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1 Introduction and Preliminaries

Huang and Zhang [8] generalized the notion of metric spaces,
replacing the real numbers by an ordered Bannach space and defined cone
metric spaces. Dhage [ 1,2,3,4] et al. introduced the concept of D-metric
spaces as generalization of ordinary metric functions and went on to present
several fixed point results for single and multivalued mappings. Mustafa and
Sims [14] and Naidu et al. [11,12,13] demonstrated that most of the claims
concerning the fundamental topological structure of D-metric space are in-
correct. Alternatively, Mustafa and Sims [15] introduced more appropriate no-
tion of generalized metric space which called a G-metric space, and obtained
some topological properties. Later in 2007 Shaban Sedghi et.al [10] modi-
fied the D-metric space and defined D*-metric spaces and then C.T.Aage and
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J.N.Salunke [5] generalized the D*-metric spaces by replacing the real numbers
by an ordered Banach space and defined D*-cone metric spaces and prove the
topological properties. In this paper, we obtain a unique common fixed point
theorem for three pairs of weakly compatible mappings in D*-metric spaces.
First, we present some known definitions and propositions in D*- cone metric
spaces.

Let E be a real Banach space and P a subset of E. P is called
cone if and only if :
(i) P is closed, non-empty and P # {0} ,
(ii) ax + by € P for all z,y € P and non-negative real numbers a,b,
(iii) PN (—P) = {0}.
Given a cone P C F, we define a partial ordering < on E with respect to P
by x < y if and only if y — x € P. We shall write z < y if x < y and x # y;
we shall write z < y if y — 2 € P°, where P° denotes the interior of P. The
cone P is called normal if there is a number K > 0 such that for all z,y € F,
0 <z <y implies [[z| < K |ly|.

Definition 1.1 ([5]).Let X be a nonempty set and let D* : X x X x X — FE
be a function satisfying the following properties :
(1): D*(z,,2) >0,
(2): D*(z,y,2) =0 if and only if t =y = 2z,
(3): D*(z,y,2) = D*(x, z,y) = D*(y, z,x) = ...,symmetry in three variables,
(4): D*(z,y,2) < D*(x,y,a) + D*(a, z, 2).
Then the function D* is called a D*-cone metric and the pair (X, D*) is called
a D*- cone metric space.

Example 1.2 ([5]). Let E = R?>, P = {(z,y) € E : 2,y > 0}, X = R
and D* : X x X x X — FE defined by D*(z,y,2) = (|lz —y| + |y — 2| +
|z —z|,a(|lz —y|+ |y — 2| + |x — z|),where « > 0 is a constant. Then (X, D*)
18 a D* - cone metric space.

Remark 1.3 ([5]). If (X,D*) is a D* - cone metric space, then for all
z,y,z € X,we have D*(x,x,y) = D*(z,y,y).

Proposition 1.4 ([7]).Let P be a cone in a real Banach space E . If a € P
and a <X a  for some \ € [0,1) then a = 0.

Proposition 1.5 (Cor.1.4,[9]).Let P be a cone in a real Banach space E .
(i) If a < b and b << ¢, then a << ¢
(ii) If a € E and a << ¢ for all ¢ € P°, then a = 0.

Remark 1.6 ([9]). A P° C P° for A > 0 and P°+ P° C P°.
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Remark 1.7 ([7]). If c € P°,0 < a, and a, — 0, then there exists
ng € N such that for all n > ny we have a, << c.

Definition 1.8 ([5]).Let (X, D*) be a D*-cone metric space. Let {x,} be a
sequence in X and x € X . If for every c € E with 0 < c there is N such that
for all m,n > N, D*(z, xn,x) <K ¢, then {x,} is said to be convergent and
{z,} converges to x, and x is the limit of {x,}. We denote this by {x,} — x.

Lemma 1.9 ([5]). Let (X, D*) be a D*-cone metric space then the following
are
equivalent.
(1): {xn} is D*- convergent to x.
(17): D*(xp, Tp,z) — 0, as n — oo.
(i7i): D*(xp, x,x) — 0, as n — 00.
(iv): D*(Tpm, Tn,x) — 0 as n,m — oo.

Lemma 1.10 Let {x,} be a sequence in D*-cone metric space (X, D*). If
{z,} converges to x andy, then x = y.

Proof. For any ¢ € E with 0 << ¢, there is N such that for all n > N,
D*(xy, 1y, ) << § and D*(xy, xy,y) << § . Now,

D*(z,z,y) < D*(x,z,2,) + D" (20, y,y) << 5+ 5 =c.

