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On some analytic functions with negative
coefficients

Mugur Acu

Abstract

We will study some classes of analytic functions with negative

coefficients introduced by using a modified Salagean operator.

2000 Mathematical Subject Classification: 30C45

1 Introduction and preliminaries

Let H(U) be the set of functions which are regular in the unit disc U,
A={feH(U): f(0)=[f(0)—1=0}

and S = {f € A: f is univalent in U}.
In [7] the subfamily 7" of S consisting of functions f of the form

(1) f(z):z—Zajzj, a;j >0,j=2,3,..., z€U
=2
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was introduced.
Let D™ be the Salagean differential operator (see [6]) D™ : A — A,
n € N, defined as:

Df(z) = f(2)
D'f(z) = Df(2) = 2f'(2)
D" f(z) = D(D""' f(2))
Let n € N and A > 0. Let denote with D} the Al-Oboudi operator (see
[4]) defined by
D} A— A,
Dy f(2) = f(2) , Dif(2) = (1 = N)f(2) + Az f'(2) = DAf(2),
D3 f(z) = Dx (DY f(2)) -
Definition 1. [3/ Let 3, A\ €R, >0, A >0 and f(z) = z + iajzﬂ‘. We

j=2
denote by Df the linear operator defined by

Df:A—u‘l7

DYf(z) = 2+ Z (1+ (G — 1N a;27 .

Theorem 1. [6] If f(z) = z — i ajzl, a; >0, j =2,3,..., z € U then
the next assertions are equivalent:] -

(i) i ja; <1

i) fer

(i) f € T*, where T* = T(\S* and S* is the well-known class of

starlike functions.
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Definition 2. [6/ Let o € [0,1) and n € N, then

B . Dn+lf(2)

15 the set of n-starlike functions of order a.

Definition 3. [5/ Let a € [0,1),0 € (0,1] and let n € N; we define the
class T, («a, B) of n-starlike functions of order a and type B with negative
coefficients by

To(a, B) ={f € A:|Jn(f s 2)| < B,z € U},

where

Dn+1f(z)

Drf(z)
D™f(z)

D f(z)

Remark 1. The class T, (a, 1) is the class of n-starlike functions of order

-1

Jn(f,Oé;Z): ,ZGU

+1 -2«

a with negative coefficients i.e. T,,(a,1) =T ) Sn(a).

Theorem 2. [5] Let a € [0,1),0 € (0,1] and n € N. The function f of
the form (1) is in T, (e, B) if and only if

D "= 1+ 83 +1-2a)je; <258(1—a)

j=2
Remark 2. From Remark 1 and Theorem 2, for f(z) of the form (1), we
have f € T,,(a, 1) = Ty, () iff

Zj"(j —a)a; < 1— o, where a € [0,1)
=2
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We denote by f % g the modified Hadamard product of two functions
f(2),9() € T, f(z) = 2— > a;27,(a; > 0,7 = 2,3,...) and g(z) =
j=2

z— > b2, (b; >0, j=2,3,...), is defined by
=2

(fxg)(z) =2 — Zajbjzj-

We say that an analytic function f is subordinate to an analytic function
gif f(z) = g(w(z)), z € U, for some analytic function w with w(0) = 0 and
lw(z)| < 1(z € U). We denote the subordination relation by f < g.

2 Main results

Definition 4. [1], [2] Let f €T, f(z)=2—>.a;27,a; >0, j=2,3,...,
j=2
zeU.

We say that f is in the class T Lg(«) if:

DX ()
D}f(2)

We say that f is in the class T°Lg(«) if:

DY f(2)
DI f(2)

>a, a€l0,1), X>0, >0, zeU.

Re >a, a€l0,1), X>0, >0, zeU.

Remark 3. We observe that both classes may also be defined, by using the

subordination relation, such that:

DI f(2) 1+2
TLg(a):{fGT:W—a%:,aE[O,l),AEO,ﬁEO,zEU}
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and

< ——,a€0,1),\>0,6>0,2z€U

. B 'D6+2f(z) 1+z2

Theorem 3. [1], [2] Leta €[0,1), A>0 and 8 > 0.
The function f € T of the form (1) is in the class T Lg(c) iff

(2) S+ G- DV A+ G- DA —a)ay < 1 —a

Jj=2

The function f € T of the form (1) is in the class T°Lg() iff

o0

(3) S+ G —DN 1+ (G- DA —a)la; < 1—a.

=2
Proof. Let f € TLg(a), with a € [0,1), A >0 and 5 > 0. We have
DX ()
DIf(2)
If we take z € [0,1), 8 > 0, A > 0, we have (see Definition 1.1):

1— i(l + (5 — )Nt a;0
(4) = > a.
1= (14— DN a !

From the above we obtain:

1-— Z(l + (= DA a2 > a - Z(l + (5 — DN Paa;z 1,
j=2 j=2

iu +G-DN A+ (G- DA —a)a;z <1 —a.

Jj=2
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Letting z — 17 along the real axis we have:

o0

SHG = DN+ G- DA -a)ay <1-a.

