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A complex variable boundary element
method for the problem of the free-surface
heavy inviscid flow over an obstacle!

Luminita Grecu, Titus Petrila

Abstract

The object of this paper is to solve the problem of the bidimen-
sional heavy fluid flow over an immersed obstacle situated near the
free surface, using the Complex Variable Boundary Element Method
(CVBEM). The CVBEM is an advanced mathematical modeling ap-
proach and represents a numerical application of Cauchy Integral the-
orem for complex variable analytic functions.The problem is equiv-
alent with an integro-differential equation with boundary conditions
which is solved in this paper using linear boundary elements and is
reduced to a system of linear equations in terms of nodal values of
the components of the velocity field. After solving the system the
velocity is obtained and further the local pressure coefficient.

2000 Mathematics Subject Classification: 74515
Key words and phrases: complex variable boundary element method,
linear boundary element, free-surface fluid flow.

1 Introduction

A uniform steady potential plane free surface flow of a heavy inviscid fluid

is perturbed by the presence of an arbitrary wing (obstacle) immersed in
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the immediate proximity of the free surface. We intend to use the Complex
Variable Boundary Element Method (CVBEM), to determine the perturba-
tion induced by the presence of the obstacle (wing) and the action exerted
by the fluid on this obstacle, so to find the fluid velocity field and the local
pressure coefficient. We assume that the boundary I' of the wing is smooth
enough to avoid the existence of some angular points (and implicitly of
a Kutta type condition). Using dimensionless variables defined with the
characteristic length L (the length of the wing) and the characteristic ve-
locity U (the upstream uniform velocity), by splitting the velocity potential
® into the unperturbed (uniform) stream potential and the perturbation
(due to the obstacle) potential we have: ® (x,y) = x + ¢ (z,y), (1) where
¢ (z,y) is the perturbation potential which satisfies the Laplace equation
Ap(r,y) =0, z € (—o0,+0), y € (—00,0) (2). In[l1] and [5] the same
problem is solved using Schwarz principle, without a free-surface discretiza-
tion, but without the possibility to obtain the perturbed free-surface.

At the beginning we consider that the free surface can be approximated
by the real axis Ox.Linearizing the Bernoulli’s integral, the following bound-

ary condition on free surface holds (see[1])

Fr=

=
h

1
(3) 7 + kO_y - Oa (xay) € (-OO,—}—OO) X {0}7 kO = F—’I“2’

On the surface of the immersed wing the slip condition becomes

4 99— _n,
(4) an T n
where 7 (n,, n,) is the outward unit normal drawn at I" while, at far field,

(5) lim ¢ (z,y) = 0.

T—00

By introducing the stream (perturbation) function v (z,y) - the har-
monic conjugate of ¢ (z,y), and by using the complex variable z = x + iy,
the complex (perturbation) potential f (z) = ¢ (x,y) +iv (x,y) satisfies the
relations
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df_0p 0w _
d> Oz or
Pf_Pe A 0y
(6) Res = M=%,

where w = u — v is the complex (perturbation) velocity constructed
on the components v and v of the perturbation velocity (u = gi, v = g;j)
Hence (4) and (5) become:

¢f o df
7 I — —k =0
(") m( dz? Odz) ’
forz=r€ R ; Re( nx—i-my) —ng, on I
By introducing the holomorphic (in the flow domain) function

&Pf o df dw

(8) F(Z)Ilﬁ—kodz—ig—kow
we get
9) ImF (z)=0, forz=z€R.

As lim F'(z) = 0, the use of the Cauchy’s formula for the whole domain

|z| =00

(the lower half plane without the obstacle domain) allows us to write

—+00

(10) 1 F(g)dg:F(z)—i,/F(g)dg

271 S—2z 271 c—z
—00 I

Using (8) and the extension of Cauchy’s formula for the first derivative

w
of the holomorphic function d—(or integrating “by parts”) we can write:
S

1 [REQ@) i (PR, o)k [ 2
ko

271 c— 2z dz ¢—z
—00 I
1
() - [
27TF (g—z)
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and further, through (9), we get:

+oo
(12) % Lff S))dg: —Lﬁﬁ — ikow (2)
1 w (<) w (<)
+o— F/k‘olg_zd§+r/(§_z>2d<

2  Solving the integro-differential equation

using linear boundary elements

We solve the integro-differential equation using a complex variable boundary

w ()

elements method with linear elements. For the term an appropriate
finite difference scheme will be used.