Thus D*(z,7,y) << 7 for all k > 1. Hence { — D*(z,x,y) € P for all k > 1.
Since P is closed and { — 0 as k — oo, we have —D*(z,z,y) € P.

But D*(z,z,y) € P. Hence D*(z,x,y) = 0. Thus z = y.

Lemma 1.11 Let (X, D*) be a D*-cone metric space and {x,},{yn}, and
{z,} be three sequences in X and {z,} — =z, {y.} — v,{z} — =z then
D*(xpm, Yn, 21) — D*(z,y,2) as m,n,l — oo.

Proof. For any ¢ € E with 0 << ¢, there is N such that D*(z,,,z,7) << %,
D*(Yn,y,y) << § and D*(zp,2,2) << § for all m,n, [ > N.
Now for all m,n,l > N, we have

D*(Zp, Yn, 21)

S D*(x’nwy’ruz) + D*(Z,ZI,ZZ)

S D*(xma Z7y) + D*(yv Yn, yn) + D*(Z, 2, Zl)

< D*(z,y,x) + D*(x, T, Tn) + D*(Y, Yns Yn) + D*(2, 21, 21)

Thus

D*<Imayna Zl) - D*<Iaya Z) S D*(Iwr’m)xm) + D*(y)y’ruyn) + D*(Za Z[,Zl)
<<f+sts=c
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Similarly,

D*(x7y7 Z)

< D*(x,y,z1) + D*(z, 2, 2)

< D*(xvzlvyn) + D*(ymyay) + D*(ZZ,Z,Z)

S D*(xm,,zl,yn) + D*($m,1),l’) + D*(ynayay) + D*(ZZ,Z,Z>

Thus

D*(z,y,z) — D*(Tm, Yn, 21) < D (X, x,2) + D*(yn, y,y) + D*(2, 2, 2)
<<gst+s5t+t5=c

Thus for all £ > 1, we have

D*(Zm, Yn, 21) — D*(,y, 2) << { and D*(2,y, 2) — D*(m, Yn, 21) << §.
Hence ¢ — [D*(Zm, Yn, 21) — D*(2,y,2)] € P and

£ — [D*(z,y,2) — D*(Tm, yn, 21)] € P.

Since P is closed and 7 — 0 as k — oo, we have

lim D%, Yn, 21)—D*(x,y,2) € P,D*(x,y,2)— lm D*(2y,,yn, z) € P.

m,n,l—oo m,n,l—o0

Hence lim D*(x,,yn, 21) = D*(x,y, 2).

m,n,l—oo
Aage and Salunke[5] proved the above Lemmas 1.10,1.11, when
P is a normal cone (See,Lemma 1.7,Lemma 1.13[5]).

Definition 1.12 ([5]). Let (X, D*) be a D*-cone metric space, {x,} be a
sequence i X. if for any ¢ € E with 0 < ¢, there is N such that for all
m,n,l > N, D*(zp,, x,, 1) < ¢, then {x,} is called Cauchy sequence in X.

Definition 1.13 ([5]).Let (X, D*) be a D*-cone metric space. if every
Cauchy sequence in X is convergent in X , then X is called a complete
D*-cone metric space.

Now, we give our main Lemma.

Lemma 1.14 Let X be a D*-cone metric space ,P be a cone in a real
Banach space E and ky, ko, k3, ks > 0 and k > 0. If x,, — z,y, — Yy, 2, — 2
and p, — p in X and a € P and

(1.14.1) ka < kD™ (2, T, ) +ko D™ (Y, Ym, ¥) s D* (20 2im, 2)+ka D (Drs P, D)
then a = 0.

Proof.lf k; = ky = k3 = k4 = O,then ka < 0 implies —ka € P.But ka € P.
Hence ka = 0,which implies that a = 0.
Now assume that atleast one of ki, ko, k3, k4 is not equal to zero. Since x, —
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Ty Yn — Y,2, — 2z and p, — p, we have for ¢ € P°, there exists a positive
integer N, such that

C * C _ *
et~ D@0 T ) g tmrm — P Wno Yms 9),
c * c * o
ki+katkst+ks D (Zn’ “m; Z)’ kitkothksthks D (p”’pm’p) € pP? ¥ n>N.
From Remark 1.6, we have V. n > N,
ke _ * _ koc *
k1+ko+ks+ka kD (x"’ Lm; ZB), k1+ko+ks+ka ko D <yn’ Ym y)’
ksc . * kac . * o
ekt~ KD (e, 2 2), ot — FaD" (P Py p) € P

Adding these four and by Remark 1.6, we have V. n > N,,
c— [le*<xn7 T,y I) +k2D*(yn7 Yms y) +k3D*(Zn7 Zm Z) +k4D*(pn7pm7p)] S pPe.

