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Multivalued starlike functions of complex
order!

Y. Polatoglu, M. Caglar, E. Yavuz, S. Owa

Abstract

Let 83 (1—0) (b # 0, complex) denote the class of functions f(z) =

z+agz%+- -+ analytic in the open unit disc D = {z € C||z| < 1} which
satisfy for z = re? € D, @ # 0 and Re [1 + % (zw — 1)] >
D f(2)
0 (0 <\ < 1), where DM f(2) = T(2— A\)2*D2 f(2) and D) f(2) is the
fractional derivative of f(z).
The aim of this paper is to investigate certain properties of the

mentioned above class.
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1 Introduction

Let A denote the class of functions f(z) = z+agz?+ - - - which are analytic
in D. Let © be the family of functions w(z) regular in D, and satisfying the
conditions w(0) = 0, |w(z)| < 1 for all z € D. We use P to denote the class
of functions p(z) = 1 + p1z + p22® + - - - which are analytic in D and have a
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positive real part in D. Let h(z) = 2+ by2? 4+ -+ and s(2) = 2z + cp2? + - - -
be analytic functions in . We say that h(z) is subordinate to s(z), written
h < s, if

(1.1) h(z) = s(w(z)), for some w(z) € 2, and for all z € D.

In particular, if s(z) is univalent in D, then h < s if and only if h(0) =
s(0), and h(D) C s(D) (see [2]).
The fractional integral of order \ is defined for a function f(z), by

- L fQ
1.2 DA f(z) = / d¢ (A > 0),
- DIy G 0
where the function f(z) is analytic in a simply connected region of the
complex plane containing the origin and the multiplicity of (z — ()*! is
removed by requiring log(z — ¢) to be real when (z — ) > 0 ([7], [8], [10]).

The fractional derivative of order A is defined for a function f(z), by

13 DY = e | g (0 A< 1)

where the function f(z) is analytic in a simply connected region of the
complex plane containing the origin and the multiplicity of (2 — )™ is
removed as in definition of the fractional integral ([7], [8], [10]).
Under the hypotheses of the fractional derivative of order A, the frac-
tional derivative of (n + \) is defined, for a function f(z), by
d?’L

(1.4) DV f(z) = @Dﬁf(z) (0<A<1,neNy=NuU{0}).

By means of the definitions above, we see that

~ I'(k+1) rk+1) ,_
D)\ B _~\v ' ") kA A .D/\ E_ _~\" ' 7] k=X <A\ 1
Nz F(k:+1—|—)\)z (A>0); Dz F(k:—l—l—)\)z 0<A<])
and —
DAk = (k+1) K< N < 1,n e Ny).

Fk+1—-n—\)
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Therefore, we conclude that, for any real A

Dk+1)

D>\ k:
T Tht1-0)

In this paper we will study some of the properties of the class 85(1 —b)
(b # 0, complex) defined as follows.

Definition 1.1. A function f € A is said to be multivalued starlike of
complex order (1 —b) (b # 0, complez), that is f € 85(1 — b) if and only if

(1.5) 1+ - ! ( U;x{:f( ))) - 1) = p(2) (z € D)

for some p(z) € P and 0 < X < 1.
Using (1.3), Owa and Srivastava [9] introduced the operator
DMA — A defined by D f(2) = v(2 - N)2*D2f(2) (0 < A< 1).

We note that 8§(1 —b) = 8(1 — b), where §(1 —b) is the class of starlike
functions of complex order introduced and studied by Nasr and Aouf [5].
The following lemma due to Jack [3] (also [4]) plays an important role

in our proofs.

Lemma 1.2. Let w(z) be a non-constant and analytic function in the open
unit disc D with w(0) = 0. If jw(z)| attains its mazimum value on the circle
|z| = r at the point z1, then z;w'(z1) = kw(z1) for some real k > 1.

