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Abstract

A class of Salagean-type harmonic univalent functions is defined

and investigated. Coefficient conditions, extreme points, distortion

bounds, convex combination and radii of convexity for this class, are

obtained.
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1 Introduction

Let SH denote the family of functions f = h+ ḡ that are harmonic univalent

and sense preserving in the unit disk U = {z : |z| < 1} for which f(0) =

fz(0) − 1 = 0. Then for f = h + ḡ ∈ SH we may express the analytic

functions h and g as

(1) h(z) = z +
∞
∑

k=2

akz
k, g(z) =

∞
∑

k=1

bkz
k, |b1| < 1.
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The class SH was introduced by Clunie and Sheil-Small [1].

Subclasses of harmonic univalent functions have been studied by many

authors and in particular Salagean-type harmonic functions have been in-

vestigated in [2, 4].

For f = h + ḡ given by (1), Jahangiri et al. [2] defined the modified

Salagean operator of f as

(2) Dmf(z) = Dmh(z) + (−1)mDmg(z)

where Dmh(z) = z +
∑

∞

k=2 kmakz
k and Dmg(z) =

∑

∞

k=1 kmbkz
k.

In this paper we introduce a new class GH(m,n, γ) of harmonic functions

that includes the class in [3] for specific values of m and n. For 0 ≤ γ < 1,

α real, m ∈ N , n ∈ N0, m > n and z ∈ U , GH(m,n, γ) is the family of

harmonic functions f of the form (1) such that

(3) Re

{

(1 + eiα)
Dmf(z)

Dnf(z)
− eiα

}

≥ γ,

where Dmf is defined by (2).

Let GH̄(m,n, γ) denote the subclass of GH(m,n, γ) consisting of har-

monic functions fm = h + gm such that h and gm are of the form

(4) h(z) = z −

∞
∑

k=2

akz
k, gm(z) = (−1)m−1

∞
∑

k=1

bkz
k; ak, bk ≥ 0.

We note that when m = 1 and n = 0, GH̄(m,n, γ) reduces to the class

GH̄(γ) [3].

Here we obtain coefficient condition, extreme points, distortion bounds,

convolution conditions and convex combinations for GH̄(m,n, γ) following

the techniques in [4]. We also note that, α being real, when α = 0, the class

GH̄(m,n, γ) coincides with the class S̄H(m,n; β)studied in [4] with β = 1+γ

2
.

2 Main Results

We begin with a sufficient coefficient condition for functions in GH(m,n, γ).
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Theorem 1. Let f = h+ḡ be so that h and g are given by (1). Furthermore,

(5)
∞
∑

k=1

[

2km − kn(1 + γ)

1 − γ
|ak| +

2km − (−1)m−nkn(1 + γ)

1 − γ
|bk|

]

≤ 2

where a1 = 1, m ∈ N , n ∈ N0, m > n and 0 ≤ γ < 1. Then f is sense

preserving, harmonic univalent in U and f ∈ GH(m,n, γ).

Proof. If z1 6= z2, then on using (5), we have

∣

∣

∣

∣

f(z1) − f(z2)

h(z1) − h(z2)

∣

∣

∣

∣

≥

≥ 1 −

∣

∣

∣

∣

g(z1) − g(z2)

h(z1) − h(z2)

∣

∣

∣

∣

= 1 −

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=1

bk(z
k
1 − zk

2 )

(z1 − z2) −
∞
∑

k=2

ak(z
k
1 − zk

2 )

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

≥ 1 −

∞
∑

k=1

k|bk|

1 −
∞
∑

k=2

k|ak|

≥ 1 −

∞
∑

k=1

2km − (−1)m−nkn(1 + γ)

1 − γ
|bk|

1 −
∞
∑

k=2

2km − kn(1 + γ)

1 − γ
|ak|

≥ 0

which proves univalence. Also f is sense preserving in U since

|h′(z)| ≥ 1 −

∞
∑

k=2

k|ak||z|
k−1 > 1 −

∞
∑

k=2

2km − kn(1 + γ)

1 − γ
|ak|

≥

∞
∑

k=1

2km − (−1)m−nkn(1 + γ)

1 − γ
|bk| ≥

∞
∑

k=1

k|bk||z|
k−1 ≥ |g′(z)|.

