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Argument Estimates of certain Multivalent
Functions involving Dziok—Srivastava
Operator!

T.N.Shanmugam, S.Sivasubramanian, Shigeyoshi Owa

Abstract

The purpose of this paper is to derive some argument properties
using multivalent functions in the open unit disc involving Dziok-

Srivastava operator. We also investigate their integral preserving

property.
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1 Introduction

Let A, be the class of functions of the form

(11) f(Z) :Zp+zan+pzn+P (pe N = {172737})
n=1

which are analytic in the open unit disc U := {z € C : |z| < 1}. A function
f € A, is said to be p—walently starlike of order o in U, if it satisfies

(1.2) Re{z}cf(,ij)}>a 0<a<p, zel).
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The class of all p-valently starlike functions of order « is denoted by Sy (a).
A function f € A, is said to be p—valently conver of order av in U, if it

satisfies

2f"(2)
f'(z)
The class of all p-valently convex functions of order « is denoted by K, («).
It follows from (1.2) and (1.3) that

(1.3) Re{1+ }>a 0<a<p; zel).

(1.4) f € Kp(a) isequivalent with zf" € Sy(a).

Further, a function f € A, is said to be a p-valently close to convex function

of order 3 and type a, if there exists a function g € Sy () such that

(1.5) Re{zg(li;)}>ﬁ 0<a,B<pzel).

It is well known ( see [13]) that every p- valently close-to-convex function is

p -valent in U. For arbitrary fixed real numbers A and B (-1 < B < A < 1),
let P(A, B) denote the class of functions of the form

(1.6) ¢(2) =1+ 1z +c2® + ...

which are analytic in U and satisfies the condition

14+ Az

(1.7) () < 11 5.

(z €U,

where the symbol < stands for subordination. The class P(A, B) was intro-
duced and studied by Janowski [11].
We note that a function ¢ € P(A, B), if and only if

1—-AB A-B

(1.8) ‘(b(z)— o <A (B#-Lze)
For any ¢ € P(A, B),
(1.9) Re{o()t > 122 (B£-1:ew).

2
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For a function f € A, , given by (1.1), the generalized Bernardi-Libera-
Livingston integral operator F [1] is defined by

z

(1.10) F(z) = 122 /t”f—lf(t)dt (v>—p; zel).

2
0

A simple computation shows that

YtPp
1.11 F(z)=2" — 2P > —p; u).
R R e e R R
It readily follows from (1.11) that
(1.12) f e A, implies F' € A,.

For any two analytic functions f(z) = > a,2" and g(z) = >_ b,2", the
n=0 n=0

Hadamard product or convolution of f(z) and g(z), written as (f * g)(z) is
defined by

o0

(fxg)(2) = Z by 2"

n=0
For complex parameters oy, as, ..., o, and (31, B, ..., 55 with
(B; #0,—1,-2,..;5 = 1,2, ..., 5), we define the generalized hypergeometric
function ,Fs(z) by

nee-(Qg)n n

(1.13) Fs(on,ag, ..., 01,02, ..., Bs;12) = 2% (5(10)2)(2(2()15)(55)”(1%

(g<s+1;q,s € Ng=NU{0};2z€U)

where (A),, is the Pochhammer symbol defined by

(1.14) ), = 1 forn =0 .
AA+1) ... A+n—-1) forn=1,23..

Corresponding to a function hy,(aq, as, ...ay; b1, B2, ...0s; 2) defined by

hp(ala Qg, ..., ﬁla ﬁ?? ﬁ& Z) = quFs<a17 A, ..., Og; 617 527 sy ﬁsv 2)7
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we consider the Dziok—Srivastava operator [7]

Hp(a17 Qo, ..., aq;ﬁla 627 7/65)f(2) : ‘Ap - ‘Ap’

defined by the convolution

Hy(ar, g, ...aq; B1, Ba, ... 05) f(2) = hy(an, qa, ...ag; B, Ba, ... Bs; 2) * f(2).

We observe that, for a function f of the form (1.1), we have

(1.15) Hp(al, Qg, ..., Qg; By B2y ey ﬁs)f(z) =P 4 Z T,aq,2"
n==k

where

(1'16) r, = (al)”_P(@Q)n—m ) (aq) —p

(51)n—p(62)n—p7 s (58)11—17(1)”—17.