Now from(1.14.1) and Proposition 1.5(i), we have ka << ¢ Ve € P°.
By Proposition 1.5(ii),we have a = 0 as k > 0.

Definition 1.15 ([6]).A pair of self mappings is called weakly compatible if
they commute at their coincidence points, that is, Ar = Sz implies ASx =
SAx .

2 The Main Result

Theorem 2.1 Let (X, D*) be a D*-cone metric space, P be a cone and
S, TR, f,g,h: X — X be mappings satisfying
(2.1.1) S(X) Cg(X), T(X) Ch(X) and R(X) C f(X),
(2.1.2) one of f(X),g(X) and h(X) is a complete subspace of X,
(2.1.3) the pairs (S, f), (T, g) and (R, h) are weakly compatible, and

(2.1.4) D*(Sz, Ty, Rz)
< D*(fx, gy, hz),D*(fx, Sz, Ty), D*(gy, Ty, Rz), D*(hz, Rz, Sx),
=g max D*(fx, Sz, Sz), D*(gy, Ty, Ty), D*(hz, Rz, Rz).

forall z,y,z € X, where 0 < g < 1.

(2.1.5) D*(x,z,y) < D*(x,y, 2) for all z,y,z € X with y # .

Then either one of the pairs (S, f),(T,g) and (R, h) has a coincidence point
or the maps S, T, R, f, g and h have a unique common fixed point in X.

Proof. Let 2y € X be an orbitrary point,then from (2.1.1), there exist xy, o,
x3 € X such that Sxg = gr1 = yo, say , Txy = hxy = yy, say and Rxy = frg =
Y2, say.

Inductively, there exist sequences {x,} and {y,} in X such that

Yan = ST3n = GT3p41, Yant1 = 1 T3p41 = hgpio and ys,pqo = RT3nio = [T3,43,
where n =10,1,2,.....
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If y3,, = y3n01 then z3,.1 is a coincidence point of g and 7.
If Y301 = Y3neo then zs,. 5 is a coincidence point of A and R.
If Y302 = Y3nr3 then xs,. 5 is a coincidence point of f and S.
Now assume that y,, # y,1 for all n.
Denote d,, = D*(Yn, Ynt1, Yni2)-
dz, = D* (y3n7 Y3n+1, y3n+2) =
D*(ngn, Tx3n+1; R$3n+2)
D*(Y3n—1,Y3n, Y3n+1)s D" (Y3n—1, Y3n, Yant1),
D*(y?ma Ysn+1, y3n+2)7 D*(y3n+17 Yan+2, yi’m)a
D*(Y3n—1, Y3ns Y3n)» D* (Y3ns Yn+1, Ysn+1),

D*(y3n+l7 Ysn+2, y3n+2)-
From Remark 1.3 and (2.1.5) we have

< ¢ max

d3n—17 d3n—17 d?m; d3na
o1y [ (1)

If d3,, > d3,_1 then from (1), we have ds, < q ds, < ds,. It is a contradiction.
Hence ds, < ds,—1. Now from (1), ds, < q dap—1...e.... (2)

Similarly, by putting © = x3,13,y = T3ni1, 2 = Tany2 and T = x3,43,
Y = T3pid, 2 = T3ppe in (2.1.4), we get dzpi1 < ¢ dape...... (3)
and dzpi2 < ¢ d3pgq..e.... (4) respectively.
Thus from (2),(3) and (4), we have

D*(yn; Yn+1, yn+2) S q D~ (yn717 Yn, ynJrl)
< ¢* D*(Yn—2; Yn—1Yn)

< ¢ max

<q" D*(Yo,y1,42) e (5)
From (2.1.5) and (5), we have

D*(yn7yn>yn+l) S D*<ynayn+1ayn+2> S q" D*(y07y17y2)-
Now for m > n

D*(yna yn7ym) S D*(yn7ynayn+1) + D*(yn—l—hyn-i-la yn+2) + ...+ D*(ym—laym—laym)
< q" D*(yo,y1,y2) + " D*(y0,y1,42) + .. + 4™ D*(yo,y1,Y2)
< quq D*(yo,y1,y2) — 0 as n — oo.

