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On certain subclasses of prestarlike functions !

Thomas Rosy, S. Kavitha, Mugur Acu and G.Murugusundaramoorthy

Abstract

In the present investigation, we introduce and study interesting prop-
erties of a new unified class of pre-starlike functions with negative co-
efficients in the open unit disk A. These properties include growth and
distortion, radii of convexity, radii of starlikeness and radii of close to
convexity.

2000 Mathematics Subject Classification: 30C45.
Key words and phrases: Analytic function, Prestarlike functions,
Convolution product, radii of starlikeness.

1 Introduction and Motivations

Let A denote the class of functions of the form
(1) F) =243 anet,
n=2

that are analytic in the open unit disc A := {z € C : |z] < 1}. Let S be a
subclass of A consisting of univalent functions in A. By S*(«), we mean the
class of analytic functions that satisfy the analytic condition

R <ZJJ:E,(;)> >a, (z€A)
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for 0 < a < 1. In particular, S*(a) € §*(0) = S*, the well-known standard

class of starlike functions. For functions f € A given by (1) and g € A given
e¢]

by g(z) =z + Z bpz", we define the Hadamard product (or Convolution) of

n=2

f and g by
(2) (fx9)(2) =2+ anbnz", z€A.
n=2

A function f € S is said to be convex of order «, (0 < o < 1) if

R (1 + ZJ{,@?) >a (z€A).

This class is denoted by (). Further, K = K(0), is the well-known standard
class of convex functions. It is an established fact that

feK(a) = 2f € §*(a).
Let the function

(3) Sa(2) =

z

QT)?(I—Q)’ (ZEA,OSO(<1)

which is the extremal function for the class S*(a)). We also note that S, (z)
can be written in the form

(4) Sa(2) =2+ _[Cn(@)]2",
n=2

(5) Cn(a)zj—‘ (neN\{1},N:={1,2,3,---}).

We note that Cy,(«) is decreasing in « and satisfies

o0 ifoz<%
(6) lim Cp(a) =4 1 ifa=3
0 ifa>%
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Let R[(, o, 3,7, P, ¥, A, B] denote the class of pre-starlike functions satis-
fying the following condition

(h*®)(z2) (hx ®)(2)
260 ([ <) -2 (G Y
where
hz)=f*Sa(2),0<B<1,0< (<1,
D(2) :z—l—i)\nz”,
n=2
and

o0
U(z) =2+ Zunz"
n=2
analytic in A, with A, > 0, up, > 0, Ay > iy, forn =2,3,4,--- , and
B 2(B?A)§’ lfC#O
Y A
2(B - 4) 1 it ¢ 40

forfixed -1< A< B<land 0<B<1.

We note that a function f is so called pre-starlike of order o function
(0 < a < 1) if and only if f * S, is a starlike function of order «, which
was introduced by Ruscheweyh [5]. Many subclasses of the pre-starlike func-
tion were studied by Silverman and Silvia [6], (see also [9]), Owa and Ahuja
[4], Maslina Darus [2] and also by Uralegaddi and Sarangi [10]. Our results
generalize the results of Maslina Darus [2] and also some other known results.

Let T denote the subclass of A consisting of functions of the form

(8) f(z)=2z— ianz”, an > 0.
n=2

Let us write
RT[C? a?ﬁ777 ¢7 W,A’ B] = R[C7aaﬁa77 (D?‘IJ7A7 B] mT?

where T is the class all functions with negative coefficients and of the form (8)
that are analytic and univalent in A.

In this paper, we make a systematic investigation of the newly defined
class R[(, o, 8,7, P, ¥, A, B]. It is assumed throughout this paper that ®(z),
and ¥(z) satisfy the conditions stated in (7) and that (h*W)(z) # 0 for z € A.
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2 Coefficient inequalities

Our main tool in this paper is the following result, which can be easily proven,
and the details are omitted.

Theorem 1 Let f(z) = z + Zan be in the class A. If, for some A and

B with -1 < A< B <1,
oo

9) > o(®,¥,n)Ch(a)|an] < 267(1 - (B - A)

n=2
where
(10) o(®,¥,n) = (A — pn)(1 — BB) + 2v8(B — A)(An — Cpin)
then f € R[(, o, 8,7, P, ¥, A, B]. The result is sharp.

Proof. Suppose the condition (9) holds for all admissible values of A and B.
In view of (7), it is enough to prove that

(hsd))
1 w*¢&> Y EOORIRS
2“3‘“”<w*wx> C) (MwWX@_1>

For |z| =7, 0 <r < 1, we have

|(hx @)(2) = (h+ ¥)(2)]
—B129(B = A) {(h * ®)(2) = ((h* W) (2)} = B{(h x ®)(z) — (h* V)(2)}]

D Aw = ) (L = BB) +267(B = A) Ay — Cpn) } Cul)an |~

n=2

=271 = )(B — A)r

which is clearly lesser than zero as r — 1 in view of (9). Thus, (11) is satisfied
and hence, f € R[(,, 3,7, P, ¥, A, B].