For convenience, we write

(117) Hp(ala Qg; ..., Og; 617 627 0 ﬂs) = Hp,qﬁ(al)

Thus, through a simple calculations, we obtain

(1.18) = (Hp,q,s(al)f(z))/ = a1l s(a1 +1)f(2) = (a1 = p)Hpg,s(cn) f(2).

The Dziok-Srivastava operator H,(o, g, ..., ag; b1, B2, ..., Bs) includes var-
ious other linear operators which were considered in earlier works in the
literature. In particular, for p = 2,¢q = 1, the Dziok—Srivastava operator
reduces to the operator L, (a1, ao; 81) f(2), studied by Saitoh and Nunokawa

[19]. For p = s =1 and ¢ = 2, we obtain the linear operator:

Flag, ao; 01) f(2) = Hi(aq, as; B1) f(2),

which was introduced by Hohlov [9]. Moreover, putting as = 1, we obtain
the Carlson-Shaffer operator [3]:

L(ay, 1) f(z) = Hi(ag, 1; 61) f(2).
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Ruscheweyh [18] introduced an operator

m*f(z) A= -1 feA).

From the equation (1.18), we have

(1.19) D f(z) =

(1.20) DMf(2) = Hi (A + 1,15 1) f(2).

A detailed investigation on argument estimates using L,(a, c) was discussed
by Cho et al. [6]. In this paper, motivated by the work of Cho et al.
[6], we give some argument properties of function in certain subclasses of
A, involving the Dziok-Srivastava operator H,,s(c1). An application of
certain integral operator is also considered . The results obtained here,
besides extending the works of Bulboaca [2|, Nunokawa [16], Chichra [4],

Libera [12] and Sakaguchi [20], also yields a number of new results.

2 Main Results

To establish the main results we need the following lemmas.

Lemma 2.1. [1}]. Let h(z) be convez univalent in U and let 1)(z) be analytic
in W with Re {¢(2)} > 0. If ¢(2) is analytic in U and 1(0) = ¢(0), then

(2.1) ¢(2) +1(2)2¢'(2) < h(z) (2 €U
implies
(2.2) o(z) < h(z) (z€U).

Lemma 2.2. [17]. Let p(z) be analytic in U with p(0) = 1 and p(z) # 0.
If there exists two points z1, 2z € W such that

T N7

(2.3) _7717 =argp(z) < argp(z) < argp(z) = 5
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form >0, ne >0, and for |z| < |z1| = |z2|, then we have

21p'(21) _Z.771 + 7I2m

2.4 =
and
/
2.5) 2P () _ m+
p(22) 2

where

1— —
(2.6) m > a and a:=1itan (EM) :

1+ |al Am +n

Theorem 2.3. Let oy > 0,—1 < B < A <1, f € A, and suppose that
g € A, satisfies

H,,s(ar +1)g(2) - 1+ Az
H,,s(a1)g(z) 1+ Bz

(2.7) (z € U).

If
(2.8)

—%51 < arg {(1 —A)

o) o £ 010
Hyp,g,s(01)g(2) - /\Hp,q,s(al + 1)g(2) B <50

2
A>0; 0<p<1l; 0<,00<1; zelU),
then

29)  —gm<an{ Gttt ok < Tn e

where 1 (0 < np < 1) and n2 (0 < np < 1) are the solutions of the equations
(2.10)
2 -1 A(m+n2)(1—|al) sin Z(1—t1)
5 =J M+ = tan [20‘1(1+A)/(1+B)(1+\a|)+>\(?71+n§)(1—|a|)cosg(l—tl)} ,for B # -1
m, for B=—1

(2.11)
2 -1 A(mi+n2)(1—|a]) sin 5 (1—t1)
0y = 25 tan |:20‘1(1+A)/(1+B)(1+‘a|)+>\(771+77§)(1—|a|)cosg(l—tl):| ,for B# —1
Mo, for B=—1
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and ty is given by

(2.12) tlzigsﬂll{]%gljé}.
Proof. Let
(2.13) %ﬁi%%%§=ﬁ+0—ﬁw&)