According to the condition (3) we only need to show that if (5) holds, then

Re

{

(1 + eiα)Dmf(z) − eiαDnf(z)

Dnf(z)

}

= Re
A(z)

B(z)
≥ γ

where z = reiθ, 0 ≤ θ ≤ 2π, 0 ≤ r < 1 and 0 ≤ γ < 1.



32 K.G. Subramanian, T.V. Sudharsan, B. A. Stephen and J.M. Jahangiri

Note that A(z) = (1 + eiα)Dmf(z) − eiαDnf(z) and B(z) = Dnf(z).

Using the fact that Re w ≥ γ if and only if |1 − γ + w| ≥ |1 + γ − w| it

suffices to show that

(6) |A(z) + (1 − γ)B(z)| − |A(z) − (1 + γ)B(z)| ≥ 0.

Substituting for A(z) and B(z) in the left side of (6) we obtain

|(1 + eiα)Dmf(z) − eiαDnf(z) + (1 − γ)Dnf(z)|

−|(1 + γ)Dnf(z) − ((1 + eiα)Dmf(z) − eiαDnf(z))|

=

∣

∣

∣

∣

∣

(2 − γ)z +
∞
∑

k=2

[

(km + (1 − γ)kn) + eiα(km − kn)
]

akz
k

−(−1)n

∞
∑

k=1

[

(kn(γ − 1) − (−1)m−nkm) + eiα(kn − (−1)m−nkm)
]

bkzk

∣

∣

∣

∣

∣

−

∣

∣

∣

∣

∣

γz −
∞
∑

k=2

[

(km − (1 + γ)kn) + eiα(km − kn)
]

akz
k

+(−1)n

∞
∑

k=1

[

(1 + γ)kn − (−1)m−nkm) + eiα(kn − (−1)m−nkm)
]

bkzk

∣

∣

∣

∣

∣

≥ (2 − γ)|z| −
∞
∑

k=2

[2km − γkn]|ak||z|
k −

∞
∑

k=1

|γkn − (−1)m−n2km||bk||z|
k

−γ|z|−
∞
∑

k=2

[2km − (2+ γ)kn)]|ak||z|
k −

∞
∑

k=1

|kn(2+ γ)− (−1)m−n2km||bk||z|
k

=



























































2(1 − γ)|z| − 2
∞
∑

k=2

[2km − γkn − kn]|ak||z|
k

−2
∞
∑

k=1

[2km + kn(1 + γ)]|bk||z|
k ,

if m − n is odd

2(1 − γ)|z| − 2
∞
∑

k=2

[2km − γkn − kn]|ak||z|
k

−2
∞
∑

k=1

[2km − kn(1 + γ)]|bk||z|
k ,

if m − n is even
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> 2

{

1 − γ −

[

∞
∑

k=2

2km − kn(1 + γ)|ak| +
∞
∑

k=1

2km − (−1)m−nkn(1 + γ)|bk|

]}

≥ 0, on using equation (5).

The harmonic univalent functions

(7)

f(z) = z +
∞
∑

k=2

1 − γ

2km − (1 + γ)kn
xkz

k +
∞
∑

k=1

1 − γ

2km − (−1)m−nkn(1 + γ)
ykzk

where m ∈ N , n ∈ N0, m > n and
∑

∞

k=2 |xk| +
∑

∞

k=1 |yk| = 1, show that

the coefficient bound given by (5) is sharp.

We now show that the condition (5) is also necessary for functions fm =

h + gm where h and gm are given by (4).

Theorem 2. Let fm = h + gm be given by (4). Then fm ∈ GH̄(m,n, γ) if

and only if the coefficient condition (5) holds.