2 Main Results

Lemma 2.1. Let f(z) be an element of A. Then the fractional A—operator

(2.1) D*f(2) = T'(2 — M\)2*D2 f(2) satisfies the following equalities

. A B ATAA n—l—l (2—/\)n
(i) DM f(2) =T(2 = N)2*D)f (= —z—l—z SCEEESVE
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(ii) For A=1, Df(z) = lim D f(2) = zf'(2)

(ili) For A< 1, a <1,
D*(D(2) = DD (=) = Z+Z e
(iv) D(D? =z+ Znan 2 —Nl(n+1) " = z(D M f(2))

(n+1-2\)
=T(2 = N)2MADYf(2) + 2D f(2).

Proof. The proof of this lemma follows from the definition of D* f(z).

Lemma 2.2. Let f(z) =z +a2® + -+ and g(z) = z + bo2® + - -+ be ana-
lytic functions in the open unit disc . Then the solution of the fractional

differential equation

(2.2) D2f(2) = w52 9(2) is

B n+1 A
(2.3) z+§:b O

Proof. Using the definitions of fractional integral, fractional derivative and
fractional derivative of order (n + \), we get

(2.4)
@ 4 I'(3)  5.» Fn+1) .,
DX f(2) = mz +a2mz +~-~+anmz
1 1 1
05 TC-N W) Syt EE ) St
. b ! 224 L 2 4
T2 -\ "T(2-\)

Therefore we have

DX f(z) = 2g(z) which implies

T(2-2)
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F(Q) 1—-\ F(?’) 2-\ F(” + 1) Y
(2.6) I‘(2—)\)Z +a2r(3_)\)2 + +anF(n+1—)\)Z
_ 1 1-) 1 2—A\ 1 n—>\ .
“Te—n®  Thrgont T thrgont T

Comparing the coefficient of 2"~ in both sides of (2.5) we obtain

F(n+1-X)

(27) T2 AT+l

Theorem 2.3. Let f(z) € A and satisfies the condition

(2.8) (zw _ 1> <22 p),

D/(2) I
then f(z) € Sx(1 —b). This result is sharp since the function f(z) satisfies
the fractional differential equation D) f(z) = mzl_)‘(l —2)7%,

Proof. We define the function w(z) by

DIE) (1 —uie ™,

where the value of (1 —w(2))"?is 1 at z = 0 (i.e, we consider the corre-
sponding Riemann branch), then w(z) is analytic in D, w(0) = 0, and

(DR ) 2bew(e)
(ZDvu> 1) T w(z)

Now, it is easy to realize that the subordination (2.9) is equivalent to

(2.9)

lw(z)| < 1 for all z € D. Indeed, assume the contrary: then, there exists
z1 € D such that |w(z)| attains its maximum value on the circle |z| = r at the
point z, that is |w(z;)| = 1. Then, by L.S. Jack’s lemma, z,w'(z;) = kw(z)
for some real £k > 1. For such z; we have

(D*f(z1)) ) 2kbw(z) — Plw(
(Gt —1) = P Fu(e) ¢ (D)
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because |w(z;)| = 1 and k > 1. But this contradicts (2.9), so the assumption
is wrong, i.e, [w(z)| < 1 for all z € D.
The sharpness of this result follows from the fact that

D) f(z) = 7“21_ )\)ZI’A(l — ) = 71”(21— N (1 -2)" =
. e (DMEY ) 2
D f(2) =T(2 - N2*"DYf(2) = 2(1 — 2) ™ = (z D (2) 1) =1

On the other hand we have

(D f(2)) 2bz 1
(ZW—1> =< 1—Z:>1+5

Corollary 2.4. If f(z) € 8(1 —b), then

‘ (r<2 —Z;)I;if(Z))l/% !

This corollary is a simple consequence of Theorem 2.3.
Remark 1. Putting A = 0, we obtain the result obtained in [6].

< 1.

