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Some results concerning cyclical contractive

mappings '

Mihaela Ancuta Petric

Abstract

The purpose of this paper is to estabilish metrical fixed point theorems
for some contractive orbital mappings involving a cyclical condition. Our
results extend most of the fundamental metrical fixed point theorems in
literature (Chatterjea, Bianchini, Reich, Hardy-Rogers, Cirié).Examples

of fixed point structures follows.
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1 Introduction

Let p > 1,p € N. We consider T a selfmap of a metric space (X,d) and

{A;}_, nonempty closed subsets of X. For any given = € X, we define T"x
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inductively by 7%z = z and T"*'z = T(T"x). The mapping T is said to be

cyclical if

(1) T(A;) C A, Vi e {1,2,... ,pHwhereA,1 = Ay).
If there exist a constant k € (0,1) such that

(2) d(Tz, T%x) < kd(z, Tx),

for Vo € X than we say that T satisfies an orbital condition.

It is well known and easy to prove that if X is a complete metric space and
T : X — X is continuos and satisfies (2), Vo € X then T has a fixed point in
X.

We first prove the following basic result for the existence of a fixed point

under cyclical considerations.

P p
Lemma 1 IfT: |J A; — U A; satisfies (1) and (2), for Vx €
. ~

p
A;, where
i=1 3 =1

(2

P
ke (0,1), then [ A; # Q.
i=1

)

P
Proof. Let x € |J A;. We put in (2) T := T?z and T?z := T3z. Then we
i=1

have

d(T?z,T3z) < kd(Tx,T%z) < K*d(z, Tx)

and by induction

d(T"z, T" " z) < k"d(z, Tx)

forn =0,1,2,.... Thus for any numbers n,m € N, m > 0 we have
n+m—1 ‘ ' n+m—1 ) n
d(T"z, T" ™) < Z d(T7z, T ) < Z Ed(x,Tx) < T kd(m,Tm).
Jj=n Jj=n

Since 0 < k < 1, it results that £ — 0 (as n — o0), which together with

the above inequality shows that {T"z} is a Cauchy sequence. But (X,d) is a
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complete metric space, therefore {T"z} converge to some z* € X. However
in view of (1) an infinite number of terms of the sequence {T"x} lie in each
Ai,i€{1,2,...,p}. Therefore z* € ‘ﬁ A;, so ﬁ A; # (). The present paper
is motivated by a paper of W.A. K11:1?,1 P.S. Srli;}vasan and P. Veeramani [7].

These authors consider the folowing result.

Theorem 2 (7] Let {A;}}_| be nonempty closed subsets of a complete metric
2 p

space, and suppose T : |J A; — |J Ai satisfies the conditions (1) and there
i=1 i=1

exist a constant a € (0,1) such that

(3) d(Tz,Ty) < ad(z,y),Ve € Aj,y € Ait1,1 <i<p.

P
Then T has a unique fized point in [ A;.
Y

7

An interesting feature about the above result is that continuity of 1" is no
longer needed. The objective of this note is to extend the above reasoning to
more general classes of mappings which do not imply the continuity.

In 1972, Zamfirescu obtained a very interesting fixed point theorem which
gather together three contractive conditions i.e., conditions of Banach, of Kan-
nan and of Chatterjea, in a rather unexpected way. Note that all the contrac-
tive conditions presented in this paper are obtaind from this three ones, as
was shown by Rhoades[9], [10], and Berinde [1]. The fixed point theorem for
the Zamfirescu’s operator involving cyclical condition is more general that the

ones presented in this paper. This theorem was obtain by the author in [8].

2 Main results

In 1968 R.Kannan [6] proved a fixed point theorem which extends the well-

known Banach’s contraction principle that need not to be continuous( but are
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continuous at their fixed point), by considering the next contractive condition:

there exist a constant a € [0, %) such that

(4) d(Tz,Ty) < ald(z,Tx) + d(y, Ty)]

for all x,y € X, where (X,d) is a metric space and T : X — X a mapping.
The cyclical extension for the Kannan’s theorem was obtained by I.A. Rus in

[12] using fixed point structure arguments.