Proof. Since GH̄(m,n, γ) ⊂ GH(m,n, γ), we only need to prove the “only

if” part of the theorem. For functions fm of the form (4), the inequality (3)

with f = fm is equivalent to

Re



























(1 − γ)z −
∞
P

k=2
[(km − γkn) + eiα(km − kn)akz

k

+(−1)2m−1
∞
P

k=1
[km − γ(−1)m−nkn + eiα(km − (−1)m−nkn)]bkz̄

k

z −
∞
P

k=2
knakzk + (−1)m+n−1

∞
P

k=1
knbkz̄k



























(8) ≥ 0

which must hold for all values of z in U . Upon choosing the values of z on
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the positive real axis where 0 ≤ z = r < 1 we must have

1 − γ −
∞
∑

k=2

[2km − (1 + γ)kn]akr
k−1 −

∞
∑

k=1

[2km − (−1)m−nkn(1 + γ)]bkr
k−1

1 −

∞
∑

k=2

knakr
k−1 − (−1)m−n

∞
∑

k=1

knbkr
k−1

(9) ≥ 0

If the condition (5) does not hold, then the numerator in (9) is negative

for r sufficiently close to 1. Thus there exists z0 = r0 in (0, 1) for which

the quotient in (9) is negative. This contradicts the required condition for

fm ∈ GH̄(m,n, γ) and the proof is complete.

Theorem 3. Let fm be given by (4). Then fm ∈ GH̄(m,n, γ) if and only if

fm(z) =
∞
∑

k=1

(xkhk(z)+ykgmk
(z)) where h1(z) = z, hk(z) = z− 1−α

2km
−kn(1+γ)

zk,

(k = 2, 3, . . . ) and gmk
(z) = z+(−1)m−1 1−γ

2km
−(−1)m−nkn(1+γ)

zk, (k = 1, 2, 3, . . . )

xk ≥ 0, yk ≥ 0, x1 = 1−
∞
∑

k=2

(xk + yk) ≥ 0. In particular the extreme points

of GH̄(m,n, γ) are {hk} and {gmk
}.

Proof. Suppose

fm(z) =
∞
∑

k=1

(xkhk(z) + ykgmk
(z)) =

∞
∑

k=1

(xk + yk)z −
∞
∑

k=2

1 − γ

2km − kn(1 + γ)
xkz

k

+(−1)m−1

∞
∑

k=1

1 − γ

2km − (−1)m−nkn(1 + γ)
ykz̄

k.
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Then

∞
∑

k=2

2km − kn(1 + γ)

1 − γ

(

1 − γ

2km − kn(1 + γ)
xk

)

+
∞
∑

k=1

2km − (−1)m−nkn(1 + γ)

1 − γ

(

1 − γ

2km − (−1)m−nkn(1 + γ)
yk

)

=
∞
∑

k=2

xk +
∞
∑

k=1

yk = 1 − x1 ≤ 1

and so fm ∈ GH̄(m,n, γ).

Conversely if fm ∈ clcoGH̄(m,n, γ) then

ak ≤
1 − γ

2km − kn(1 + γ)
and bk ≤

1 − γ

2km − (−1)m−nkn(1 + γ)

Set xk = 2km
−kn(1+γ)
1−γ

ak, (k = 2, 3, . . . ) and yk = 2km
−(−1)m−nkn(1+γ)

1−γ
bk,

(k = 1, 2, . . . ).

Then by Theorem 2, 0 ≤ xk ≤ 1, (k = 2, 3, . . . ) and 0 ≤ yk ≤ 1, (k =

1, 2, . . . ). We define x1 = 1 −

∞
∑

k=2

xk −

∞
∑

k=1

yk and again by Theorem 2,

x1 ≥ 0. Consequently we obtain fm(z)

as required.

We now obtain the distortion bounds for functions in GH̄(m,n, γ).

Theorem 4. Let fm be given by (4) and fm ∈ GH̄(m,n, γ). Then for

|z| = r < 1 we have

|fm(z)| ≤ (1+ b1)r+
1

2n

(

1 − γ

2m−n+1 − (1 + γ)
−

2 − (−1)m−n(1 + γ)

2m−n+1 − (1 + γ)
b1

)

r2,

and

|fm(z)| ≥ (1−b1)r−
1

2n

(

1 − γ

2m−n+1 − (1 + γ)
−

2 − (−1)m−n(1 + γ)

2m−n+1 − (1 + γ)
b1

)

r2.
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Proof. We prove the first inequality. The proof of the second is similar.