For the choices of
z z

VE) = (=N A gy

and

z z 4 22
() = (- Ng =+ A=

we get the following result of Maslina Darus [2]
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oo
Corollary 1 Let f(z) = z + Zanzn, be in the class A. If, for some A and

n=2
B uwith—1< A< B<1,
(12) > o(®,%,n)Ch()]an] < 28y(1 - ()(B — A)
n=2

where
(13) o(®,¥,n) =1+ (n—1)AN){n—-14+28v(n—-)(B—A) - BB(n—1)}

then f € R[(, o, 8,7, P, ¥, A, B.

Theorem 2 Let f(z) = z — Zanz be in the class T. Then f €
Rrl¢, o, 8,7, P, ¥, A, B] if and only if (9) is satisfied.

Proof. In view of Theorem 1, it is sufficient to show the ”only if” part. Thus,
let f € Rrl¢,«, 8,7, P, ¥, A B]. Then,

(14)  |w(z)| =

Using the power series expansion for f, ® and ¥, we get,

(15) lw(2)| =
Z()‘n — pin)Cn(a)anz"
n=2

D [29(B = A)(An = Cpin) = B(An = pn)] anCr(@)z" — 24(B — A)(1 = )]z

n=2

<p

and hence,
(16)

[e']

Z()\ llzn)Cn( )an
R n=2

[26’7(3 - A)(An - C,U/n)cn(a)anzn - ﬁB()\n - ,un)C'n(a)anz"] — 2’}/(3 — A)(l — C)Z

™
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is less than 3 for all z € A. We consider real values of z and take z = r with
0 < r < 1. Then, for r = 0, the denominator of (16) is positive and so is for
all 7,0 < r < 1. Then (16) gives,

o0

(17) Y o(@, 0. n)Co(@)]an)r" ™t < 267(1 = )(B - A)

n=2

where o(®, ¥, n) is as defined in (10). Letting » — 17, we get (9).

For the choices of ; ;
U(z)=(1-—

and

z z+ 22
2() = (1- N Ao

we get the following result of Maslina Darus [2]

o
Corollary 2 Let f(z) = z — Zanz", be in the class T. If, for some A and

n=2
B with -1 < A< B < 1,
(18) > o(@,W,n)Crla)an < 28v(1—()(B — A)
n=2

where
(19) o(®,¥,n) =1+ n—-)A){n—-1+28y(n—()(B—-A) - BB(n—-1)}
then f € Rr[¢, o, 8,7, P, ¥, A, B.

Indeed, since f € Rp[(, o, 3,7, P, ¥, A, B] from (9), we have

[e.9]

> o(®, W, n)Cu(a)|an| < 26v(1 = ()(B — A),

n=2

where o(®, ¥, n) is as defined in (10). Hence for all n = 2, we have

_2-0B-4)
"= (P, ,n)C(a)

whenever —1 < A < B < 1. Hence we state this important observation as a
separate theorem.
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Theorem 3 If f € Rr[(, o, 3,7, P, ¥, A, B], then

26y(1 = Q)(B — A)
(@, ¥, n)Cph(a) ’

(20) an < n > 2;

where —1 < A < B < 1. Equality in (20) holds for the function

_ . _B(A=-9QB-4)
(1) A A A T &

3 Covering theorem and Distortion Bounds

Theorem 4 If f € Rr[(,a, 3,7, P,V, A, B] then f € T*(§), the class of star-
like functions of order &, (0 < & < 1), with

207(1 = )(B = A)
(14 3)o(2,¥,2)Co(a) = 26v(1 = ()(B - A)’

This result is sharp with the extremal function being

. (A -QB-4)
(22) 1@ =2 @52 &

£=1-

Proof. It is sufficient to show that (9) implies i(n —&an < 1—¢ [6], that
is, "
n—¢§ < (P, ¥, n)Cp(a)
1-¢6 7 26vy(1-Q)(B - 4)
Since, for n = 2, (23) is equivalent to

_ 2(n —1)By(1 - {)(B - A) o
& <1 o(®,¥,n)C,(a) —28v(n —1)(1 —¢)(B — A) = ®q(n),

and ®1(n) < ®(2), (23) holds true for any n > 2, and for -1 < B <A< 1.
This completes the proof of the Theorem 4.

(23)  n>2.

