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Abstract

The purpose of this work is to extend and genexaame fixed point theorems
for Expansive type mappings in complete cone meajp@ces. Our theorems
improve and generalize of the results [1] and [3].
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1 I ntroduction

Very recently, Huang and Zhang [1] introduce thecapt of cone metric spaces.
They have proved some fixed point Theorems for regtive mappings using

normality of the cone. The results in [1] were gatiezed by Sh. Rezapour and
Hamlbarani [2] omitted the assumption of normality the cone, which is a
milestone in cone metric space. Many authors haudes! fixed point theorem in

such spaces, see for instance [4]. [5], [8]. [11] fL3]. In sequel, the authors [7],
[8] and [12] introduced a new class of multifunatiand obtained a unique fixed
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point. These results are also generalized by [i5] mormal constanK = 1.Also
we have observed the recent work of fixed poirdranbn-explosive map in cone
metric spaces see ([6], [10]). Recently, Azam idticed cone rectangular metric
spaces in [14].

The purpose of this paper is to analyse the existeand uniqueness of fixed
points for pair of expansive mappings defined oocomplete metric space. we
generalize the results of [3].

2  Preliminary Notes

First we recall the definition of cone metric spae®d some properties of theirs

[1].

Definition: 2.1 [1]: Let E be a real Banach space and P a subset oh&n P is
called a cone if and only if:

() P is closed, non-empty and#R0};
() @bek a b=>0x, yeP = ar+byel;
(ifi) xePand —reP => x=0.

For given a con® c E, we define a Partial orderingon E with respect to P by
x < yifand only ify - x e P. We shall write x< y to denotec < y butx #
y to denotey - x € p°, wherep® stands for the interior ¢¥.

The coneP is called normal if there is a numhEr > 0 such that for alk,y €
E,0<x <y implies|x|| < K]|lyll .The least positive humb&r satisfying the
above is called the normal constant of P. The Ipasitive number satisfying the
above is called the normal constant P. The cons Palled regular if every
increasing sequence which is bounded from aboveoms/ergent .that is , if
{x,Jn > 1 is a sequence such that< x, < ..... xn< ....<y for somey € E,
then there isx € E such that||x,_,|| —0 (n —x). Equivalently the cone p is
regular if and only if every decreasing sequence&hvis bounded from below is
convergent.

Lemma 2.2[2]:

() Every regular cone is normal
(i) For each k > 1, there is a normal cone witbrmal constant K > k.

In following we always suppose E is a Banach sp&cés a cone in E with
intP # ¢and< is partial ordering with respect to P.

Definition 2.3[1]: Let X be a non — empty set. Suppose the mappikigk X —
E satisfies the following condition:
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() 0<d(r,pforall.y, yeXandd (x,y)=0ifand only if x =y
(i) d(r, ) =d (, »forallx, yeX,
(idxy»<d@wz)+d(zy) forallx,y,z e X.

Thend is called a cone metric oy and K, d) is called a cone metric space. It is
obvious that cone metric spaces generalize mgiaces

Example 2.3 [1]: LetE = R P ={(x,y) € E:x,y = 0}, X =R andd: X X
X - E,

On defined byd(x,y) = (|x —y | |x — y|) wherex > 0 is a constant. Then
(X, d) is a cone metric space.

Example: 2.4: Let E= 1%, P ={{x,Jn>1 €E:x, = 0,foralln} (X,d) a
metric space and d: X X X — E, defined byd(x,y) = {%ﬂ")} n > 1.Then
(X, d) is a cone metric space.

Definition 2.5 [1]: Let (X, d) be a cone metric space; € X and {th)}n > 1 a
sequence in X. Then,

(1) {x} n>1 converges to x whenever for everye E with0 < c, there is a
natural number N. such that d;( .x) «c for all n> N. We denote this by
liM 0 2 = xOr 45 — .1, (N— ).

(i) {x}n>1is said to be a Cauchy sequence if for everg EE with o «< c,
there is a natural number N such thats, (+) < ¢ for all n, m> N.

(i) (X, d) is called a complete cone metric spaceeie Cauchy sequence in
X is convergent.

Definition 2.6[1]: Let (X,d) be a cone metric space, P be a cone in real Banach
space, if

(i) a € P anda « cforsomek € [0,1],thena = 0.

(ihu<v,v<w,thenu K w.

3  Main Results

In this section we shall prove some fixed pointotleens for pair of expansive
type contractive mappings by using omitting theuagstion of normality of the
theorems 2.1, 2.3, 2.5, 2.6 of [3].