Let fm ∈ GH̄(m,n, γ). We have

|fm(z)| ≤

≤ (1 + b1)r +
∞
∑

k=2

(ak + bk)r
k ≤ (1 + b1)r +

∞
∑

k=2

(ak + bk)r
2

= (1 + b1)r +
1 − γ

2n(2m−n+1 − (1 + γ))

∞
∑

k=2

2n(2m−n+1 − (1 + γ))

1 − γ
(ak + bk)r

2

≤ (1 + b1)r +
(1 − γ)r2

2n(2m−n+1 − (1 + γ))
∞
∑

k=2

[

2km − kn(1 + γ)

1 − γ
ak +

2km − (−1)m−nkn(1 + γ)

1 − γ
bk

]

≤ (1 + b1)r +
1

2n

[

1 − γ

(2m−n+1 − (1 + γ))
−

2 − (−1)m−n(1 + γ)

(2m−n+1 − (1 + γ))
b1

]

r2.

The bounds given in Theorem 4 for the functions f = h + ḡ of the form

(4) also hold for functions of the form (1) if the coefficient condition (5)

is satisfied. The upper bound given for f ∈ GH̄(m,n, γ) is sharp and the

equality occurs for the function

f(z) = z + |b1|z̄ +
1

2n

[

1 − γ

(2m−n+1 − (1 + γ))
−

2 − (−1)m−n(1 + γ)

(2m−n+1 − (1 + γ))
|b1|

]

z̄2,

|b1| ≤
1 − γ

2 − (−1)m−n(1 + γ)
.

The following covering result is a consequence of the second inequality

in Theorem 4.

Theorem 5. Let fm of the form (4) be so that fm ∈ GH̄(m,n, γ). Then
{

w : |w| <
2m+1 − 2n − 1 − (2n − 1)γ

2m+1 − (1 + γ)2n
−

−
2m+1 − 2n − 2 + (−1)m−n − γ(2n − (−1)m−n)

2m+1 − (1 + γ)2n
b1

}

⊂ fm(U)
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We now consider the convolution of two harmonic functions

fm(z) = z −

∞
∑

k=2

akz
k + (−1)m−1

∞
∑

k=1

bkz̄
k and

Fm(z) = z −

∞
∑

k=2

Akz
k + (−1)m−1

∞
∑

k=1

Bkz̄
k

as

(fm ∗ Fm)(z) = fm(z) ∗ Fm(z)

= z −
∞
∑

k=2

akAkz
k + (−1)m−1

∞
∑

k=1

bkBkz̄
k.(10)

With this definition, we show that the class GH̄(m,n, γ) is closed under

convolution.

Theorem 6. For 0 ≤ β ≤ γ < 1 let fm ∈ GH̄(m,n, γ) and Fm ∈

GH̄(m,n, β). Then fm ∗ Fm ∈ GH̄(m,n, γ) ⊂ GH̄(m,n, β).

Let fm(z) = z −
∑

∞

k=2 akz
k + (−1)m−1

∑

∞

k=1 bkz̄
k be in GH̄(m,n, γ) and

Fm(z) = z−
∑

∞

k=2 Akz
k +(−1)m−1

∑

∞

k=1 Bkz̄
k be in GH̄(m,n, β). Then the

convolution fm ∗Fm is given by (10). We wish to show that the coefficients

of fm ∗ Fm satisfy the required condition given in Theorem 2. For Fm ∈

GH̄(m,n, β) we note that Ak < 1 and Bk < 1. Now for the convolution

function fm ∗ Fm we obtain

∞
∑

k=2

2km − kn(1 + β)

1 − β
akAk +

∞
∑

k=1

2km − (−1)m−nkn(1 + β)

1 − β
bkBk

≤
∞
∑

k=2

2km − kn(1 + β)

1 − β
ak +

∞
∑

k=1

2km − (−1)m−nkn(1 + β)

1 − β
bk

≤
∞
∑

k=2

2km − (1 + γ)kn

1 − γ
ak +

∞
∑

k=1

2km − (−1)m−nkn(1 + γ)

1 − γ
bk ≤ 1

since 0 ≤ β ≤ γ < 1 and fm ∈ GH̄(m,n, γ). Therefore fm ∗ Fm ∈

GH̄(m,n, γ) ⊂ GH̄(m,n, β).
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Now we show that GH̄(m,n, γ) is closed under convex combination of

its members.

Theorem 7. The class GH̄(m,n, γ) is closed under convex combination.

