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General common fixed point theorems for
weakly compatible maps

H. Bouhadjera, A. Djoudi

Abstract

The aim of this paper is to prove a common fixed point theo-
rem for four weakly compatible maps satisfying an implicit relation
without need of continuity. This theorem generalizes, improves and
extends some results on compatible continuous maps of [1], [2], [10],
[12] and others.
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1 Introduction and preliminaries

Generalizing the concept of commuting mappings, Sessa [15] introduces the
concept of weakly commuting mappings. He defines § and T to be weakly
commuting if

d(8Tx,T8x) < d(Tx,8x)

for all x € X, where § and T are two self maps of a metric space (X, d).
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And in 1986, Jungck [3], introduced more generalized commuting map-
pings, called compatible mappings, which are more general that commuting

and weakly commuting maps. § and T above are said to be compatible if

(1) lim d(8Tx,, T8z,) =0

n—oo

whenever {z,} is a sequence in X such that lim 8z, = lim Tz, = ¢ for
some t € X. This concept has been useful z:; ;O tool forngf)otaining more
comprehensive fixed point theorems. Clearly, commuting maps are weakly
commuting and weakly commuting maps are compatible, but neither impli-
cation is reversible (see [14], [3]).

Further, G. Jungck, P. P. Murthy and Y. J. Cho [4] gave the notion of
compatible mappings of type (A) as follows, 8 and T above are said to be

compatible of type (A) if, in place of (1), we have the two conditions

nh_)nolo d(8Tx,,T?x,) = 0 and nh_)n;@ d(T8xy, 8*,) = 0.

Clearly, weakly commuting maps are compatible of type (A). From
[4], it follows that the implication is not reversible. But this definition is
equivalent to the concept of compatible mappings under some conditions
and examples are given to show that the two notions are independent.

Afterwards, H. K. Pathak and M. S. Khan [9] extended type (A) map-
pings by introducing the concept of compatible maps of type (B) and com-
pared these mappings with compatible and compatible mappings of type
(A) in normed spaces. To be compatible of type (B), 8§ and T above have
to satisfy, in lieu of condition (1), the inequalities

1
lim d(8Tz,, T%,) < 5 [nm (8T, St) + lim d(St, S%n)} ,

1
lim d(TSz,,82,) < 3 [hm (TS, Tt) + lim czm,fr?xn)] .

It is clear to see that compatible maps of type (A) are compatible of
type (B), to show that the converse is not true (see [9]).
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In [6] the concept of compatible maps of type (P) was introduced and
compared with compatible and compatible maps of type (A). 8 and T above
are compatible of type (P) if, instead of (1) we have,

lim d(8%z,, T*z,) = 0.

Some fixed points theorems for compatible mappings of type (P) are
proved in [7] and [13].

In 1998, H. K. Pathak, Y. J. Cho, S. M. Kang, B. Madharia [8] in-
troduced an other new extension of compatible maps of type (A) called
compatible maps of type (C'). They define 8§ and T above to be compatible
of type (C) if, we replace (1) by the inequalities

lim d(8Tx,, T z,)

n—oo

1
<z [hm (8T, 8t) + lim d(St,T%z,) + lim d(St,S%n)} ,

n—0o0 n—oo n—o0

lim d(T8xz,, 8%z,)

< % [nh_{lc}o d(TS8z,, Tt) + nh_)ngo d(Tt, 8%x,) + nh_g d(‘J’t,Tan)] .

The same authors gave some examples to show that compatible maps of
type (C') need not be neither compatible nor compatible of type (A) (resp.
compatible of type (B)) in normed spaces.

Recently, Jungck and Rhoades [5] defined weakly compatible maps and
showed that compatible maps are weakly compatible but the converse in not
true. They defined 8§ and T above to be weakly compatible if 8t = Tt,t € X
implies 8Tt = T8t. By Lemma 1 in ([3], [4], [6]) it follows that § and
T are compatible (resp. compatible of type (A), compatible of type (P))
then, & and T are weakly compatible. It is known that all of the above
compatibility notions imply weakly compatible notion. However, as we shall
show in the example below, there exists weakly compatible maps which are
neither compatible nor compatible of type (A) (resp. compatible of type

(B), type (C), type (P)).
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Example 1.1. Let X = [0,20] with the usual metric. Define §,T : X — X

0 if x=0
0 1 0} U (4,20
bySr =< z+16 if 0<x<4 Jr= ?fxe{} (4,20]
. 3 if O<ax<4
r—4 of 4<x<20

1
Let {x,} be the sequence defined by =, =4+ —,n € N*. Then
n

Stp=2,—4—0;Tx, =0—0 as n — oo,

Clearly, 8 and T are weakly compatible maps, since they commute at
their coincidence point ¢ = 0. On the other hand , we have