Then the function is analytic ¢(z) analytic in U with ¢(0) = 1. On differen-
tiating with respect to z both sides of (2.13) and using the identity (1.18),

we get

_ Hpqs(a1) f(2) Hpgs(a1 +1)f(z) _
214 {(1 Y Hpq.s(a1)g(2) - Hyq5(c1 +1)g(2) ﬁ}

— (1-5) {oz) + 228))

where,
(2.15) r(z) = Hpq,s(a1 +1)g(2)
Hpq,s(01)g(2)
Let
(2.16) r(z) = e/

then from (2.7) followed by (1.8) and (1.9), it follows that

1-4__1+4
1-B "1y

—t1 <0<ty for B 7é —1,

where ¢; is given by (2.12), and

1—-A
—5 <P <

(2.17)
—-1<6<1 for B#-1.
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Let h(z) be the function which maps the open unit disc U onto the angular
domain {w P =50 < arg(w) < —352} with ~(0) = 1. Applying Lemma 2.1
for this h(z) with ¥ (z) = a%(z), we see that Re (¢(z)) > 0 in U and hence
¢(2) # 0 in U. Suppose there exists points z; and z» such that (2.3) is sat-
isfied. Then by Lemma 2.2, we obtain (2.4) and (2.5) with the restrictions

(2.6). For the case B # —1, we have

e {(1 B A) Hp,q,s(al)g(zl) * AHp,q,S(al + 1)9(21)

)\ /
= arg¢(z1) + arg {1 + ayr(z1) zﬁz(lzl}

Hyqs(0q)f(21) Hpys(a1 +1)f(21) _ g}

—T )\ei(Tﬂg) M+ 72
= —m+targ|l—1i m
2 pay 2
_ A nZ(l1—6 _
< i tan! [ U + 1) sin 5 - ) ] < -
2 2000 + A(ny + n2)mcos 5(1 —0) 2
| N+ 12)(1— Jal)sin 51— 1)
200(1+ A)/(1+ B)(1 + |a]) + A(m + n2)(1 — |a]) cos 3(1 — t)
= T
and

A Z2¢/(Z2 >z
= 277

= arg ¢(z2) + arg {1 T ar7r(z2) @(%2

_— Ay + ) (1= Jal) sin §(1 - 1) |
2a1(1 + A)/(1+ B)(L + |a]) + Al + n2) (1 — [a]) cos F(1 — t1)
T
= 552
Similarly for the case B = —1, we have

- H, s(01) f(2) H,,s(a1 +1)f(2) B o
arg {(1 Ny pa(0)a() | Hygelon T Dglz) " } = ph
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and

Hpq.s(c1) f(22) 4 )\Hp,q,s(al + 1) f(22)

g {(1 " Hp(ag(z2) N Hpgalon  Dglz) } = 3%

where we have used the inequality (2.6) with §;, d» and t; are as given
in (2.10), (2.11) and (2.12) respectively. These obviously contradict the
assumption of Theorem 2.3. The proof of Theorem 2.3 is thus completed.

If we let 91 = d2 = ¢ in Theorem 2.3, we readily obtain the following.

Corollary 2.4. Let oy >0, —-1<B<A<1, feA, and suppose
that g € A, satisfies

H,,s(an +1)g(z) 1+ Az
2.18 B < zeU).
(218) Hygoe(z) 1Bz CCW
If
Hygs(on) f(z) |\ Hpgs(oa +1)f(2)
2.19 arg{ 1— )2 + A2 — Bl <=0
219 e 0=y @) T Hygaler + Do)
(A>0; 0<p<1l; 0<d6<1; z€el),
then
H s(al)f(z) 7T
2.20 arg{p’q’——ﬁ <2y (zeu
220 Hyulc)a(2) 1 e
where n (0 < n < 1) is the solution of the equation
_ Ansin Z(1—t1)
n+ Ztan™! [al(l—&—A)/(Z-i-B)Q—i—)\ncosg(l—h)]
(221) o= for B # —1
n for B=—1

and ty is given by (2.12).

For s = ¢ =1 in Theorem 2.3 , we have the following corollary.
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Corollary 2.5. Let a1 > 0,—-1 < B < A < 1,f € A, and suppose that
g € A, satisfies

Ly(on+1,01)f(2) 1+ Az

(2.22) L(onpg(z) 1+ Bz

(z e U).

