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Abstract 

     In this paper, we obtain a theorem on the degree of approximation of function 
belonging to the Lipschitz class by (E, q) (C, δ) product means of its Fourier 
series. Our theorem provides the Jackson order as the degree of approximation. 

     Keywords: Ces ro matrix, Euler matrix, degree of approximation. 

 

1 Definition and Notations 
 

Let    be  2π – periodic and L- integrable over . The Fourier series 

of    at a point    is given by 

 
A function   ( ) if 
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(1.2)                                     . 
 
It may be observe that such functions are necessarily continuous.                                              
The degree of approximation of a function    by a trigonometric 
polynomial    of order n is defined by Zygmund [12, p-114], 
 
(1.3)                                      
 

Let    be given infinite series with the sequence    of partial 
sums of its first (n+1)-terms. The Euler means of the sequence       are defined 
by  

                            
 
where    is defined to be   .  If     ; as   , we say that     or   

  is summable    ( ) to s or symbolically we write    
, for .  See Hardy [8, p-180] and for real and complex values of   

, see Chandra [5]. 
  

The sequence     is said to be summable      to limit  s  
if 

                          
 
where    are the binomial coefficients. See Zygmund [12, p-76]. 
  

The    transform of the     transform defines the    
transform of the partial sums    of the series  . 
 

The transform     reduces to    and    respectively for  
  and   

 
Thus if 
 

             ( ) ( ) ( ) 1 1

0 0
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∑ ∑  as n → ∞ . 

 
 
 Then the series    is said to be summable by    means or simply 
summable   to s. 
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Let   be the nth partial sum of the series (1.1). Then   

mean of , where    and   , is given by 

( ) ( ) ( ) ( ) ( )1 1

0 0

(1.4) ; 1 ;
n n

n n v

q v v k kn
v k

n
E C f x q q A A s f x

v
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−

= =

 = +  
 

∑ ∑ . 

 
We shall use the following notations for each : 
 
(1.5)                                  . 

 

 

 
 

2 Introduction 
 

The degree of approximation of functions belonging to     
, by Ces ro means and Nörlund means have been discussed by a 

number of researchers like Lebesgue [9], Alexits [1] and Chandra [6]. 
 

In 1910, Lebesgue [9] proved the following : 
 
Theorem A: If    then  

(2.1)                               
 

In 1961, Alexits [1, p-301] proved the following along with other results. 
Theorem B: If    then  

(2.2)                               

where     and    is  -mean of   . 

The case    was proved by Bernstein [3]. 
 

In 1981, Chandra [6] proved the following : 
Theorem C: If    then  

(2.3)                               

The estimate in (2.3) was improved by Chandra [7]. 
  

In 2010, Nigam [10] obtained the following result on product summability 
method: 
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Theorem D: If    then  

(2.4)                               
 
and, Tiwari and Bariwal [11] proved the following for     and 

  means of its Fourier series. 
Theorem E: If    then  

(2.5)                               

 
In this paper we obtain a theorem on the degree of approximation of continuous 
functions by    means of its Fourier series. This generalizes the result 
for    and  means. 
 
Theorem: If    then  
                              

 

 

3 Lemmas 
 
We shall use the following lemmas in the proof of the theorems: 
 
Lemma 1[12, p-94]: For ,  

(3.1)                               , 

where    depending on    only.  
 
Lemma 2[4]: For  ,   

 
 
Lemma 3: For  , 

 
 
Proof: By (1.8), we have 
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where    is monotonic decreasing then it gives maximum value at  k=0, by 
Abel’s lemma 

                                                              

                              
                                                                   

                                  
This completes the proof of the Lemma. 
 

4 Proof of the Theorem 
 
The nth partial sum of the series (1.1) (see Zygmund [12, p-50]) is,  

                     
Then 

 
 

 
                                     

                                           
                                            say.  

Now, for  ,   , see  Zygmund [12, p-91], 
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We have by Boos [2, p-104], 

                               

                                     
by (1.2), we have 

                                     
(4.1)                             
 by , we have 

                               
 
Case-I: for  , by Lemma 1, we have 
                            

 
                                  

 
by Lemma 2 and (1.2), we get 

                               
Condition I: when   , then 

                                     
(4.2)                                   
 
Condition II: when  , then 
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(4.3)                                 
Combining (4.2) and (4.3), we have 

 
 
Case-II: for  , by Lemma 3, we have 

                                    
 
By Lemma 3 and (1.2), we have 

                                        
(4.5)                                
Now, collecting the estimate (4.1), (4.4) and (4.5) we get required result (2.6). 
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