8Tz, = 8(0) =0; 8%z, = 8(x, —4) = z, + 12,

T8z, = T(x, — 4) = 3; T?z,, = T(0) = 0.
Consequently, lim [8Tz, — T8x,| = 3 # 0 that is, § and T are not
compatible. Moreover, we have

lim T8z, — 8%x,| = lim |3 — =z, — 12| =13 #0

n—oo

thus, 8§ and T are not compatible of type (A). Furthermore,

1 3
13 = lim |T8z, — 8%z, ;E 5 [lim T8z, — Tt| + lim |Tt — T?x,|| = =

n—oo 2

which tells us that 8§ and T are not compatible of type (B). Again, one have
1
18 = lim [T8z, — §%,| £ - [nm T8, — Tt| + lim |Tt — 82|

+ lim |Tt — ‘J'Q:Cnﬂ ==3 hence, the maps 8 and 7 are not compatible of

n—oo

type (C). Also, we have

lim 822, — T?x,| = 16 # 0

n—oo

therefore, § and T are not compatible of type (P).
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2 Implicit relations

Like in [10], we denote by JF the set of all real continuous functions
F : RY — R satisfying the following conditions:
(Fy) : F is non-increasing in variables t5 and tg,
(F) : there exists h € (0, 1) such that for every u,v > 0 with:
(F,) : F(u,v,v,u,u+v,0) <0 or
(F) : F(u,v,u,v,0,u+v) <0
we have u < hw,
(F3) : F(u,u,0,0,u,u) > 0, for all u > 0.

Example 2.1. F(tq,ts,t3,14,t5,1) = t1 —k max {tg,tg,t4, %(t5 + t6)} where
ke (0,1).

Example 2.2. F(t1,tq,3,t4,t5,t6) = t3—cy max{t3, 3, 2} —co max{tsts, tals}
—cststg, where ¢y > 0,c9,c3 > 0,¢1 +2c5 <1 and ¢; + c3 < 1.

Example 2.3. F(tl,tQ, ts, t4,t5,t6) = t% — tl(atg + btg + Ct4) — dt5t6, where
a>0,bc,d>0,a+b+c<1landa+d<1.

Example 2.4. F(ty,ty,ts,ty, t5,t5) = th — at? 'ty — bt? *tsty — ct? 'tg —
dt5t7§_1, where a > 0, b,c,d > 0,a+b < 1anda+c+d <1 and p an
integer such as p > 3.
365 + t3t2
Tty tts+ 1Ly
ctste
dt3 +eti +1

Example 2.5. F(t1,ty,t3,t4,t5,16) = 15— , where c € (0,1).

Example 2.6. F(ty,ty,t3,t4,15,1¢) = at?—bt3— , wherec,d, e >

0,0<b<aandb+c<a.

Example 2.7. F(tl,tg, tg, t4,t5,t6) = tl—tl[até’—l—btg—i—cti]% —d\/t5t6, where
O0<a<(l—=d)P?bec,d>0,a+b+c<1andd<1,pe N

Example 2.8. F(t1,ty,13,t4,15,16) = 12 — kmax{t3, tsty, tsts}, where k €
(0,1).

The subject of the preset paper is to obtain common fixed point theorems
by using a minimal commutativity condition. Our results extend the recent
results due to Bouhadjera, Popa and others.
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3 Main results

Now we state our main theorems

Theorem 3.1. Let S,7T,7 and J be mappings from a complete metric space
(X, d) into itself satisfying the conditions:

(a) 8X C JX and TX C IX,

(b) one of X or TX is closed,

(¢c) 8 and J as well as T and J are weakly compatible,

(d) inequality

(2) F(d(8x,Ty),d(Jz,dy), d(Jz, 8x),d(dy, Ty), d(Iz, Ty), d(dy, Sz)) <0

holds for all x,y € X, where ' € F. Then 8,T,J and J have a unique
common fized point.

Proof. Suppose z; is an arbitrary point in X. Then, since (a) holds, we
can define inductively a sequence {y,} as follows