Conversely, let take f € T for which the relation (2) hold.

B+1
The condition ReD—f(Z) > « is equivalent with

Dy f(z)
DY f(2) >
a— Re | =212 .
(5) ( D71 0) 1] <1
We have
DI f(2) DI () ‘
a — Re A — o _
( pire) ) T i)
(1+ (G = DA a,[(j — DA
oy | D) Z
DI () 1—2[1—1—(]—1))\] a2’
D I+ (G = DA a1 — AP D I+ (G = DA ai (G — DA
<ot ot
1—2[1+(J—1)] |2~ I—Z[H(J—l)] |27~
Z[l + (= DNa;(G—DA  a+ Z[l + (= DAa;[(7 — DA
< a+ =2 = = =2 =
1= 1+ (= DA a, 1= 1+ (G —1A
Thus
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which is the condition (2).
The proof of the second part of the theorem is similarly with the above

one, so it is omitted.

Remark 4. Using the conditions (2) and (3) it is easy to prove that
TLy(a) € TLy(a)
and
TeLyui(a) € T*Ly(a),
where >0, a € [0,1) and A > 0.

Theorem 4. [1], [2] If f(z) = =3 ;27 € TLs(a), (a; > 0, j = 2,3,...),
j=2

g(z) =2=> b2 € TLg(a), (b; >0,5=2,3,...),« €[0,1), A\ >0, 3 >0,
=2

then f(z)* g(z) € TLa(w).

If f(z) = 2= X a;z7 € T°Ly(a), (a; = 0,5 = 2,3,..),
Jj=2

g(z) = z — ibjzj € T°Lg(a), (b; > 0,7 =2,3,...),a € [0,1), A > 0,
j:
B >0, then f(z)*g(z) € T°Lg(a).

Proof. We have

i[lﬂj—l)w[(j—1)A+1—a]aj<1—a

j=2

and
o

DH+G-DN[G—DA+1-a]b;<1-a.

=2

We know that f(z) * g(z) = z — > a;b;27. From g(z) € T, by using
j=2

Theorem 1, we have ) jb; < 1. We notice that b; <1, j=2,3,....
j=2



On some analytic functions with negative coefficients 197

Thus,
f:[1+(j—1)A]ﬁ[(j—l)AH—a]ajbj < f:[1+(j—1)A]ﬂ[(j—1)A+1—a]aj <l-a.

This means that f(z) * g(2) € TLg(e), >0, a€[0,1)and XA > 0.
The proof of the second part of the theorem is similarly with the above

one, so it is omitted.

Theorem 5. [1], [2] Let fi(z) = z and

l1-a i
fj(Z)ZZ— (1+(j—1))\)5(1—a+(j—1))\)z73_273"”

Then f € TLg(a) iff it can be expressed in the form f(z) = > X, fi(2),
j=1
where \; >0 and Y \; = 1.
j=1
Let fi(z) = z and

1 —«
I+ =D —a+(G—-1AN)

fi(z) =2 — 25 =2.3,..

Then f € T Lg(a) iff it can be expressed in the form f(z) = > \;jf;(2),
j=1

[e.9]

where Aj >0 and Y \; = 1.
=1
Proof. Let f(z) = > \;fi(2), A; >0, j=12, ... , with > \; = 1. We
J=1 j=1
obtain
f(z) = i ANifi(z) = A1z+§: A\ (z — : l1-a . Zj)
j=1 =2 1+ = DAL —a+ (j — 1A




198 Mugur Acu

e’} 1—Oé J

We have

- . . 1—a

2+ U= DW=t U= DN = a s = Y
=10 N=(1-a)Q N~ <1l-a

which is the condition (2) for f(z) = i A fi(2). Thus f(2) € TLg(a).
j=1

Conversely, we suppose that f(z) € TLg(a), f(z) =2 — > a;27,a; > 0
=2

1+ (G- DAP[L— ot (— 1 g
11—«

and we take \; =

)\1 - 1 - f:)v
j=2

Using the condition (2), we obtain

a; >0, j=2,3, ... , with

[e.9]

S A= S+ G- DAl - (- Dy <

—

(1-—a)=1.
j=2

Then f(z) = > A;jfj, where \; > 0, j=1,2, ... and Y A\; = 1. This
j=1 j=1

completes our proof.

The proof of the second part of the theorem is similarly with the above

one, so it is omitted.

Corollary 1. [1], [2] The extreme points of TLg(cr) are f1(z) = z and

11—«

(2) = 2 — Ii=2,3,... .
The extreme points of T°Lg(av) are fi(z) = z and
1- ,
fi(z)=2z— a 2,7 =2,3,... .

1+ G =D (A —a+ (G —-1A)
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Remark 5. We notice that in the particulary case, obtained for A =1 and
B € N, we find similarly results for the class T,,(«) of the n-starlike functions
of order o with negative coefficients (inclusive the necessary and sufficiently
condition presented in Remark 2) and for the class TS(«) of the n-convex

functions of order a with negative coefficients .
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