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New sufficient conditions for univalence !

B.A. Frasin

Abstract

The object of the present paper is to obtain new sufficient condi-
tions on f”(z) which lead to some subclasses of univalent functions

defined in the open unit disk.
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1 Introduction
Let A,, denote the class of functions of the form :

(1) f(z) =Zz+ an+lzn+1 + an-i-2zn+2 +oeey

! Received 29 July, 2008
Accepted for publication (in revised form) 15 September, 2008

91



92 B.A. Frasin

which are analytic in the open unit disk & = {z : |z] < 1}. Let A;= A,
then a function f(z) € A is said to be in the class S*(«), the class of starlike

functions of order o, 0 < o < 1,if and only if

2) Re (ZJ{C(S)) sa  (zel)

Then §* = §*(0)is the class of starlike functions in Y. Further, if f(z) €

A satisfies

()
f(z)
for some 0 < a < 1, then f(2) said to be strongly starlike function of order

a in U, and this class denoted by S (a). Note that S' (1) = S*.

<?, (z €U)

(3)

arg

Furthermore, let (), 0 < a < 1, which consists of functions f(z) € A

such that

(4) Re(l+%>>a (z €U),

and K = K(0)is the class of convex functions in U. Also, if f(z) € A

satisfies

()

arg (1 + Z;(ij))‘ < 0‘2—” (z € U)

for some 0 < « < 1, then f(z) said to be strongly convex function of
order o in U, and this class denoted by K(a). Note that (1) = K and if
2f'(z) € S (a) then f(z) € K(a).
All the above mentioned classes are subclasses of univalent fictions in U.
There are many results for sufficient conditions of functions f(z) which

are analytic in U to be starlike, convex, strongly starlike and strongly convex
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functions have been given by several researchers .(see [9],[1],[2],[7],[6],[5]).
In this paper we will study A such that the conditions|f”(z)| < A, z € U,
implies that f(z) belongs to one of the classes defined above.

In order to prove our main results, we shall need the following lemmas.

Lemma 1 ([9]) If f(2) € A satisfies

5 —4+/1 — a?

O 7/(2) = 1] < 20 [P

(zelU)
where a = sin(am/2), 0 < a < 1, then f(z) € S (a).

Lemma 2 ([4])If f(2) € A, satisfies

iy (1—-a)(n+1) B
7) re -1« Sl e
where 0 < o < 1, then f(z) € S*(a).
Lemma 3 ([8])If f(2) € A, satisfies
® @) rafe) -1 < CEED gy

aln+1)

where o > 2, then f(z) € K.

2 Main Results

Employing the same method used by Nunokawa et al.[6], we prove the

following
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Theorem 1 If f(z) € A satisfies

5 —4+v/1 — a?

O IR 20

(zelU;0<a<)
where a = sin(ar/2), then f(2) € S ().

Proof. Noting that

' _ /1 _ A2
|f/(Z) . 1| _ /f”(a)da < / ’f//(tew” dt < 2a %/dt
0 0
Ji-a

- < -
2o A <20\ a9

Hence, by Lemma 1, we conclude that f(z) € S ().
Corollary 1 Let f(z) € A,z € U then

(i) | f7(2)| < 2v/5/5 = 0.8944 . .. implies f(2) € S*;
(i) |f"(2)| < /(5 — 2v/3)/13 = 0.3437 .. .implies f(z) € S (1/3);.
(iii) | f"(2)] < \/(10—4\/5)/17 = 0.5054 ... implies f(z) € S (1/2);

and

(13) | ()| < V217 = 0.6546 . .. implies f(z) € S (2/3).

Remark 1 The result from Corollary 1 (i) was obtained by Nunokawa et

al.[6].

Now, we derive
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Theorem 2 If f(z) € A satisfies

5—41—a?

10) G ey Ter g

(zeU;0<a<)

where a = sin(ar/2), then f(z2) € K(a).
Proof. It follows that

f'(2) =1 = [f'(z) + 2f"(2) =1 < [f'(z) = L + [2/"(2)]

z |2|
5—4+v1—a?
< | [ rwa| el 1o o2
0 0
5—4v1 — a? 5—4v1 — a?
< 20\ ———— 2| < 2a
16a% + 9 16a2 + 9

Corollary 2 Let f(z) € A,z € U then

(1) |f"(2)| < V/5/5 =0.4472. .. implies f(z) € K;

(id) | f"(2)] < 14/(5 — 2v/3)/13 = 0.1718.. . .implies f(2) € K(1/3);.

(i) | f"(2)] < 3/(10 —4VD)/17 = 0.2527.... implies f(z) € K(1/2);
and

(iid) | f"(2)] < 2v/21/7 = 0.3273... implies f(z) € K(2/3).

Remark 2 The result from Corollary 2 (i) was obtained by Nunokawa et

al.[6].

Applying the same method as in the proof of Theorem 1 and using

Lemmas 2 instead of Lemma 1, we obtain the following theorem
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Theorem 3 If f(z) € A, satisfies

1" (1 _a)(n+1)
N e e

then f(z) € S*(«).

(zeU;0<a< )

Letting a = 0in Theorem 3, we obtain

Corollary 3 If f(z) € A, satisfies

1 n+1
(12) [f(2)] < (RS (z €l)

then f(z) € S*.

Remark 3 Letting n = 1in Corollary 3 , we obtain the result (i) from
Corollary 2.5 which was obtained by Nunokawa et al.[6].

Finally, we prove

Theorem 4 If f(z) € A,, satisfies

" (v —2)(na + 1)
(13) 7)1 < ala+1)(n+1)

where o > 2, then f(z) € K.

(zelU)

Proof. It follows that

[F'(2) + azf"(2) = 1 <[f'(2) = 1+ a|2f"(2)]
z |2

<|[ 1w +alerel < [1rwa+

(v —2)(na+ 1)
a(n+1) 2] <

using Lemma 3, we have f(z) € K.

(v —2)(na + 1)
(a+1)(n+1)

||

(v —2)(na+ 1)
a(n+1)

I

Letting a — oo in Theorem 4, we have the following result obtained by

Mocanu([3].
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Corollary 4 If f(z) € A, satisfies

n
n+1

(14) 1" (2)] < (z €U)

then f(z) € K.

Letting n = 1 in Corollary 4, we have the following result obtained by
Obradovic¢|[7].

Corollary 5 If f(z) € A, satisfies
1
(15) "Gl<g (zel)

then f(z) € K.
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