(3) {8[E07(II1,SZ'2,(II’3,...,SZEQTL,‘IZEQTHJ,...}

such that
Yon = STop = JTopy1 and Yo, 1 = TTopr1 = Jxopse for n € N.
Using the inequality (2), we have successively
F(d(8zan, Txani1), d(Ixon, dxoni1), d(Jxon, Sxoyn), d(Jxon11, TTani1),
d(Iz2n, Tant1), d(dT2ns1, 824)) = F(d(Yan, Yon+t1), A(Y2n—1, Y2n),
d(y2n—1a y2n)7 d<y2n7 an—H)v d(y2n—17 an+1)7 0) <0.
By (F1), we have F(d(Jon, Ion+1), d(Ton—1,T2n), d(J2n—1,I2n), d(Jon, Jon+1),
d(Jan—1,92,) + d(Jon,I2n41),0) < 0.
So, we obtain by (F})

d(y2m y2n+1) < hd(yzn—l,?hn)-

Similarly, by (F1) and (F}), one may get

d(Yan—1,Y2n) < hd(Y2n—2, Yon—1)
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and so,
d(Yon, Yan+1) < h*"d(yo, y1)

for n € N. An easy calculation shows that the sequence {y,} defined by
(3) is a Cauchy one. Since X is complete, the sequence {y,} converges to
a point z in X. Hence, z is also the limit of its subsequences {8zs,} =
{0zon 41}, {Tz2n 1} = {Im2,} and {Twoni1} = {Jz2n42}-

Suppose that 8X is closed, since SX C JX, then there exists a point u
in X such that z = Ju. Using estimation (2), we obtain F(d(8z2,, Tu),
d(Jzap, du), d(Ixen, Sxay,), d(Ju, Tu), d(Ixe,, Tu), d(Ju, 8xa,)) < 0

By letting n — oo, we have by the continuity of F’

F(d(z,Tu),0,0,d(z,Tu),d(z,Tu),0) <0

which implies by (F,), that z = Ju. Therefore, Ju = z = TJu. But J and
T are weakly compatible, then JJu = Tdu and so, Jz = JTu = Tdu = Tz.
Again, from inequality (2), we have F'(d(8xan, Tz),d(Jx2,,d2),
d(Jzapn, Sxay,), d(d2,T2), d(Ixen, T2),d(Jz, Sxa,)) < 0.

Taking the limit as n — oo, we get

F(d(z,72),d(2,7%2),0,0,d(z,T2),d(Tz,2)) <0

contradicting (Fj3), then, we deduce that, z = Tz = Jz. This means that z
is in the range of T and, since TX C JX, there exists an element v in X such
that z = Tz = Ju. The use of condition (2) gives

F(d(8v,T),d(Iv, 3), d(Iv, Sv), d(d2, T2), d(Iv, T2), d(32, Sv))

= F(d(8v,2),0,d(8v, 2),0,0,d(8v, z)) < 0.

which implies by (F}), that Sv = z = Jv.But the mappings 8 and J are
weakly compatible, hence, 8Jv = J8v i.e 8z = 8Jv = J8v = Jz.Moreover, by
(2), we can estimate

F(d(82,7z),d(Jz,dz),d(Iz,82),d(dz,T=),d(Iz,Tz),d(dz,8z))

= F(d(8z,2),d(8z2,2),0,0,d(8z, z),d(z,82)) <0
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which contradicts (F3) if 8z # z,. We conclude that, z = 8z = Jz. Conse-
quently, Tz = Jz = 8z = z, this means that the point z is a common fixed
point for both §,TJ and J. The uniqueness follows immediately from pro-
ceding inequality (2) and the proof is complete. Similarly, one can obtain
this conclusion by supposing TX is closed.

Truly Theorem 3.1 generalizes the results of [1],[2],[10],[11],[12] and oth-
ers, since no continuity assumption is assumed here and the weak compati-
bility is least condition for mapping to have fixed point.

Corollary 3.1. If in the hypotheses of Theorem 3.1, he have in the lieu of
(2) the condition

d(8z, Ty) < kmax{d(Jz, Jy), d(Jz,8x),d(Jy, Ty),

S (d(ITy) + d(3y, 81)) )

for all z,y € X, were k € (0,1). Then, the mappings 8,T,J and J have a

unique common fized point.

Proof. Use Theorem 3.1 and Example 3.1.

In a similar way as in Corollary 3.1, one can obtain additional corollaries
using the Examples given above.
Remarks.

(1) If we put in Theorem 3.1 and its Corollaries J = J = Jx (: the
identity mapping on X) and also § = T and J = J = Jx, then we can get
much more corollaries.

(2) Theorem 3.1 remains valid if we have JX or JX is closed (resp. J or
d is surjective) instead of 8X or TX is closed.

Now, we give an example to illustrate our result.