Proof. For i = 1, 2, 3, . . . . Let fmi
∈ GH̄(m,n, γ), where fmi

is given by

fmi
= z −

∞
∑

k=2

ak,iz
k + (−1)m−1

∞
∑

k=1

bk,iz̄
k.

Then by (5)

(11)
∞
∑

k=1

[

2km − (1 + γ)kn

1 − γ
ak,i +

2km − (−1)m−nkn(1 + γ)

1 − γ
bk,i

]

≤ 2

For
∞
P

i=1
ti = 1, 0 ≤ ti ≤ 1 the convex combination of fmi

may be written as

∞
∑

i=1

tifmi
(z) = z −

∞
∑

k=2

(

∞
∑

i=1

tiak,i

)

zk + (−1)m−1

∞
∑

k=1

(

∞
∑

i=1

tibk,i

)

z̄k

Then by (11)

∞
∑

k=1

[

2km − kn(1 + γ)

1 − γ

∞
∑

i=1

tiak,i +
2km − (−1)m−nkn(1 + γ)

1 − γ

∞
∑

i=1

tibk.i

]

=
∞
∑

i=1

ti

{

∞
∑

k=1

[

2km − kn(1 + γ)

1 − γ
ak,i +

2km − (−1)m−nkn(1 + γ)

1 − γ
bk,i

]

}

≤ 2
∞
∑

i=1

ti = 2,

which is the required coefficient condition.

Theorem 8. If fm ∈ GH̄(m,n, γ) then fm is convex in the disc

|z| ≤ min
k

{

(1 − γ)(1 − b1)

k[1 − γ − (2 − (−1)m−n(1 + γ))b1]

}
1

k−1

, k = 2, 3, . . .
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Proof. Let fm ∈ GH̄(m,n, γ) and let r, 0 < r < 1, be fixed. Then

r−1fm(rz) ∈ GH̄(m,n, γ) and we have

∞
∑

k=2

k2(ak + bk) ≤

≤

∞
∑

k=2

(

2km − kn(1 + γ)

1 − γ
ak +

2km − (−1)m−nkn(1 + γ)

1 − γ
bk

)

krk−1

≤ 1 − b1

if krk−1 ≤ 1−b1

1−
2−(−1)m−n(1+γ)

1−γ
b1

or r ≤ min
k

{

(1−γ)(1−b1)
k[1−γ−(2−(−1)m−n(1+γ))b1]

}
1

k−1
,

k = 2, 3, . . .

Acknowledgement The first author K. G Subramanian is grateful to

Prof. Dr Rosihan M. Ali for his interest and academic support and to

Universiti Sains Malaysia for their financial support. The work of the third

author B. Adolf Stephen was supported by a grant from University Grants

Commission, India (Minor Research Project Grant No.071/06 )

References

[1] J. Clunie and T. Sheil Small, Harmonic univalent functions, Ann.

Acad. Aci. Fenn. Ser. A. I. Math., 9 (1984), 3–25.

[2] J.M. Jahangiri, G. Murugusundaramoorthy and K. Vijaya, Salagean

type harmonic univalent functions, South J. Pure Appl. Math. 2 (2002),

77–82.

[3] T. Rosy, B.A. Stephen, K.G. Subramanian and J.M. Jahangiri,

Goodman-Ronning-Type Harmonic Univalent Functions, Kyungpook

Mathematical Journal, Vol. 41, No. 1 (2001) 45–54.



40 K.G. Subramanian, T.V. Sudharsan, B. A. Stephen and J.M. Jahangiri

[4] S. Yalcin, A new class of Salagean-type harmonic univalent functions,

Appl. Math. Lett., 18 (2005), 191-198.

1 School of Mathematical Sciences, Universiti Sains Malaysia,11800 Penang,

Malaysia

E-mail:kgsmani1948@yahoo.com

2 Department of Mathematics, SIVET College, Chennai 601 302 India

E-mail: tvsudharsan@rediffmail.com

3 Department of Mathematics, Madras Christian College, Chennai 600 059

India

E-mail : adolfmcc2003@yahoo.co.in

4 Kent State University, Burton, Ohio 44021-9500, USA

E-mail : jjahangi@kent.edu