From Remark 1.7, it follows that for 0 << ¢ and large n, we have

% D*(yo,v1,y2) << c¢. Now, from Proposition 1.5(i), we have

D*(Yn, Yn, Ym) << ¢ for m > n. Hence {y,} is a D*-Cauchy sequence.
Suppose f(X) is D*-complete.

Then there exist p,t € X such that ys,.2 — p = ft. Since {y,} is D*-Cauchy,
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it follows that y3, — p and y3,41 — p as n — oo.

D*(St,p,p) < D*(p, Tx3p+1, Tx3n41) + D*(Tx3,41, St, D)
< D*(p, Tx3ny1, Txsni1) + D*(p, Rrsnio, RTsny)
+D*(St, Tl‘3n+1, RZL‘g,H_g)
S D*(pv Y3n+1, y3n+1) + D (pa Y3n+2, y3n+2)

D*(p7 Y3n, y3n+1)7 D*(pa Sta y3n+1)7
D*(Y3n, Ysn+1> Yan+2)s D* (Ysn+15 Yan+2, St),
D*(p, St, St), D*(Y3n, Ysn+1: Y3n+1)
D*(Y3n+1, Ysn+2, Ysn+2)-

+¢ max

S D*(p7 Ysn41, y3n+1) + D*(pa Y3n4-2, y3n+2)
D*<p7 Y3n,s y3n+1)7 D*(Stapap) + D*(p7p7 y3n+1)7
D*(ysn, 0, p) + D™ (P, Y3n+1, Yan+2),
+q max § D*(St,p,p) + D*(p, Ysn+1, Ysnt2), D*(St, p, p),
D*(y3n, p:p) + D*(Ds Y3n+1, Y3n+1),
D*(ySn—H?pap) + D*(pa Y3n+2, ?an+2)~

Now we have

D*(St7pap) S D*(pvpv y3n+1) + D*(papa y3n+2) + qD*(p7 Y3n, y3n+1) or
(1 - q)D*(St,p,p) S (1 + q)D*(p,p, y3n+1) + D*(pap7 y3n+2) or
D*(St,p,p) < D*(p, 0, Yant1) + D*(p, 0s Y3nr2) + ¢D* (Y30, p, P)
+4D* (D, Ysn+1: Ysnt2) OF
(1 —=q)D*(St,p,p) < D*(p,p, Yan+1) + D (0, D, Y3n+2) + qD*(D, Yant1, Ysnt2) oOF
(1 —=q)D*(St,p,p) < D*(p,p, Ysn+1) + D*(D, D, Ysns2) or
D*(St,p,p) < (1+q)D*(p, 0, Y3nt1) + D* (0, 0, Y3nt2) + ¢D*(Y3n, 0, p) o
D*(St,p,p) < (L4 q)D*(p, p, Ysnt1) + (1 + ) D*(p, p, Ysn+2)

From Lemma 1.9 and Lemma 1.14 , we have St = p. Thus ft = p = St.
Since the pair (S, f) is weakly compatible, we have fp = Sp .

Now, D*

—~

Sp b, p) < D (pa Tx3n+1aTx3n+1) + D~ (T$3n+1,sp p)
D (p, T$3n+1, T$3n+1) + D (p, Rl‘g,H_Q, R1’3n+2) + D (Sp, T$3n+1, Rl’3n+2)
D*(p, Yant1, Yant1) + D*(D; Ysnt2, Yant2)
D*(fp, Yan: Ysn+1), D*(fp, Sp, Yan+1),
D*(ysm Y3n+1, y3n+2)7 D*<y3n+17 Y3n+2, Sp),
D*(fpa Sp, Sp)a D*(y?ma Y3n+1, y3n+1)a
D*(Y3n41, Y3n+2, Y3nt2)-

IAIA

+¢ max
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D*(Sp,p,p) < D*(p, Ysn+1: Ysnt1) + D* (D, Ysnt2, Ysn+2)
D*(Sp,p,p) + D*(p, Y3n, Y3n+1),
D*(Sp,p,p) + D*(p, Yant1, Y3n+1),
D*(Y3n, p, ) + D*(P, Y3n+1, Y3n+2),
D*(Spvpap) + D*(pa Y3n+1, Ysn+2, )7 07
D*(Y3n, p, ) + D*(D, Y3n+1, Y3n+1),
D*(Z/snﬂ,p, p) + D*(Z% Y3n+2, y3n+2)-