Theorem 3.1: Let (X,d) be a cone metric space and suppgs¢,:X — X be
any two onto mapping satisfies the contractive dmrm

d(fix, f,¥) = Kd(x,y) 1)
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for all x,y € X,where K > 1is a constant. Therf; and f, have a unique
common fixed point irX.

Proof: If fix = f,y then
0 >2Kd(x,y)=>0=d(x,y) =2x=y.
Thus, f; is one to one. Define G; _ f; !
dx)=Kd(fi"'x fi7'y)
=d(Gyx, Gy ).

S0,d(G1x,G1y ) < hd(x,y) whereh = % < 1. By theorem 2.3 in [2]G, Has a
unique fixed poink* in X.i.e. Gyx* =x* = f, 'x* =x* = x* =f; x.

Therefore, x* is a fixed point of f; . Similarly it can be established that x*

= f2 x.

Hence x*=f; x =f, x. Thus x* is the common fixed point of pair maps
f1 andf, .

Corollary 3.2: Let (X,d) be a cone metric space and suppgs¢,:X — X be
any two onto mapping satisfying the condition

d(f12n+1x: f22n+23’) > Kd(x,y) 2)
for all x,y € X,whereK > 1is a constant. Thefy andf, have a common fixed
point in X.

Theorem 3.1: Let (X,d) be a cone metric space and suppg¢s¢,:X — X be
any two continuous and onto mapping satisfyingctivedition

d(fix, 2y) 2 K[d(fix, x) + d(f2y,y )] 3)

for all x,y € X,Whereé < K <1is a constant. Thelfy and f, have a unique
common fixed point irX.

Proof: Letx, be an arbitrary point K. Sincef; andf, be onto (surjective), there
existx, € X andx; € X such that

filx)) = xo and f; (x2) = x4.
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In this way, we define the sequende,, } and{x,,.,} by
Xon = f1Xone1 forn=0,1,2,3......... and
Xon+1 =foXonso forn=0,1,2, 3...............

Note that, ifx,, =x,,41, fOr somen > 1, thenx,, is fixed point off; andf,.

Now puttingx = x,,41 andy = x,,4,, We have

d(x2n, x2n+1) =d(fiXan+1, f2X2n+2)

d(x2n, x2n+1) >K[d(f1Xan+1, Xan+1)¥d(f2Xont2, Xon+2)]
K¥d(x2n, Xzn41) ¥d(Xoni1, Xons2)]
(1- K)d(xm, x2n+1) > K d(X2n+1, X2n+2)
d (X2, Xan+1) Eﬁ d(X2n+1, Xon+2)
:>d(x2n+1, x2n+2) <hd(x2n, X2n+1) - (4)
Whereh =%,0Shs 1.

In general
d(X2n, Xans1) Sh d(Xop_1,%20) < oo, < h?™d(xo, x,).

So forn < m, we have

d(xm me) < d(xZn, x2n+1) F o + d(me_l' me)
<(h®™ + p?"*1 4 ... + h2™ 1) d(xo, x1)
hZTL
< Ed(xo,xﬂ (5)
2n
Let 0 < c be given, choose a natural numbgrsuch thatf_—h d(xg, x1) <c, for

all n = Ny. Thusd(xzn, X2m) < ¢, forn <m. Thereforgx,,} is a Cauchy
sequence X, d). sincgX, d) is a complete cone metric space, there exist X
such that,, — x* asn — oo. If f; is a continuous, then

d(fix*, x*) <d(fixzns1, fix") +d(fixzne1, X*) = 0asn - co.
Since x;, — x* and fix, 41 = fix* asn — oo. Therefored(fix*, x*) = 0.

This implies thaff; x* = x*. hencex™ is a fixed point of; .



6 S.K. Tiwari et al.

Similarly, it can be established thak™ = x*, Thereforef;x™ = x* = f,x".

Thusx™ is the common fixed point of pair of mapsand f,.This completes the
proof.

Theorem 3.2: Let (X,d) be a cone metric space and suppg@se¢,:X — X be
any two continuous and onto mapping satisfyingctivedition

d(fix, f,y) 2 Kd(x, y) + Ld(f,y, x) (6)

for all x,y € X,whereL >0,K > 1is a constant. Therf; and f, have a
common fixed point irX.