Theorem 1 [12] Let (X,d) be a complete metric space, Ay, As,..., A, be

P P
nonempy closed subsets of X and T : |J Ai — U Ai. We suppose that T
i=1 i=1

fulfills (1) and (2) forz € A,y € Aer,i € {1,2,...,p} witha € [0, %). Then

P
T has a unique fized point in () A;.
i=1

7

We proved in [8] this theorem ussing arguments similar to those used in this
paper.

Following the Kannan’s theorem a lot of papers were devoted to obtaining
fixed point theorems for various clases of contractive type conditions that do
not require the continuity of 7'

One of them, actually a sort of dual of Kannan’s theorem, was proved by

Chatterjea in [3].

Theorem 2 [3]| Let (X,d) be a complete metric space and T : X — X be a
mapping for which there exist a real number 0 < a < % such that for each

x,y € X we have
(5) d(Tz,Ty) < ald(z,Ty) + d(y, T)]

Then T has a unique fixed point in X.
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Showing that a Chatterjea type operator 1" defined by (5) satisfies an orbital

condition and ussing Lemma 1 we extend this result as follows.

Theorem 3 Let {A;}Y_, be nonempty closed subsets of a complete metric
space, and suppose T : ‘6 A — f) A; satisfies the conditions (1) and there
exist a constant a € (01,2015) suc;zﬂthat (5) is satified for each x € A;,y €
Ait1,i € {1,2,... p}.Then T has a unique fized point in f]l A;.

i=

Proof. Let i € {1,2,...,p} arbitrary and = € A;. Then Tz € A; 1. Thus we

can take in (5) y := Tz, and ussing the triangle inequality we have
d(Tz, T%z) < ald(x, T*z) + d(Tz, Tz)] < ald(x, Tx) + d(Tz, T?z)]

and therefore

d(Tz,T?z) < %d(x,Tx).
—a

We denote k := 1%~ and since a € (0,0.5) we have that k£ € (0,1). Now we

p
can apply Lemma 1 to get that () A; # @. Then applying Theorem 2 to the
i=1

7

P
restrition of operator T' to (| A; we obtain that 7" has a unique fixed point in
i=1

P
N As.
i=1
In 1972 R.M.T. Bianchini gives the following theorem as a generalization

of Kannan’s fixed point theorem.

Theorem 4 [2] Let (X,d) be a complete metric space and T : X — X be a
mapping for which there exist a real number 0 < h < 1 such that for each

z,y € X we have
(6) d(Tz,Ty) < hmax{d(z, Tz),d(y, Ty)}

The T has a unique fixed point in X.
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It is possible to extend the above fixed point theorem like in the previous case,

by imposing an additional cyclical condition, as showes the next theorem.

Theorem 5 Let {A;}_; be nonempty closed subsets of a complete metric
space, and suppose T : 'ij A — fj A; satisfies the conditions (1) and there
exist a constant h € (0, lz)zéuch thalt:;é‘) is satified for each x € A;,y € Aij1,1 €
{1,2,... p}.Then T has a unique fized point in (p]l A;.
=
Proof. Let z € 61 A;. Then by (6) with y := Tz we get
=

d(Tz,T?z) < hmax{d(z,Tz),d(Tz, T?z)}.

If max{d(z,Tz),d(Tz,T?*r)} = d(Tx,T?z) then from (6) we have that
(1 — h)d(Tx,T?r) < 0,0 1 —h < 0 = h > 1, a contradiction. Thus
max{d(z,Tx),d(Tz,T?x)} = d(x, Tz) and hence (6) becomes

d(Tz,T?z) < hd(z, Tx).

P
Now by Lemma 1 we find that (] A; # @. Then applying Theorem 4 to the
i=1

1=

P
restrition of operator T to (] A; we obtain that 7" has a unique fixed point in
i=1

p
N A
=1

We state now a result due to S. Reich.

Theorem 6 [11] Let X be a complete metric space with metric d, and let

T: X — X be a function with the following property
(7) d(Tz,Ty) < ad(z, Tz) + bd(y, Ty) + cd(z,y)

for each x,y € X, where a,b, c are nonnegative and satisfy a +b+c < 1. The

T has a unique fized point.
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Note that a = b = 0 yields Banach’s fixed point theorem, while a = b,c = 0
yields Kannan’s fixed point theorem. Of course, we may assume always that
a = b, but this is not essential.

The same idea enables us to extend Theorem 6.