+q max

Now we have

(1—=q)D*(Sp,p,p) < D*(p, 0, Y3ns1) + D (0, 1, Y3ns2) + 4D (P, Y3n, Ysnt1) or
(1=q)D*(Sp,p,p) < (14 q)D* (P, , Y3n+1) + D*(D, P, Y3ns2) or
D*(Sp,p,p) < D*(p, p, Yant1) + D*(p, D, Y3nt2) + ¢D* (Y3n, 0, p)

+qD* (D, Y3nt1, Ysnt2) O
(1 - Q)D*(Spvpap) < D*(pvpa y3n+1) + D~ (P b, y3n+2) +qD* (pv y3n+17y3n+2) or
D*(Spvpap) S D*(p,p, y3n+1) + D ( b,p, y3n+2) or
D*(Sp,p,p) < (L +q)D*(p, P, Y3n+1) + D*(p, P, Ysnt2) + ¢D*(Y3n, 0, p) or
D*(Sp,p,p) < (L+q)D*(p, p, ysns1) + (1 + @) D*(p, P, Ysn+2)

From Lemma 1.9 and Lemma 1.14 , we have Sp=p .
Hence fp=Sp=p. .cc....... (6).

Since p = Sp € g(X), there exists u € X such that p = gu.
Now, D*(p, Tu,p) = D*(Sp, Tu, p)

S D*(pa Rx3n+27 Rx3n+2) + D*(Sp7 TU, RxSn—i—Z)-
D*(fpa qu, y3n+1)> D*(fpa Sp7 TU),
D*(gu, T'w, ysnt2), D* (Y3n+1, Ysnt2, SP)
< * Y Y Y ) Y 7
= DIt o) AN (1, Sy, ), D (g, T, T,

D~ (y3n+17 Y3n+2, y3n+2)-

D*(p, p; yan+1), D*(p, p, Tu),
D*(Tuupap) + D*(pupu y3n+2)7
D*(p, Ysn+1, Ysn+2), 0, D*(p, p, Tw),
D*(Y3n11, 0, 0) + D* (P, Y3nt2, Ysns2)-

< D*(p, Ysn+2, Ysnt2) + gmax

Now we have

D*(pa Tuap) S D*( b,y 3n+2ay3n+2) +qD (p b, y3n+1)

(1 =q)D*(p,Tu,p) < D*(p, Y3n+2; Yan+2) OF

(1 —=q)D*(p, Tu, p) < D*(D, Y3nt2: Yant2) + ¢D* (D, P, Yant2) OF
D*(p, Tu,p) < D*(p, Ysn+2, Ysn+2) + 4D* (D, Ysn+1, Yant2) O
D*(p, Tu,p) < D*(p y3n+21y3n+2) or

(1 —q)D*(p, Tu,p) < D*(p, Yan+2: Ysnt2) OF

D*(p, Tu, p) < D*(p,p; Y3n+1) + (1 + @)D" (P, Y3n+2, Ysnt2)-
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From Lemma 1.9 and Lemma 1.14 , we have Tu = p . Hence p = Tu = gu .
Since the pair (T, g) is weakly compatible, we have Tp = gp .
Now, D*(p,Tp,p) = D*(Sp,Tp,p)

< D*(p, Rxsni2, Rtany2) + D*(Sp, Tp, Rusn ).
D*(fp, gp, hrzni2), D*(fp, Sp, Tp),
{ (9p, Tp, R3n12), D*(hr3ny9, RT3n42, SP),
D* fp, Sp, Sp), D*(gp, Tp, T'p),
h$3n+2, R340, R$3n+2)

< D*(p; Y3n+2, Ysn+2) + ¢ max

D* p7Tp7 y3n+1) D*(pvpa Tp)>
D* Tp7 Tp7 y3n+2) Dr (p7 y3n+17y3n+2)707 07
(y3n+1, Ysn+4-2, y3n+2)

= D*(p, Ysn+2: Ysnt2) + ¢ max

D*(T'p,p,p) + D*(p, p, Y3n+1), D*(p, p, Tp),
D*(p, Ysnt2: Ysn+2) + D*(T'p, p, p),
D*(pv Ysn+1, y3n+2)7 Oa 07
D*(Y3n11,0,0) + D* (P, Y3n+2, Ysnt2)

< D*(p, Ysn+2, Ysn+2) + ¢ max

Now we have

(1 —=q)D*(p, Tp,p) < D (P Y3n+2; Ysnt2) + ¢D* (D, D, Y3ny1) OF
(1 —=q)D*(p, Tp,p) < D*(p,Y3n+2, Y3nt2) OF