The border, I', is approximated by a polygonal line made by segments
L, j= 1, N , by choosing a set of control points of affixes z;,4 = 1, N on
it. L; has the end points of affixes z;, zj11, j = 1, N, where 2y = 2.
Using linear boundary elements we have the following linear approximation

for w (z) (see [3], [4]):

Zj—C

(13) @ (s) = w(z) —2 fw(z4)

—— J=LN
Zj T i+l Zj T Rit

(precisely all the elements with index N + 1 are seen as having index 1).

For the beginning we consider the first integral from the right side of
equation (12). Using relation (13) we deduce the following approximation
for it:

(14) / ko

N
w () : /[ S — Zjt1
ds = kot w (z;
<= Z S P e
Zj—§

G — o) (5 = ZJ “

+ w (2j41)
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By denoting w (z;) = w; we deduce:

N
LW AS .
(15) /kolg _( ick = kot Z (wjt1 —wj) +
T j=1
al z— 2z z— zj Zjp1 — 2
A (525) e (2 (50)
= Zj+l T % Zj+l T Zj 7T

and further:

(16) / i

z— zj z— zj
d — k T g [ 2
: OZZ [wﬁl <Zj+1 - Zj) I (Zj+1 7
[In (241 — 2) —In(z — 2)]

Because the complex function In (z; — z) has multiple possible values we
consider a branch cut for In (§ — z), a line from z toz;and so when [}, gi—gzdg
is evaluated on I'; at z;we obtain In (27 — 2), but when it is evaluated on
'y at z; we obtain In (2, — 2) + 2mi (17). After some calculus we get:

(18)

. w; — WN
k d =k —2z)1 — k — —
/ 0l S OzZaj 2)In ( 2) + kot lwl—l— zl—zN](z 21)
T
where
(19) s = Wj+1 — Wy . Wj — Wi
=

Zj+1 — Zj Zj — Zj—1

For evaluating the second integral from the right term in relation (12)
we use the following theorem demonstrated in paper [3]:
Theorem. Let ' be a simple closed contour with finite length L and simply
connected interior ). Let h (<) be a continuous function on I'.Then © (z) is
analytic in ), where © (z) is defined by the contour integral

(20) 5(s) = = / LGS

2m Jr S — 2
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and &/ (z) is given by the integral:

(20") o (2) = —— / AONFS

211 r (g — 2)2

Because the linear model for the approximation function offers it a global

continuity we can apply the above theorem for evaluating the mentioned
integral, and we get:

(21)

, wy; — w
/(g d-(ZaJ z; —z)In( ~—z)+2m{w1—l—ﬁ}(z—zl)>
T
:—Zajln(zj Zaj+2m <w1+ﬂ>
j=1

Z1 — &N
7=1

Using (19) and (21) equation (12) can be written as:

+o0o
1 Re (F (s)) dw(z) .
22 — d k
(22) 27T/ - S+ 7 + ikow (2)
k al wp — W
0 1— WN
:§<;aj(zj z)In (z; Z>+[wl+7z1—z]\;](z_zl))
1 al w
PR 1 -2 17PN .
57 (;aj n (z; +;a] m(wl—I— 21—ZN)>
Regarding a; we can write: a; = mjw;41 + n;w; + p;jw;_1, where
1 Zi+1 — Zj—1 1
(23) my———— e EL 1
Tozm—gy T () (g -za) T -z

Equation (22) can also be written under the form:

+oo
1 Re (F (s)) dw( )
o p— ds + —— i + tkow (2 Z w; A

—00

(24)
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where using the notation: c¢(z,z) = In(z —x) (ko (z — x) + i) the coeffi-
cients A;, j = 1, N are given by the following relations:

(25) A1:%{mN[c(zN,z%l—i]+n1[c(z1,z)+z’]+p2[c(22,z)~|—i]}+
1+21_12N+§_;(2_Z1) (1+Zl—12’]\/>7
Ay = oo Ay ez, 2) + e () + 4 pyea fe(s7,2) )
Ay = % (mx1 e (enr,2) 4] + nw e (2w, 2) + 4] + pr [e (21, 2) + 4]}
Tla 1 @ 21—z

21— AN 2mz — AN

Now if welet z — 2z; € I' , © =1, N , we obtain

+o00
1 F d i
1 [Re(F), | du()
27 S — z dz

—0o0

N
(26) +ikow () = > w;Ay;,
j=1

where the denotation with two indexes points out that the limits of the
involved coefficients are considered. More, by using for the value of the

complex velocity derivative at the node 7 its approximation by a forward

dw (z; w(z;) —w(z
finite difference scheme, namely () = () ( ZH), we obtain:
dz 2y — Zit1

27 —
(27) 2T — Zi — Zi+1

—0o0

+oo N
1 Re (F P — W; .
Re(F(9) goy Wiz Wi S
j=1

where i, = 1, N, while by index N + 1 we should understand 1.
Concerning the calculation of the coefficients from the above equation, it
is performed by imposing effectively z — z; € I' in the previous expressions
of Aj. Except the elements originated from the integrals calculated on
the segments whose edges contain the point i (i.e., I';_jand I';) and which
become singular, this implies a simple replacement of z with z;. With
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regard to the coefficients coming from the singular integral, we have used
the equality lim (z — z;)log (z — 2;) = 0 and their finite parts, in according
z2—2;

with the finite part of an integral (see[2]). We get the following expressions:

(28) Ail = % {mN [C (ZN, Zl) + Z] +ny [C (Zl, ZZ) + 2] +p2 [C (22, ZZ) + Z]}

k.
+1+ +_O(Zi_zl)(1+ )J%Nalvz’
21— &N 2m 21— ZN
1 , . .
Any = 5 {mni+ny[c(z1,2n8) + 1] + p2fc(z2,2n) +i]} + 1
1 k 1
+ —|——0(ZN—Z1)<1+ )7
21— 2N 27 21— ZN
1 _ . : 1
n=g {mn [c(zn,21) +i] +n1i + pofc(20,21) + 3]} + 1+ )
™ 21 — AN
1 . . .
Ay = > {mn [c(zn, 22) + ] + n1[c (21, 22) + 0] + pai} + 1

1 k 1
+ +—°(z2—zl)(1+ )

21— 2N 27 21— ZN

1 . . .
Ay = %{mg‘—l [c(zj—1,21) + 1] +nj e (25, 2) + i) +pjy1 e (2541, 2) +il}

Jjo= 2 N-Li#j+lj

1 . . .
Ajj = % {mj_l [C (Zj—la Zj) + Z] + njz -+ pj+1 [C (Zj-‘rl’ Zj) + Z]} s
1 . . .
Ajyy = o {mj i+ mnjle(z,25-1) + ] + pjsa [e (241, 25-1) + 1},
1 . . .
Ajiry = 5= A{my-1[e(zj-1, 241) + 1] +ny (e (25, 2j41) + ] + pjsail,

2T
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1

Ain = o {my_1lc(zn=1, z) +i] +nn[c(zn, 2) + 0] +p1c (21, 2) + 1]}
k -z
+1+ MATE LN 1N,
21— ZN 2mz — 2N
1

ANle = % {mel’L' + nn [C (ZN, ZN71> -+ ’L] +p1 [C (21, ZNfl) -+ Z]}

ko z1 — 2n—1

+1+ ;
21— 2N 2T 21 — 2N
1 . . ,
A = o s [e (e an) 1]+ i 4 fe (21,20 + )
k
+14 + =,
1 —2ZN 2w
1

Ay = o {mn_1[c(zn-1,21) + 1] + nn[c(2n,21) + 1] + pri}+1+
m Z1—RN

As ¢ takes all the natural values from 1 to N, we obtain a system of N

equations, of the form (22), with N unknowns which can be written as:.

