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On a general class of modified gamma
approximating operators'

Vasile Mihegan

Abstract

By using the generalized gamma distribution we shall define the
general modified gamma transform ng’ga’)w a,b € R from which we
obtain as a special case both general modified gamma operators of the
first and second kind. We obtain generalization of a several positive

linear operator, as a special case of this general gamma operators.
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1 Introduction

In this paper we continue our earlier investigations [5], [6], [7], [8], [9] con-
cerning to use Euler’s gamma distribution for constructing linear positive
operators.

In probability theory and statistics, the gamma distribution (G) is a two
parameters family of continuous probability distribution. The probability
density function (p.d.f.) of the gamma distribution can be expressed in
terms of the gamma function parametrized in terms of a shape parameter
a and an inverse scale parameter § = 1/0, called a rate parameter

/80{

= mto‘_le_ﬁlt fort > 0 and o, 5 > 0.

(1) G(t; o, B)

The Weibull distribution (named after Naloddi Weibull) is a continuous

probability distribution given by
(2) W (t; B,7) =87 e for t >0,

where v > 0 is the shape parameter and § > 0 is a rate parameter.

The most general form of the gamma distribution is the generalized
gamma distribution (GG). It was introduced by Stacy and Mihran [12], [13],
in order to combine the power of two distribution: the gamma distribution
(1) and the Weibull distribution (2).

The generalized gamma distribution is a three-parameter distribution,
with the probability density function (p.d.f.) given by

. _ 2B e oy
(3) GGt o, B,7) = R
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for t > 0, where a > 0 and v > 0 are shape parameter and 3 > 0 is rate
parameter.

The moments of (3) can be shown to be

() Boalt) = 9.

The generalized gamma distribution is a flexible distribution and it in-
cludes as special cases several distributions: the exponential distribution,
the gamma distribution, the half normal distribution, the Levy distribu-
tion, the Weibull distribution and the log-normal distribution in limit case
(cv tends to infinity). For more details for the generalized gamma distribu-
tion see also [1], [2], [3].

The generalized beta distribution (GB) was introduced by J.B. McDon-
ald and Y.J. Xu [4]. It is five-parameter distribution, with the probability
density function (p.d.f.) given by

. (- (=)
(5) GB(t;7,¢,d,p,q) = TP B(q) (Lt (t/d) )

for 0 < t7 < d"/(1 — ¢) and zero otherwise, with 0 < ¢ < 1 and ~,d, p, q,
positive, v € R*.
The moments of (5) can be shown to be [4]
k
D+ ~?

B k
(6) Egp(t*) = dk—(p tk/7,9) 2F1 C
B(p, q) p+q+ %

=2 |7

where 5F] denotes the hypergeometric series which converges for all k if
¢ < 1, or for ky < ¢ if ¢ = 1. Substituting & = 0 into (6) verifies that (5)

integrates to one.



74 V. Mihesan

The generalized beta distribution (G'B) includes the generalized beta of
the first kind (GB1) and the generalized beta of the second kind (GB2),
corresponding to ¢ = 0 and ¢ = 1, (see [4]).

The generalized gamma is a limiting case of GB, a.e.
. 12
(7) GG(t;a, 8,7) = lim GB (t;%c,d = qu,a,q) :
q—00

Hence, the generalized beta includes generalized gamma as a limiting

case for all admissible values of ¢. We obtain by (6)

(8) Eqa(t*) = Jim Egp(t*)
i DO BlatR/70) T (@t k)
it Blayg) M@

By using the generalized gamma distribution we shall define the general

modified gamma transform ngg’)

- @ b € R from which we obtain as a special

case both general modified gamma operators of the first and second kind.
We obtain generalization of a several positive linear operator, as a special

case of this general gamma operators.

2 The general modified gamma transform

By using (3) we define the general modified gamma transform of a function

f

a, ﬂa’y Ooa—— i a —btY
(9) Tl =y | e et
0
b

where «, 3,7 > 0; a,b € R and f € Ly ,.(0,00) such that I‘Sﬁ?v|f| < 00.
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We determine ¢ € R such that F((l ﬁ),y = eq, that is
(B + byeta/y [a)z
B I'(a+a/v)

and we obtain from (9) the (a, b)-general modified gamma operators

(10) (LD ) (x)
— ﬂa’y - ot —(Bt (ﬁ’y + b)oc-i—a/’y F(a> a ,—btY
_Vf(a)/o L= (00 f( 5o -F(a+a/v>t6bx)dt.

One observe that I‘fxag’)7 is a positive linear operator.