Theorem 5 Let o(®,V,n) be as defined in (10). Then, for f €
Rr[¢, o, 8,7, ®, U, A, B] with z = re'® € A, we have
_ﬂ’Y(l—C)(B—A) 2 Pyl —¢)(B—A) ,

) - A w SHEI s e G T
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Proof. Observing that Cy, () defined by (5) is increasing for 0 < o < %, we
find from Theorem 2 that,

(25)

Using (8) and (25), we readily have for z € A,

OB A),
@) S0 < e+ 2SSO,

n=2

and noting that Ca(a) = 2(1 — ), we get the assertion (24) of Theorem 5.

Theorem 6 If f € Rr[(,a,3,7,®,¥, A, B], then for |z] =r <1

2y(1- (B - 4)
(1-a)o(P,¥,2) —

(28) 1-

Proof. Using (8), we readily have for z € A,

I S
@) 1SR e < fef+ DL B

n=2

and noting that Cs(a) = 2(1 — «), we get the assertion (28) of Theorem 6.

4 Radii of close-to-convexity, starlikeness and con-
vexity

Theorem 7 Let the function f be in the class Rr[C, «, 3,7, P, ¥, A, B]. Then
f(2) is close-to-convez of order p, 0 < p <1 in |z| < ri(B8,7, A, B, p), where



On certain subclasses of prestarlike functions 11

Tl(ﬁ,’Y,A,B,p) = inf

n

n =2,

{(1 - P)Cn(a)a(q),lll,n)] =
o (1- OB —4) |

with o(®, W, n) be defined as in (10). This result is sharp for the function f(z)
given by (22).

Proof. Since -
f(Z) =2z Za’?’bzna
n=2
we get

fl(z)=1- Znanznfl.
n=2

It is sufficient to show that [f'(z) — 1] < 1 —p, 0 < p < 1, for |z] <
r1(8,v, A, B, p), or equivalently

(31) i (TZ) anlz[" "t < 1.

n=2

By Theorem 1, (31) will be true if
( n > |Z|n—1 < Cﬂ(a>0(¢)>\lj7n)

1=p = 267(1 - Q) (B - 4)
or, if
(1= p)Cn(a)o(®, ¥, n)] 1
(32) o < [ lda b B[ sy

The theorem follows easily from (32).

Theorem 8 Let the function f € T be in the class Rr[(, o, 3,7, P, U, A, B|
Then f(z) is starlike of order p, 0 < p <1 in |z| < 20,7, A, B, p), where

(1 - p)Cu()o(®, U, n) i1
(n=p)By1-QO(B-A)]

with o(®, W, n) be defined as in (10). This result is sharp for the function f(z)
given by (22).

ro(B,v, A, B, p) = inf 5 n>2,
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Proof. Since,
(e e}
f(z)=2— Zanz”,
n=2
we get
o
fl(z)=1- Znanz”_l.
n=2

It is sufficient to show that

(33) z;é? - 1' < 1— p or equivalently
(n—1)ayz"
)| 2 e
f(z) =
z— On 2
3 (’;jg) a1 < 1,
n=2

for 0 < p <1, and |z| < 12(8,7, A, B, p). By Theorem 1, (33) will be true if

(n — p) 21 < Cn(a)o (P, ¥,n)

L=p = 267(1-¢)(B - A)
or, if
(1= p)Ca(a)o(®, ¥, n) T
(34) 2| < [Q(H—p)ﬂv(l—ﬁ)(B—A) , n=2

The theorem follows easily from (32).

Theorem 9 Let the function f € T be in the class Rr[(, o, 3,7, P, ¥, A, B.
Then f(z) is convez of order p, 0 < p <1 in |z| < r3(8,v, A, B, p) where

=in (1=p)Cr(a)o(®, ¥, n) o
7“3(57%14,3,/))_ nf 2n(n—p)ﬁfy(1_<)(B_A) R

with o(®, VU, n) be defined as in (10). This result is sharp for the function f(z)
given by (22).

n=2,
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Proof. It is sufficient to show that

1
(35) zf((?;) < 1-p or equivalently
z
oo
- Z n(n — 1)a,z""1
n=2 = < 1-p or equivalently
1— Z napz"""
n=2
o
Z (n(n_p)> an|z|n—1 < 1’
L=p

n=2

for 0 < p<1and |z| <73(8,7, A4, B,p). By Theorem 1, (35) will be true if
(n(n - p)) 2L < Cn(a)o(®, ¥, n)

1= = 287(1-¢)(B - 4)
or, if
(1—=p)Cp(a)o(®,V¥,n) T
(36) ’AS[%Kn—MBﬂl—CNB—A) , n=2

The theorem follows easily from (36).