+o00
1 Re (F (s)) ~

—00

where
~ ~ 1
(30) A=Ay, jAL JAIHL Az’i:<Az’z’———iko>;
A |

~ 1
Aiip1 = (Aii+l + 4)

2 T Zitl
For evaluate the integral on the right sight we use linear boundary
elements too. As the perturbation vanishes at far field we can accept that

—+o00 b
1 Re (F 1 Re (F
2 S — 2z 2m S — 2
Using relation (8), the expression of w and the linear condition (3) we
obtain the following condition on the free surface
1 0%u

(32) Re(F (2)) = ol kou, z =x
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Using M isoparametric linear boundary elements (with M + 1 equidis-
tant nodes on the free surface:x, € [a,b], k = 0,M, a = o, x =

b—
a+ /{:7 k =1, M) we deduce (as we did for ()) that:

Re(F () —ko 5~
_ — )1 _
(33) o s ds o 2 ay (xp — 2)In (z — 2)
ko |ug —u Upr — Up—

k k
+ Zugln (zg — 2) — —upy In (2 — 2)
2m 2m

Ug4+1 — Uk Uk — Ug—1
(34) aj, = — :
Tr+1 — Tk Tk — Tg—1

Regarding a) we can write:

/ / !/ /
(35) @, = myugs1 + nypug + ppg_1,

m, _ 1 n, _ Th+1 — Tk—1 p/ _ 1
F Th+1 — %7 g (fEk+1 - fEkz) (Ik - xk—l)’ F T — Tp—1
We obtain:
b
1
(36) 2—/ p— d _ZleUl
where

ko [(z141 — 2) (-1 — 2i)
Bj=——|—1 —z) + ——m—=1 1= %
(37) : 27 [ Tiy1 — 2y Bz — ) + T — X—1 n (w1 = 2i)
ko (i1 — @i1) (2 — 2)
S on (X101 — xy) (2 — 71-1)

(o =2) In(zy —2) + (&~ 20)
xr1 — Xg T1 — Zo

In(z;,—2),l=1,M—-1

Bz'o:—@{

» In (2o — ) — In (29 — Zi)}
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Biy = ko —(mM_l — ZZ) In ($M—1 - ZZ) + 7(21 — xM)

—— In(xp — 2)
27 |y — Ty Ty — T

+ In (zpr — 2)]

By denoting with v,,, vs the normal and the tangential, respectively, com-
ponents of the perturbation velocity we can write that, on the border, w =
(vn, — ivs) (ng +in,) whileon I', v, = —ny, so that w = (—n, — ivs) (N, + iny).
With this new remarks and relation (), and denoting (for sake of simplicity)
vl =w;, i =1, N the system (29) becomes:

M N
(38) ZBZ'[U[ = Z (—n; — ivj) (njx + m;) ;L-j,z' =1,N
1=0

Jj=1

As the number of unknowns N + M + 1 is greater than the number of

equations for “closing” the system we should now perform z — x, k =0, M
in the relations (17) and (19). So we get

400 N
(39) ! / Re (F (g))dc + dw () + ikow () = ij;lm‘

o S — T dx
where using the notation: c¢(z,z) = In(z —x) (ko (z — x) + i) the coeffi-
cients Ay; have the expressions:
(40)

~ 1 . . )
Ay = o {mj1[e(zj—1,2p) + ] +ny [e (25, 2x) + 1] + pjsa [e (241, 2) + 1]}
Using a forward finite difference for the complex velocity derivative, for

k = 0,M —1,and for z;, = x) a backward finite difference dw () =
x

w(xp) —w(zp—q)

Ty — Tp-1

we get:

M
w (7)) — W (Try1) |

41 B u + + ikow (1) =

( ) ; kI T — That 0 (k)