Theorem 1 The moment of order k of the operator F((laﬁb),y has the following

value

(ab) (BT + ) T (a+ka/7) T a) ot
(11) (Fa,ﬁl),vek)(x) (ﬁfy + kb)a-}—lm/’y ’ Tk (Oé + a/f}/) ' 6a’y(k—l) ’

Proof. We have

(0 e)(x)

By
a oo a+a k
= B / ol —(ﬁt ((ﬁ’y + b) " /PYF( ) F(Oé) tae—bt'yx) dt
C(a) /o gy I'(a+a/y)
_ B pra—1,—(8t) 2 (87 + b)Hete) - M) fha kbt Lk gy
=7 kory k € xr
T'(a) /o 3 I'*(a +a/v)
. ﬁa’y . (ﬁ’Y + b)k(oz-i—a/'Y) ' Tk(a)xk /oo t»ya_;.ka—le—(ﬁtw—kbt“/dt
I(a) Fhe I +a/y)
o k(a+a k k 00
_ 6 Y . (67 —+ b]z (ata/v) ' I (Of)f]j / t,\/(a_i_k_ﬂ;l)_le_((ﬁw_'_(kb)l/'y)t)'ydt
I(a) Fre I +a/y)

(B + b)klata/)  Th=l(a)zk T (a+ ka/y)
B TE(a+a/y) (37 + kb)*T y
(B + bt T (a+ka/y)T (o) ot
(87 + kb)*t ™  Trlataly) gD
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Consequently, we obtain

(87 + b2+ T (a+20/7) T(a)*
) E latal) o

(12) (T eo)(a) =

B,y

and

(13) L9 ((t —x)% )

B,y

_ (B PN (o 2a/9) — (8 + )T (@t afy)
B (B + 2b)a + 2a/y1? (a + a/7) '

3 The modified gamma first kind operators

If we put in (10) b = 0 we obtain the general modified gamma first kind

operators

(a) 7) — N ay—1,—(8t) [(a)(Bt) .
1) 106 =115 | ¢ 7 ()

or equivalent

@ r) =1 Ooucw—le—u” RGN u
1) N - 1 [ (e a

where f € Ly ,.(0,00) such that Fia)m\fl < o0.

We observe that TV

o3 does not depend on 5 and we may consider § = 1.

Corollary 1 The moment of order k of the operator F( , has the following

value

(16) (T, en)(x) =

")l (a + ka/7) Lk
k(o +a/7) '
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Proof. The result follows from (11) for b = 0.

Consequently, we obtain

C(a)T (o + 2a/7) 2

(17) F(a) ((t - $)2) = 2 (Oé + CL/’Y)

a7’y

For v = 1 we obtain the modified gamma first kind operators (see [9])
and for & = 1 we obtain the modified Weibull first kind operators (see [11]).

Special cases
Case 1. If we consider a = 1 in (15) we obtain the modified gamma first

kind operator

_ 1 - ay—1,—t7 M
1) (T =g [ () o

Corollary 2 The moment of order k of the operator I', , has the following

value
@)l (a+k/y)
1 I, =
( 9) ( 7“/616)(‘7;) Fk (Oé 4 1/,}/)
Proof. The result follows from (16) for a = 1.
We deduce
(o) (a+2/7)
(20) (Laqye2)(z) = ?

T2(a+1/)

D@l (a+2/7) —*(a+1/7) ,
2 (a+1/7) ‘

If we choose @ = n, n € N in (18) then we obtain the generalization of

Fow((t - x)2§ T) =

the Post-Wider positive linear operator defined for f € Ly ,.(0, 00) by (see

n+1/y

21)  (Puof)(z) = % /0 o1t g (%m) dt.
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If we replace a = nz, n € N in (18) then we obtain the generalization of

the Rathore positive linear operator defined for f € L ,.(0, 00) by (see [9])

- Y > ynx—1 _—t7 M
(22) (Rnqf)(z) = T'(nz) /0 t e/ (F (nx + 1/’7)) o

Case 2. If we replace a = —1 in (15) we obtain the modified gamma

operator

T v - ay—1 _—t7 F(Oé) T
(23) (Coqnf)(x) = m/o e f (m : ?) dt.

Corollary 3 The moment of order k of the operator fow has the following

value

@) Farendlo) =

0<k<ay.

Proof. The result follows from (16) for a = —1.

We obtain
~ D) (a—=2/7) ,
(FCane2)(w) = —5 0 =7y
Lon((t— )% 2) = L@ (@ =2/7) - (a=1/y) »

2 (a—=1/7)

For « = n+ 1, n € N we obtain the generalization of the operator

introduced and studied by A. Lupag and M. Miiller

_ 8 X (it )y—1 b7 L(n+1) s
(Gn,7f>(l’)—m/o =1 f(r(n—l—l—l/’y) t)dt.




On a general class of modified gamma approximating operators 79

4 The modified gamma second kind
operators

If we choose in (10) @ = 0 then we obtain the modified gamma second kind

operators

(b) _ 6067 = ay—1_—(B8t)Y ﬂﬂy_'_b ae— t“/x
@) (0,00 = [Tty ((TE) s a

where f € Ly ,.(0,00) such that F(Oi)ﬁﬁ|f| < 00.

Corollary 4 The moment of order k of the operator Fg)ﬁﬁ has the following

value

) B (/ny + b)ka ZL’k
(26) (Foig,fyek)(x) - (/a'y + k‘b)o‘ ) ﬁcw(k—l)'

Proof. The result follows from (11) for a = 0.

Consequently, we obtain

®) B (6“{+b)2a ‘ $2
(27) (Fopq(e2)(z) = (B7 + 2b)> B

(87 +b)* = (B +20)*
3o (37 + 2b)e '

For v = 1 we obtain the modified gamma second kind operators (see [9])

(28) T, ((t—2)% ) =

and for a = 1 we obtain the modified Weibull second kind operators (see

[11]).
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