If
(2.23)

—gdl < arg {(1 —A)

Ly, B1) f(2) Ly(an +1,61)f(2) @
Ly(a, B1)g(2) i )\Lp(al + 1, 81)g(2) ﬁ} =

A>0; 0<pB<1l; 0<,00<1; zel),
then

(2.24) —zm < arg

" {Lp(%ﬁl)f(Z)

Ly(a1, Br)g(2)
where m (0 < my < 1) and n2 (0 < my < 1) are the solutions of the equations
(2.25)

—ﬂ}<gn2 (zelU)

2 1 A +m)(1—a]) sin § (1—t1)
5, =4 Mt xtan [20‘1(1+A)/(1+B)(1+\a|)+>\(771+77§)(1—|a|)cosg(l—tl)} ,forB # —1
m, for B=—1
(2.26)
2 1 A +m)(1—Ja]) sin § (1—t1)
5, = J T tan |:20‘1(H‘A)/(l‘f‘B)(1+\a|)+>\(771+77;)(1—|a|)cos%(1—t1):| ,for B# -1
Mo, for B=—1

and ty is given by (2.12).
For 01 =9, =6, s=q=11in Theorem 2.3, we get the following result.

Corollary 2.6. Let a1 > 0,—-1 < B < A< 1,f € A,, and suppose that
g € A, satisfies

Ly(on+1,01)f(2) 1+ Az

(2.27) Lp(oq,ﬂl)g(Z) 5 B: (z e lU).
If

L,(on,B1)f(2) Ly(on +1,01)f(2) T
(2.28) Jarg {“ "N e B09) Lyl + 1, 509() H <3’
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(A>0; 0<p<1l; 0<d6<1; z€el),

then

<z77 (z el

(2.29) >

o { 00— 5

where n (0 < n < 1) is the solution of the equation

2 1 Ansin I (1—t1)
n+ 5 tan |:a1(1+A)/(1+B)(1+2|a|)+/\17cos (1)
(2.30) 6 = for B # —1

n for B= -1

and ty 1is given by (2.12).

Remark 2.7. For 61 =03, s=q=1, ay=p1=p, A=1, B=-1
and X =1 in Theorem 2.3, we get the result obtained by Nunokawa [16].

Taking s =q¢=1, o =pu+p, =1 A=1 and B =0 in
Theorem 2.3, we have the following corollary.

Corollary 2.8. Let -1 < B < A< 1,f € A,, and suppose that g € A,

satisfies

D”+pg(z)
If
m DHrif(z)  DMPS(2) 7T

2.32) I 1— _ T
(2.32) 251<arg{( )\)D/”P—lg(z) +)\D#+Pg(z) 6}< 2(52

A>0; 0<p<1; 0<d,00<1; zelU),
then

T DHFPLE(2) T
(233) —5771 < arg {_D“Tlg(z) — ﬁ} < 57]2 (Z S U)
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where 1 (0 < mp < 1) and ne (0 < mp < 1) are the solutions of the equations
(2.34)

2.1 A(m+n2) (1=a]) sin T (1—t1)
M+ tan [2(u+p)(1+\a|)+/\(771+772)(1—2|a|)COS%(1—??1)}
o = for B # —1
Uit for B= -1
(2.35)
9, 1 A(m+m2) (1=a]) sin T (1~t1)
2 + 7 tan [2(u+p)(1+\a|)+/\(171+n2)(1—2|a|)COS%(1—&)}
g = for B # —1
72 for B=—1
and ty 1s given by
2 A-B
2.36 t; = =sin~? .
(2:36) LE e { 1-— AB}

Letting B — A and g(z) = 2P in Theorem 2.3, we get the following
corollary

Corollary 2.9. Let f € A,. If
(2.37)

T Hpqs(a1)f(2) Hyqs(ar +1)f(2) m
—551 < arg {(1 —A) p” + A o —pBr < 552
(2.38) (ap >0, A>0; 0<fG<1l; 0<6,6<1, zel),

then,
Hypqs
(2.39) —gm < arg {W — ﬁ} < gng(z el)

where ny (0 < mp < 1) and n2 (0 < m2 < 1) are the solutions of the equations

(240) =t [A(néc;?f )+<1|a_|>|a|>1
and
et Py
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Corollary 2.10. Under the hypothesis of Corollary 2.9, we have

T , T
(2.42) —5 < arg {G'(z) - B} < 5 (zeU)
where the function G(z) is defined in U by

(2.43) / pas( dt

and m1 (0 < m < 1) and 15 (0 < ny < 1) are the solutions of the equations
(2.40) and (2.41).

Forg=s=1, B — A and g(z) = 2P, in Corollary 2.9, we have the

following corollary.