Theorem 7 Let {A;}_, be nonempty closed subsets of a complete metric

P P

space, and suppose T : |J A; — | A; satisfies the conditions (1) and there
i=1 i=1

exist three constants a,b,c with a +b+ ¢ <1 such that (7) is satified for each

P
x € A,y € Ajp1,i € {1,2,... p}.Then T has a unique fized point in () A;.
=1

P
Proof. Let x € |J A;. We take in (7) y := T'z. It follows that
i=1

d(Tz, T%x) < ad(x, Tx) + bd(Tx, T?z) 4 cd(z, Tx)

and therefore

a+c
1-b
We denote k := 9£¢ and since a + b+ ¢ < 1 we have that k € (0,1). Moreover

d(Tz, T?z) <

d(xz,Tx).

from the above inequality we get
d(Tz, T%z) < kd(z, Tx).
P
Now we can apply Lemma 1 to get that (| A; # @. Then applying Theorem
i=1

p
6 to the restrition of operator T to [ A; we obtain that 7" has a unique fixed
i=1

1=
P
point in [ A4;.
i=1
Later, in 1973, G.E.Hardy and T.D. Rogers, have obtained a similar con-

clusion to Reich. The basic result of the paper [5] is

Theorem 8 [5] Let (X,d) be a complete metric space and T a self-mapping
of X satisfying the condition for x,y € X

(8) d(Txz,Ty) < ad(x,Tz)+ bd(y, Ty) + cd(x, Ty) + ed(y, Tz) + fd(z,y)
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where a,b,c,e, f are nonnegative and we set a =a+b+c+e+ f. [fa<1

then T has a unique fixed point.

Reich’s result has a similar conclusion to that in (8) in the case that a =
a—+ b+ f. Also his result generalizes the fixed point Theorem of Kannan in

which o = a + b. We proceed to obtain an extension of this theorem.

Theorem 9 Let (X, d) be a complete metric space and {A;}L_, be nonempty
closed susets of X. LetT : X — X an operator. We suppose that T satisfies
(1) and (8) for all x € A;j,y € Aiyr,i € {1,2,...,p} with o < 1. Then T has
a unique fixed point in ﬁl A;.

i

p

Proof. Let x € |J A;. Set y := Tz in (8) and simplify to obtain
i=1
d(Tz,T?z) < ot fd(:c,Ta:) + Ld(JU,TQ:C).

1-5 1-5

Now by the triangle inequality, d(z, T%x) < d(x, Tx)+d(Tx, T?z), so from the

above inequation we get

atc+f

Tz, T?x) <
ATz, x)_l—b—c

d(z,Tx),

and by symetry, we may exchange a with b and ¢ with e in the above inequation

to obtain

b
d(Tz,T?z) < i_ei—i_fd(x, Tx).

1—-b—c’ 1—a—e

P
Then k := min{““ﬂ[ btet/f } By the Lemma 1 we have (] A; # . Fol-
i=1

D
lowing the Theorem 8 applicable for the restrition of operator T" to () A; we
i=1

p
can conclude that T has a unique fixed point in [ A;.
i=1
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The purpose of the paper [4] was to define and investigate a class of gener-
alized contractions which includes Banach’s contraction, Kannan’s condition
and Chatterjea’s condition (5).

Let X be a metric space and T : X — X. We recall that X is said to
be T-orbitally complete if every sequence {T™z : i € N},z € X, which is a
Cauchy sequence, has a limit point in X. It is obsious that if X is a complete
space, then T' is T-orbitaly complete for any mapping T : X — X. The result
proved by Ciri¢ is the following.

Theorem 10 [4] Let T' be a mapping of T-orbitally complete metric space X
into itself. If for every x,y € X there exist nonnegative numbers q,r,s and t

which may depend on both x and y, such that
sup{g+r+s+2t:z,ye X} <1

and

9)  d(Tx,Ty) < qd(z,y) + rd(x, Tz) + sd(y, Ty) + t[d(z, Ty) + d(y, tz)]

then T has a unique fixed point in X.

Now, in the same manner, we are in position to prove the next extension

of the above result.