Theorem 2.5. If f(z) € 8§(1 —b), then

rl—/\<1 +7,)|b|—Reb
T'(2 = A)(1 — r)lblRe”

1-A(1 — |b|—Reb
r - < Do) <

(2'11) F(? _ )\)(1 +7n)\b|+Reb -

This result is sharp since the function satisfies the fractional differential

equation D) f(2) = A1 = 2)7,

INPEEDY
Proof. If p(z) € P, then we have ([2])
1+ 72 2r
(2.12) ‘p(z)— T2 ST

Using the definition of the class 85(1 — b), then we can write

(2.13) Hl—l—%(z%—l)}—iji <

2r
1—r2
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It follows from (2.16) that

()2

2|b|r
-1 -2

which implies that

2r2Reb — 2r|b| < Re (Z(D’\f(z))’ B 1) < 2r*Reb + 2r|b|

1—r2 - D*f(2) - 1—r?

Thus we obtain that
(2.16)

_ _ - 2 A / i . 2

1 —2[b|r — (1 — 2Reb)r < Re z(D f(2)) < 1+ 2|b|r — (1 — 2Reb)r '
1—r2 D* f(2) 1—r?
On the other hand, since
(D (2)) 0 A
R —— | =r—=—log|D
(B ) - g oe i)

then, the inequality (2.16) can be written in the form
(2.17)

1—2|b|r — (1 — 2Reb)r* 0 1+ 2[b|r — (1 — 2Reb)r?

< o-log DM f(2)] <
T

r(l—r)(1+7r) r(1—r)(1+4r)

Integrating both sides of the inequality (2.17) from 0 to r we obtain (2.11).
Remark 2. Putting A = 0, we obtain the result obtained in [1].

Theorem 2.6. If f(z) € 85(1 —b), then

T(n+1-2\) v
(218)  Jan| < RIS NCESY Ig)<k+ 20b)) n = 2,3,

This inequality is sharp because the extremal function satisfies the fractional

differential equation D) f(z) = mzl_’\(l —2)7%,

Proof. Using the definition of the class 8}(1 — b), we can write

(2.19) 2(DMf(2)) = (D f(2))(1 + bprz + bpaz® + -+ + bpp2” + -+ ).
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Comparison of the coefficient of 2 in both sides (2.19) gives

n—l

I T(n+1-=-2A
(n—1) T'(n+1)

I'(k+1)

2.2 -
(2.20)  a Tk+1—\

akbpnfk, a; = 1.

M

k=1
Therefore we have

n—1

20] T'(n+1-2X) Z I'(k+1
I'(

(221) lan] < (n—1) T(n+1)

)
=1
k+ 1— )\)'Qk‘? ‘al‘
because |p,| < 2 for all n > 1 whenever p(z) € P ([2]).
It follows that
— A)y(2
lay] < LE= ),
137 (2 =)

2304 =) (_A(2) ®
ol < P (o + i)

(4 — )
= (W)

[b] = (2 = Aol

2[b] (1 + 2[b])

and

lad] < 2[bly(5 = A) ( (2) 1(3)

il + 2 slaal + ~ 2
37(5) (2= A) 1B =A) (4= A)
15— A)
3B (2 = A)
Therefore, applying the mathematical induction, we complete the proof of

2|6 (1 4 2b]) (2 + 2[0]) .

the theorem.

Now we consider the fractional differential equation
1
DX f(2) = 21— 2)7,

NEESY)
Using by Lemma 2.2 we can write
(2.22)
2 f(2) F(2_)\)z +azr(3_)\)z +ota F(n—i—l—)\)z
00 n—2
! —A 2b+ k n . . .
B (2 - )\)Z Z+ nz_; 11 [ ) 2" |, which implies
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o Tt1-n [rr2o+k)
f(Z)—ZJF;F@—)\)F(nJrl)<k:0k+1)z‘

Remark 3. Putting A = 0, we obtain the result obtained by Nasr and Aouf

[5]-
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