Corollary 2.11. If f € A, satisfies
(2.44)

_g(sl g {(1 ~ N L,(ay -I—le, Bh)f(2) N )\Lp(Oq -l—zlp, B1)f(2) 5} T 52
(2.45) (1 >0, A>0; 0<f0<1; 0<6,00<1; zelU),
then

(2.46) —gm < arg{Lp(al’Zfl)ﬂ ?) ﬁ} <= 772(Z e U)

where 1 (0 < np < 1) and n2 (0 < my < 1) are the solutions of the equations

A +n2) (1 — |a|)1
2a1(1 + |al)

2
(2.47) o =m + = tan"' {
™

(2.48) Sy =1y + %tan—l [)\(771 +1m9)(1 — |a|)}

201 (1 + |al)

Remark 2.12. Toking q = s, p=a; = 1, A= 1, and 8 = 0 in Corollary
29and q = s =p = a1 = ag, and = 0 wn Corollary 2.10, we get the
results obtained by Cho et al. [5]
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Setting A =1 — 2?‘"(O <a<p), B=-1and d; =d =1 in Theorem
2.3, we get the following corollary.

Corollary 2.13. Let oy > 0, f € A,, and suppose that g € K,(a). If

Hpq5(01) f(2) Hpgs(on +1) f(2)
249)  Re {(1 "V, pa)g) T M Hygelar+ Dyl } =7
(A>0; 0<p<1; zel),
then
(2.50) f%{%ﬁ%%&%3}>ﬁ (z € ).

Corollary 2.14. Let oy > 0,—-1 < B < A <1, f € A,, and suppose that
g9 € Kyla). If

Ly(ay, 1) f(2) + /\Lp(al +1,51)f(2)
Ly(ou, B1)g(2) Ly(ou, B1)g(2)

A>0; 0<p8<1; zel),

(2.51)  Re {(1 =Y - ﬁ} >4

then,

(2.52) Re {Lp(oq,ﬁl)f(z)

Lp(alu 51)g(2)

Remark 2.15. Forq=s=1, ap =0, =p =1 and a = 0, Corollary
2.13, is the result obtained by Bulboaca [2]. If we put ¢ =s =1, a3 =
B1=p=1and 8 = 0,and g(z) = z in Corollary 2.13, then we have the
result due to Chichra [{]. Further,taking g =s =1, o =0 =p,A=1
and a = 3 =0 in 2.13, we get the corresponding results obtained by Libera
[12] and Sakaguchi [20)].

}>6 (z e U).

Theorem 2.16. If f € A,, satisfies

HPyQ,S(;l)f(Z) _ﬁ} < Z52

m
(253) —551 < arg{ 5
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(p >0, A>0; 0<fG<1l; 0<6,60<1; z€lU)

then
(2.54)
) (1 9) ] 07 Hgulen) 2 ]
—5h < arg prores -0 < P (v>-pzel)

where ny (0 < < 1) and n2 (0 < my < 1) are the solutions of the equations

(m 4+ m2)(1 — M)}
2(v +p)(1 + al)

2
(2.55) 0 =mn+— tan~! {
m

(m +m2)(1 — |a|)}
20y +p)(L+lal) |

Proof Consider the function ¢(z) defined in U by

2
(256) 09 =19 + % tan ™! |:

z

(Y +p) [ Hy g s(0n) f()dt
(2.57) - =B+ (1-B)o(z).

2t+p

Then ¢(z) is analytic in U with ¢(0) = 1. Differentiating both sides of (2.57)
and simplifying, we get

H, ,q,s(al)f(z)

p
(2.58) =

~5= - o+ ZEL.

Y+p
Now, by using Lemma 2.1 and a similar method in the proof of Theorem

2.3, we get (2.54).

Theorem 2.17. Let f € A,. If

™ H,,s(ar +1)f(2) Oél—p—V} 0
2.59 ——5 < avh — < =6
(2:59) 7" arg{ Hyoo(a)/(2) o 2

(1 >0; p+7v>0;,0<8,00<1;, z€lU
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then

T 2"H, , ¢« z T
(2.60) g <argq = pasl@)f(2) < 3 (v>-p; 2€W)
fﬂ_al,qu(oq)f(t)dt
0

where 1 (0 < np < 1) and ne (0 < mp < 1) are the solutions of the equations

(m +72)(1 — |a|)}
2(y +p)(1 + |a)

2
(261) 01 =m + Ztant {
m

(2.62) Sy =1 + %tan—l {(771 +m2) (1 — |a|)} |

2(7 +p)(1 +al)

Proof. The proof of the theorem is much akin to the proof of Theorem

2.16 and hence we omit the details involved.
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