5 Extreme points of the class Rr[(,«, 53,7, D, V, A, B]
Theorem 10 Let fi(z) = z and

. 267(1 — C)(B — A) n >

(37) fal2) = Cola)o(®, U,n) ~ "

2

and with o(®,V,n) be defined as in (10). Then f € T belong to the class
RrlC, o, B,7v,®,V, A, B], if and only if it can be represented in the form

(38) f(Z) = anfn(z)ﬂ gn 2 0, an = 1.
n=1 n=1

Proof. Suppose f(z) can be written as in (38). Then

ign{zm (%(\If n) )}Zn'
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Now,

= Cp(a)o(®, U, n) 28v(1—C)(B—-A
Z () ( ) 2B8~y(1 = O)( )

267(1 = )(B = A) Cp(a)a(®,¥,n) n = ann =1-6<1L

n=2
Thus f € Rr[(,a, 3,7, P, ¥, A, B]. Conversely, let f € Rr[¢,a, 5,7, P, ¥, A, B].
Then, by using (20),
204
" o(®,0,n)C,(a)

Setting,

Crn(a)o (P, ¥, n)

“Wa-om-_a "=

€n

and & = 1— Z &n, we have f(z) = Z Enfn(z), with f,,(2) is as given in (37).
n=2 n=1

Corollary 3 The extreme points of Rr[C,a,3,v,P,V, A, B], are the func-
tions f1(z) = z and
2001 -Q)(B—-4) ,

fule) = 2= 2=, iz

As in earlier theorems, we can deduce known results for various other
classes and we omit details.

Theorem 11 The class Rr[¢, «, 8,7, P, ¥, A, B] is closed under linear com-
bination.

Proof. Let f,g € Rr[¢, o, 3,7, P, VU, A, B]. Let
oo
f(z) =2— Zanz”, an >0,
n=2

and

g(z) =z — Z bpz", by > 0.
n=2

For 1 such that 0 <5 <1, it is sufficient to show that the function h, defined
by h(z) = (1 —n)f(z) + ng(z), z € A, belongs to Rr[¢, a, 3,7, P, ¥, A, BJ.
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Since,
[e.e]

h(z) =2z =Y [(L = n)an +nbs] 2",

n=2

applying Theorem 2, we get

SoCala)  o(@.W.n)[(1— n)ay + by
n=2

o0

= (1=1)> Cula)a(®, ¥, n)an+1Y_ Cu(a)o(®,T,n)by
n=2

n=2

21— By — O)(B — A) + 208v(1 — (B — A)
= 268y(1-0)(B - A).
This implies that h € Rp[¢, o, 3,7, P, ¥, A, B].

6 Integral Means Inequalities

Lemma 1 /3] If the functions f and g are analytic in A with g < f, then for
k>0,and0<r<l1,

27 2T
(39) / \g(rew)(”dag / (f(rew)]”de.
0 0

In [6], Silverman found that the function fa(z) = z — % is often extremal

over the family 7. He applied this function to resolve his integral means in-
equality, conjectured in [7] and settled in [§8], that

2T 27
fre®| a0 < [ |fa(re®)|" o,
0/\ re ‘ O/\ S(re ‘

forall f €T,k > 0and 0 < r < 1. In [8], he also proved his conjecture for
the subclasses T%(3) and C(3) of T.

In this section, we obtain integral means inequalities for the functions
in the family Rr[(, «, 3,7, P, ¥, A, B]. By taking appropriate choices of the
parameters ®, W, A, B we obtain the integral means inequalities for several
known as well as new subclasses.

Applying Lemma 1, Theorem 1 and Theorem 10, we prove the following
result.
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Theorem 12 Suppose f(z) € Rr[¢, o, 5,7, P, ¥, A, B] and fa(z) is defined

by
_ . B(A-9QB-4)
2 =2 = 5.0 2,

with
o(®,V,2) = (A2 — p2)(1 = BB) +27B(B — A) (A2 — Cu2)
Then for z =re?, 0 < r < 1, we have

2

27
(40) [iscrran< [1ne0r o
0

0

Proof. For -
f(z)=2=>lan|2",
n=2

(40) is equivalent to proving that

27 K 27

- n—1 /87(1_4)(3_‘4) "
[ =3 o o< [ - s @
0 n= 0

By Lemma 1, it suffices to show that

zZ.

= B(-QB-A)
1-— anlz" 1 <1 —
2 lon (1= )o(®,7,2)

Setting

a1, P(1=Q(B-4A)
(41) 1—;2|anz l=1- 0 a)o(®.9.2) w(z),

and using (9), we obtain

B 2 o(®,T,1)Cp ()
@l = S =B - A)

‘an‘zn—l

n=2
s o(®, ¥, n)Cp(a)
<2 oma-om -4l

< |z,

where o(®, ¥, n) is as defined in (10). This completes the proof Theorem 12.
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