N
1 —~ -
— E ijkja k‘IO,M—l
271 =
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M N
w(xy) —w(Ty—1) . 1 ~
42 B k = — A
(42) ; kit + Ty — TM-1 +ikow (@) 2m ;wj M
where the coefficients By, and Cj; have analogous expressions with those
of (36), the only one difference being that now, for all nonsingular inte-
grals (i.e., when xj is not a node of the element on which the integral is

calculated),z; is replaced with x; and a natural logarithm of a real number

is implied.
Thus,
ko ($l+1 - ﬂﬁk) (1’171 - iUk)
43) By, =—— |—=1 — —1 -1
(13) By =g | oy P gy
2 — — .
_ o {(mlﬂ n) (B = o) ) (y— )|, l=1,M—1,
27 ($l+1 — 1‘[) (1‘[ — .’Bl,l)
ko |(z1 —x T — X
B, = —i {(x%xz) In(zq —xx) + (x%xs) In (zg — xzx) — In (x¢ — xk)]
ko [(zar—1 — ) (zr, — 7)
/ _ Y _ N v 7 —
BkM 27 [ Ty — Tp—1 hn (xM_l Ik) * Ty — Tpm—1 = (xM xk)

+ In (zpr — xp)]

fork#£1+1, k#lwhenl=1,M—1;k#0,1 whenl=0; kA M —1,M
when [ = M. For the case when singular coefficients arise (for B, and B,

we have considered their finite parts) we finally get the following expressions:

@)
By = _5—; (J:;:l;_x;_ll) In (2141 —21-1) + % In (z; — xl_l)] ,
By = —;{—7{1 % In (-1 — 2141) — % In (z; — xlﬂ)} ,
By = —5—; % In (211 — ;) + H In (2,1 — iﬂz)} :
By, = —5—7{; In(z1 —x0),Bio =0,By_1m =0, Bym = ;{:—; In(zp1 — xpr)
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By replacing in (41) and (42) the expression of the complex velocity
on the boundary as function of the perturbation velocity components and
using the denotation s for the component v of the complex velocity on the

free surface (for avoiding any confusion), we can write for k =0, M — 1

M . .
U — 1S — Uk41 T USkp41 . .
44 B k —
) ; e Tk — Th1 ko (s = és)
| X
= 5= Z ( nl — z'vj) (nﬁc + m;) Aj,
j=1

respectively, for k = M,

M

Upr — 1Sy — Upr—1 + 1Sp— , ,
(45) Z Bl + -2 MM ML ik (uar — isr)
—o ITM — TM-1

N

_ % (= — ivy) (0 + in?) Ay

j=1

In this way we have obtained the rest of the M + 1 equations that ensures

the mathematical coherence of our mathematical problem, i.e., the solving

of the system for the components of the perturbation velocity on the free
surface and on the border (boundary) of the obstacle.

Summarizing, the final system which should be solved is made by equa-

tions (38),(44) and (45).

3 Numerical results

For the outward normal components at the obstacle boundary, at the control
points, we have the expressions

—Re (2 — zj11)

46 j:] s VI J _—
(46) Ty, m(zj — zj11) |z =zl m 2 — 2]

and consequently all the coefficients which are present in the system ob-
tained can be expressed as functions of the discretization nodes coordinates,
and their calculation can be performed by a computer.



16 Luminita Grecu, Titus Petrila

The unknowns are the N components of the tangential perturbation
velocity on the obstacle border, evaluated at N nodes of the involved dis-
cretization, and the 2 (M + 1) components of the perturbation velocity on
the free surface at M + 1 nodes chosen by its discretization.

Using a MATHCAD code we will find not only the perturbation velocity
field but also the local pressure coefficient, i.e., cf) =1- (vj + n;)Q (47).

In the figure there are represented o

the numerical results found for the

case of a circular obstacle when we L

use 20 nodes for the discretization — . s
of the obstacle’s boundary. We took % ]
la,b] = [-4,4], and M = 19. The " 2 M
distance from the free boundary is m_ 2l . '

taken equal with 2, and for the pa- 4

rameter ky we chose the value ky =

3,0.

When applying the CVBEM method a better approximation we can
obtain by growing the number of nodes used for the discretization of the
boundary. Doing so we can find exactly values for the unknown for a grater
number of nodes and so we can find a better approach. We must also
remember that the computer effort is much greater and not always the
improvement is very evident. With this approach further it is possible to

determine the shape of the unknown free surface using the velocity field.
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