(1 —q)D*(p, Tp,p) < (1 +q)D*(p. Y3n+2, Ysn+2) OF

D*(p, Tp,p) < D*(p, Ysn+2, Yan+2) + 4D* (D, Y3nt1, Yan+2) OF
D*(p, Tp,p) < D*(p, Y3n+2, Yant2) OF

D*(p, Tp,p) < D*(p, p; yan+1) + (1 + @) D* (D, Ysn+2, Yan+2) -
From Lemma 1.9 and Lemma 1.14 , we have T'p = p.

Hence p=Tp = gp. ...... (7).
Since p = T'p € h(X), there exists w € X such that p = hw.
Now, D*(p,p, Rw) = D*(Sp, Tp, Rw)

D*(fp, gp, hw), D*(fp, Sp, Tp), D*(gp, Tp, Rw),
< gmax{ D*(hw, Rw, Sp)D*(fp, Sp, Sp), D*(gp, Tp, Tp),
D*(hw, Rw, Rw).

=q max{ 0,0, D*<p7p7 Rw)a D*(p7 Rwap)aoaoa D*<p7 RUJ,RU}) }

=q D*(p,p, Rw) .
From Proposition 1.4 , we have Rw = p. Thus hw = Rw = p
Since the pair (R, h) is weakly compatible, we have Rp = hp .
Now, D*(p, p, Rp) = D*(Sp, Tp, Rp)

D*(fp, gp, hp), D*(fp, Sp, Tp), D*(gp, T'p, Rp),
< ¢ maxq D*(hp, Rp,Sp)D*(fp,Sp,Sp), D*(gp, Tp, Tp),
D*(hp, Rp, Rp).
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= g maz {D*(p,p, Rp),0, D*(p, Rp, p), D*(p, Rp, Rp),0,0,0} .

=q D*(p,p, Rp) .

From Proposition 1.4 ,we have Rp = p. Thus hp = Rp=p ....... (8).
From (6),(7) and (8), it follows that p is a common fixed point of ST, R, f, g
and h.
Let p’ be another common fixed point of S, T, R, f,g and h .
D*(p,p,p') = D*(Sp,Tp, Rp')

= q max {D*(p,p,p),0, D*(p,p,p'), D*(p,p,?'),0,0,0}.

=q D*(p,p, ') -
From Proposition 1.4 ,we have p = p’ .
Similarly, we can prove the theorem when g(X) or h(X) is D*- complete .

Corollary 2.2 . Let (X,D*) be a complete D*- cone metric space and
S, T,R: X — X be satisfying

(2.2.1) D*(Sz, Ty, Rz)
< g max D*(z,y,z),D*(x, Sz, Ty), D*(y, Ty, Rz), D*(z, Rz, Sx),
=1 D*(x, Sx,Sz), D*(y, Ty, Ty), D*(z, Rz, Rz)

forall x,y,z € X, where 0 < q < 1.
(2.2.2) D*(x,z,y) < D*(x,y, z) for all z,y,z € X with y # z.
Then the maps S,T and R have a unique common fixed point.

Proof. From Theorem 2.1 with f = g = h = I(Identity map) , we have either
S or T or R has a fixed point in X or the maps S,T and R have a unique
common fixed point in X.
Suppose Sz = x. Assume that Tx # Rx.
Then from (2.2.1) and from Remark 1.3 ,
D*(z, Tz, Rx)
= D*(Sz, Tz, Rx)
0, D*(x,z,Tx), D*(x, Tz, Rx), D*(x, Rz, x)
0, D*(x, Tz, Tx), D*(x, Rx, Rx)
=q max{D*(z,z,Tx), D*(z,Tx, Rx), D*(x,z, Rx)} ...(1)
<gq D*(z,Txz,Rx) from(2.2.2)
It is a contradiction. Hence Tx = Rx.
Now from(1),D*(z,Tx,Tx) < ¢D*(z, Tz, Tx).
Hence from Proposition 1.4,we have Tx = z. Hence Rx = x.
Thus x is a common fixed point of S, T and R. similarly, if Tx =z or Rx = x
then also = is a common fixed point of S,T and R.
An open Problem: Is Theorem 2.1 or Corollary 2.2 holds without the
condition “D*(z,x,y) < D*(x,y,2) for all z,y,z € X with y # 2" 7.

< g max
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