is a new development on the theory of sequence spaces.

Furthermore our research has highlighted the merits of working with logic
and mathematics in contemporary computer science. Now we have an analo-
gous but even more ambitious task of finding ways to have humans and ma-
chines think together as one new intelligent form, rather than trying to be the
ultimate largest automatic theorem prover.
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