Theorem 11 Let (X,d) be a complete metric space and {A;}_, be nonempty
closed susets of X. Let T : X — X an operator. We suppose that T satisfies
(1) and for every x € A;,y € Aiy1,i € {1,2,...,p}there exist nonnegative

numbers q,r, s and t which may depend on both x and y, such that
sup{g+r+s+2t:z,ye X} :=A<1

p
and (9) hold. Then T has a unique fized point in [ A;.
=1

)
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P
Proof. Let x € |J A;. Letting y := Tz in (9) we obtain
=1

1=

d(Tx, T?z) < (q + r)d(z, Tx) + sd(Tz, T?z) + td(x, T?x).

Using the triangle inequality, is a simple task to drive from the abore inequa-

tion to the following one

t
d(Tz, %) < TH7F

In view of the fact that A < 1 we have
GHT+E+As+ M <A

S0
q—|—r—|—t<
1—s—t—

1

is true for each x € A;,i € {1,2,...,p}. Let us denote k := ‘ffiﬁj. Therefore

S

d(Tz,T?z) < kd(z,Tx)

P
which means that 7" is an orbital mapping. By Lemma 1 we have that (] A; #
i=1
@. The rest of proof follows by Theorem 10 applied to the restriction of T' to

p
N A.
=1

3 Fixed point structures

Let X be a nonempty set and A C X nonempty subsets of X. We set M(A) :=
{T|T: A— A} and P(X) :={A C X|A # 0}.

Definition 1 [12] A triplet (X, S(X), M) is a fized point structure (f.p.s) on
X if

1. 8(X) c P(X), S(X) # O;
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2. M:PX)— U (4,4 — M(A) C (M) is a setvalued operator
A€P(X)
such that if B C A, B # O, then

M(B) > {T|p|T € M(A)andT(B) C B};

3. every A € S(X) has the fized point property with respect to M(A).

It is clear that for any fixed point theorem we have an example of f.p.s.

Hence we are entitled to give the following examples.

Example 1 [12] Let (X,d) a complete metric space, S(X) be the set of all
nonempty closed subsets of X and M(Y) := {T : Y — Y |T'satisfies(3)}.
Then (X, S(X),M) is a f.p.s.

Example 2 Let (X, d) a complete metric space, S(X) be the set of all nonempty
closed subsets of X and M(Y) := {T : Y — Y |Tsatisfies(4)}. Then
(X,8(X),M) is afp.s.

Example 3 Let (X, d) a complete metric space, S(X) be the set of all nonempty
closed subsets of X and M(Y) := {T : Y — Y |Tsatisfies(5)}. Then
(X,5(X),M) is a f.ps.

Example 4 Let (X, d) a complete metric space, S(X) be the set of all nonempty
closed subsets of X and M(Y) := {T : Y — Y |Tsatisfies(6)}. Then
(X,5(X),M) is afp.s.

Example 5 Let (X, d) a complete metric space, S(X) be the set of all nonempty
closed subsets of X and M(Y) := {T : Y — Y |Tsatisfies(7)}. Then
(X,S(X),M) is a f.ps.
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Example 6 Let (X, d) a complete metric space, S(X) be the set of all nonempty
closed subsets of X and M(Y) := {T : Y — Y |Tsatisfies(8)}. Then
(X,S(X),M)is afp.s.

Example 7 Let (X, d) a complete metric space, S(X) be the set of all nonempty
closed subsets of X and M(Y) = {T : Y — Y |Tsatisfies(9)}. Then
(X,58(X),M)is afp.s.

We remark that using and the definition of a fixed point structure from
the above examples we also can prove the new results from this paper and
therefore those theorems can be considered as applications of the fixed point
structure theory.

Consequently we have:

Example 8 If we take in Lemma 1 the f.p.s. in Example 1 we obtain the

Theorem 2.

Example 9 If we take in Lemma 1 the f.p.s. in Example 2 we obtain the

Theorem 1.

Example 10 If we take in Lemma 1 the f.p.s. in Example 3 we obtain the
Theorem 3.

Example 11 If we take in Lemma 1 the f.p.s. in Example 4 we obtain the
Theorem 5.

Example 12 If we take in Lemma 1 the f.p.s. in Example 5 we obtain the
Theorem 7.

Example 13 If we take in Lemma 1 the f.p.s. in Example 6 we obtain the
Theorem 9.
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Example 14 If we take in Lemma 1 the f.p.s. in Example 7 we obtain the

Theorem 11.
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