Example 3.1. Let X = [0,00) be endowed with the usual metric d. Define

T — 0ifxel01) S 2if x€10,1)
v vif v €[l,o0) ’ v %z’fxe[l,oo)
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T =

{ 0if z€l0,1) 2if xe0,1)
Jor = 5 . 1. :
x?if x €[1,00) ;zfxe 1, 00)

Clearly, 8X = (0,1] U {2} € JX =[0,00) = X and TX = (0,1] U {2} C
JX = [0,00) and JX,IX are closed. Further, we see that 8 and J as well
as J and T are weakly compatible since they commute as their coincidence
point z = 1. Now, define f : R} — R by F(ty,ts, t3, ta, ts5, t6) = 1 — 3t3. It
is clear to see that ' € F. Moreover, we have

F(d(Sx,Ty), d(Jz, dy), d(Jz, 8z), d(dy, Ty), d(Jz, Ty), d(dy, Sz))

1 17

1 Ve—y* 1
=17z — e =P = — Vo —yP IV +y

4 w2 A4
= VT~ g | = 1T+ 0P| <0
xy? 4 -

for all z,y > 1. Then, F satisfies condition (2). So, all assumptions of

Theorem 3.1 are satisfied and 1 is the unique common fixed point of the
above maps. Now, we show that Theorems in [1], [2],[10],[11] and [12] are
not applicable. Indeed, let us consider a sequence {z,} in X defined by
1
z, =1+ — for n € N*,
n
Clearly, we have as n — oo,

Further, one have

1

N

1 1
Tz, =14 (—) =0; Tz, = T(2?) = x_% — 1

n

Jan:J( )zO;SUmn:S(xn):—el

3z, =I(z,) =z, — 1;88x, =8 (L) =2

x’l’b
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49z, = H(mi) = xi — 1; 7Tz, =T (i) = 2.

Tn
But,
1
nh_)rgo d(83z,,I8x,) = nh—{{.lo '0 - =1#0
1
lim d(§Tx,, Tda,) = lim ‘0 ——|=1#0,
n— noo T

so, & and J as well as J and T are not compatible. Again, we have

lim d(J8z,,8°r,) = lim |0 — 2|2 # 0,

lim d(§Tx,,T?z,) = lim [0 — 2| =2 # 0,
thus, the pairs (8,J) and (g, T)are not compatible of type (A). Now, one
have

lim d(8*z,,7%r,) = lim |2 —z,| =1 # 0,

lim d(3%z,, T?z,) = lim |2} — 2| =2 #0,

this tells us that the maps 8 and J and J and T are not compatible of type
(P). Also we have

1 1
2 = lim d(I8z,, 8°r,) £ 5[ lim d(J8z,,I1) +limd(J1,9%z,)] = 3

n—oo n—o0

2 = lim d(JTx,, T z,) £ =[lim d(§Tx,,J1) + lim d(91,3%x,)] = %,

1
n—oo 2 n—oo n—oo

that is (8,J) and (J,T) are not compatible of type (B). Finally,

2 = lim d(I8z,, 8%z, L lim d(78z,J1) + lim d(91, 8%z,
3

n—oo n—oo n—oo

2
+ lim d(J1,9%z,)] = 3

and
1
2= lim d(JTz,, T°z,) £ g[lim d(3Tz,, 1) + lim d(J1, T?z,)

n—oo n—0o0 n—oo
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T lim d(g1, 9% = 2

n—oo 3 ’
therefore, neither 8 and J nor J and T are compatible of type (C).

Now we give a generalization to the above result.
Theorem 3.2. let 3,J and {T;}ien+ be mapping from a complete metric
space (X, d) into itself such that

(’L) T:X C JX and (.Ti_,_lx C JDC,

(11) one of T;X or T; 11X is closed,

(ii1) the pairs {T;,3} and {T;11,T} are weakly compatible,

(iv) the inequality

F(d(Tiz, Tiy1y), d(3z, Jy), d(Jz, T;x),
d(gya (‘Ti-l—ly)? d(JZL‘, (‘Ti—i-ly)a d(3y7 (‘Tlx)) <0

holds for all x,y € X, for all i € N* and F € F.Then, 3, and {T;}ien-
have a unique common fized point in X.

Proof. Letting i = 1, we get the hypotheses of Theorem 3.1 for the maps
J,d,7T1 and Ty with the unique common fixed point z. Now, z is a unique
common fixed point of J,J,T; and of 7,7, Ty. Otherwise, if 2z’ is a second
distinct fixed point of J,J and T3, then by inequality (2), we get

F(d(T12,722"),d(32,32"),d(Iz, T12),
d(37',T22"),d(Jz,T22"),d(37', T12))
= F(d(z,7'),d(z,7'),0,0,d(z,2"),d(z',2)) <0

contradicts (F3), hence 2/ = z.
By the same method, we prove that z is the unique common fixed point
of the mappings J,J and Ts.



106 H. Bouhadjera, A. Djoudi

Now by letting ¢ = 2, we get the hypotheses of the same theorem for
the maps J,J and T3 and consequently they have a unique common fixed
point z’. Analougously, 2’ is the unique common fixed point of J, 7, T and
of J,d,T5. Thus 2z’ = z. Continuing in this way, we clearly see that z is the
required point.
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