Proof: Letx, be an arbitrary point 1 Sincef; andf, be onto (surjective), there
existx, € X andx; € X such that

filx) = xo and f; (x3) = x;.
In this way, we define the sequende,,, } and{x,,,.,} by
Xom = fiXxone1 forn=0,1,2,3......... and
Xons1 = faXoneo fOorn=0,1,2,3...............
Note that, ifx,, =x,,41, fOr somen > 1, thenx,, is fixed point off; andf,.
Now puttingx = x,,41 andy = x,,42, We have
d(xZn, x2n+1) =d(fiXan+1 f2Xon+2)
> Kd(X2n41, X2ne2) + LA(f2Xon42, X2n+1)
=Kd(X2n+1, X2n42) + Ld(Xon41, X2n41)

> Kd(X2n41, X2n+2)
1
= d(Xzn+1) Xan42) < % d(x2n, x2n+1); (7)

whereh ==, 0<h<1

x|e

So forn < m, we have

d(xZn, me) < d(xz,l, x2n+1) F o -Id(me_l, me)
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<R+ AP 4 e RP D) d (X, xp)

2n
< T d(x0, %) (8)

2n
Let 0 < c be given, choose a natural numbgrsuch thatf_—h d(xg,x1) <c, for

all n = N,. Thusd(xzn, X2m) < ¢, forn <m. Thereforgx,,} is a Cauchy
sequence X, d). sincgX, d) is a complete cone metric space, there exist X
such that,, — x* asn — oo. If f; is a continuous, then

d(fix", x*) <dd(fixzns1, fix") +d(fixzns1, X*) = 0asn - oo,
Sincex,, — x* and fix;,41 = fix* asn — oo. Therefored(f;x*, x*) = 0.
This implies thaff; x* = x*. hencex™ is a fixed point off; .
Similarly, it can be established thak* = x*.Thereforg;x™ = x* = f,x".

Thusx™ is the common fixed point of pair of mapsand f,.This completes the
proof.

Theorem 3.3: Let (X,d) be a cone metric space and suppg@se¢,:X — X be
any two continuous and onto mapping satisfyingctivadition

d(fix, f,y) > Kd(x, y) + Ld(x, fix) +Md(y, f2y) 9

for all x,y € X,whereK > —1,L > 1and M < are constant, withK + L +
M > 1. Thenf; andf, have a common fixed point K

Proof: Letx, be an arbitrary point 1 Sincef; andf, be onto (surjective), there
existx, € X andx; € X such that

fi(x) = xo and f; (xz) = x;.
In this way, we define the sequende,, } and{x,,.,} by
Xom = fiXxone1 forn=0,1,2,3......... and
Xon+1 =foXonso forn=0,1,2,3............

Note that, ifx,, =x,,41, fOr somen > 1, thenx,, is fixed point off; andf,.

Now puttingx = x,,41 andy = x,,4,, We have

d(x2n, x2n+1) =d(fiXan+1, f2X2n+2)
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d(xZn, x2n+1) > Kd(Xon+1, Xon+2) + Ld(Xon41, fiXon+1)
M (X2n42, f2Xon+2)

> Kd(Xan41, X2n+2) + Ld (Xon41, X20)
Mid (X2n42, X2n41)

L& (x2p, Xan41) + (K+ M)d (X241, X2n42)

1- L)d(xZn, x2n+1) > (K+ M) d(X2n41, X2n+2)

K+M

d(xzn x2n+1) =z d(x2n+1: Xon+2)

= d(x2n+1 x2n+2) s d(xZn x2n+1)

K+M
= d(x2n+1, x2n+2) <hd(xzn, Xon+1) -
Whereh =—,0<h < 1.
In general
d(x2n Xoni1) SR Ao 1,X20) < covvene <h?d(xg, x1).

So forn < m, we have

d(xZn, me) < d(xm x2n+1) + o + d(me_l' me)
<(h®™+ R+ .+ RPD) d(xg, xq)
hZTL
=< Ed(xo,xﬂ f10

Let 0 < c be given, choose a natural numbgrsuch that d(xo,xl) <c, for

all n = Ny. Thusd(xzn, x2m) < ¢, forn<m. Thereforéxm} is a Cauchy
sequence X, d). sincgX, d) is a complete cone metric space, there exist X
such that,, — x* asn — oo. If f; is a continuous, then

d(fix*, x*) <d(fixons1, f1x*) +d(fixopneq, x*) = 0 asn - oo
Sincex,, — x* and fix,,41 = fix" asn — co. Therefored(f;x*,x*) = 0.

This implies thatf,x* = x*., Hencex™ is a fixed point of; .
Similarly, it can be established th@x* = x*. Thereforefix* = x* = f,x".

Thusx™ is the common fixed point of pair of mafisand f,. This completes the
proof.
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