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Certain preserving properties of the
generalized Alexander operator
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Abstract

In this paper we give certain preserving properties of the general-

ized Alexander operator on some subclasses of n-uniformly functions.
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1 Introduction
Let H(U) be the set of functions which are regular in the unit disc U,
A={feHU): f(0)=f(0)-1=0}

and S = {f € A: f is univalent in U}.
In [8] the subfamily 7" of S consisting of functions f of the form

(1) f(z):z—Zajzj, a; >0,j=2,3,..., z€U
=2
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was introduced.

Let define the Alexander operator I? : A — H(U)
I°f(z) = f(2)
I'f(z) =1f(2) =

IPf(z) = I(IP7 f(2)), p=1,2,3, ...
We have for f(z )—z—i—Za] :

=)
H—

IPf(2) —z+2—a] Ip=1,23,.

Jj= 2

Now we can define the generalized Alexander operator

(2) A= HU), T —z—l—z o ,

with A € R, A >0, where f(z) = 2 + Z a2l

The purpose of this paper is to shjgvzv that the class of n-uniform star-
like functions of type a and order v with negative coefficients, the class of
n-uniform close to convex functions of type o and order v with negative co-
efficients and some subclasses of functions with negative coefficients, which

derive from the above mentioned classes, are preserved by the generalized

Alexander operator.

2 Preliminary results

Let D™ be the Salagean differential operator (see [6]) D" : A — A, n € N,
defined as:

Df(z) = f(2)



Certain preserving properties of the generalized Alexander operator 41

D'f(z) = Df(z) = 2f'(2)

D"f(z) = D(D""" f(2))

Remark 2.1 If f €T, f(z)=2— > a2/, a; >0, j=2,3,..., 2 € U then
=2

[e.e]

Drf(z)=2—3 j"a;2".

Jj=2

Theorem 2.1 [6] If f(2) =z — i ajzl, a; >0, j=2,3,..., z € U then
the next assertions are equivalemﬁ:]:2

(i) i ja; <1

i) fer

(i) f € T*, where T* = T'(\S* and S* is the well-known class of

starlike functions.

Definition 2.1 [6/ Lety €[0,1) and n € N, then

D™ f(2)
D" f(z)

is the set of n-starlike functions of order .

Sn(v):{fEA:Re >7,26U}

We denote by T,,(7y) the subclass T[S, (7).

Definition 2.2 [3] Let f € A. We say that f is n-close to convex of
order v with respect to a half-plane, and denote by CC, () the set of these
functions, if there exists g € S, (0) so that

DnJrlf(Z)

Re—— 12/
D"g(z)

>, z€ U,

where n € N,y € [0,1).
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Definition 2.3 [1] Let f € T, f(z) = 2 — >. a2/, a; > 0, j = 2,3,...,
j=2

z € U. We say that f is in the class CCT,(v),y € [0,1), n € N, with

respect to the function g € T,(0), if:

Dn+1

D"g

Re >, zeU.

Theorem 2.2 [1] Lety € [0,1) andn € N. The function f € T of the form

(1) is in CCT, (), with respect to the function g € T,,(0), g(z) = z—>_ b;27,
j=2

b; >0, 5 =2,3,.., if and only if

(3) Zj”[jaj+ (2—a)b] <1—7.

Definition 2.4 [/] Let f € A, we say that [ is n-uniform starlike function

of type « if

where a > 0,n € N. We denote this class with US,(«).
We denote by UT,(«) the subclass T (\USy(«).

,z2eU

Definition 2.5 [3]/ Let f € A, we say that f is n-uniform close to convex
function of type « in respect to the function n-uniform starlike of type «
g(z), where « >0, n € N, if

Re(w)za.‘w

Dg(2) Dg(z)

,z2eU

where o > 0,n € N. We denote this class with UCC,(«).
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Definition 2.6 [5] Let f € A, we say that f is n-uniform starlike function

of order v and type « if

Dn+1f<z)) ‘DnJrlf(Z) ‘

RG YRS Z Q- Tl N 1 + , 2 - U

( D f(2) D'f(2) !

where a > 0,7 € [=1,1),a+~v > 0, n € N. We denote this class with

USu(a, ).
We denote by UT,(c, ) the subclass T (YUS, (7).

Theorem 2.3 [5] Let « > 0,7 € [-1,1), a4+~ > 0 and n € N. The
function f of the form (1) is in UT,(«,~) if and only if

S5+ 1) — (a7 < 1—7.

j=2
Definition 2.7 [3] Let f € A, we say that f is n-uniform close to convex
function of order v and type « in respect to the function n-uniform starlike
of order vy and type o, g(«), where « >0, v € [-1,1), a4+ >0, n € N, if

DnJrlf(Z)) ‘DnJrlf(Z) ‘

Re =T — zOén——l +'}/,Z€U

( D"g(z) D"g(z)

where « > 0, v € [-1,1), a+~v > 0, n € N. We denote this class with

UCC,(a, 7).

Definition 2.8 2]/ Let f € T, f(z) = z — i a;2?, a; >0, 7 = 2,3, ...,
z € U. We say that f is in the class UC’CTn(Z)Q, a >0, n €N, with respect
to the function g(z) € UT,(a) g(z) = z — ibjzj, b; >0, 7 =2,3,..,
2eU, if =

zeU.
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Definition 2.9 [2] Let f € T, f(z) = z — i ajz?, a; >0, j=2,3,..,2 €
U. We say that f is in the class UCC’Tn(oz,]:/;, a>0,ve[-1,1), a+y>
0,n € N, with respect to the function g(z) € UT,(a,7), g(z) = z — i bz,
b >0, =23, 2cU, if =

— 1‘ +v, z€U.

Theorem 2.4 [2] Let n € Nya > 0,7 € [—1,1), with o« +~v > 0. The

function f € T of the form (1) is in UCCT,(«,7), with respect to the

function g € UT,(a,7), g(z) = 2z — > b;j27, b; >0, j =2,3,...,2 € U, if
=2

and only if

(4) > i+ Dlja; = bl + (1 =7)b] < 1—7.

3 Main results

Theorem 3.1 If F € UT,(«,7), « >0, v € [-1,1), a+~v>0,n €N
and f = INF), where I* is defined by (2), then f € UT,(a,7), a > 0,
vye[-1,1),a+~v>0,neN.

Proof. From F(z)=2z—3 a;27,a; >0,j=2,3,... and f(z) = [*F)(z)
j=2
we have:

> . 1
f(z) =z — Zajzj, where Qj = —aj > 0; j: 2737"'

=2 J

From Theorem 2.3 we need only to show that:

(5) D i+ 1)j = (a+y))a; <1—7.

Jj=2
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For A\€¢ R, A >0,a; >0and j=2,3,..., we have:

aj = 0 < a;

AT
and thus

©6) Y i"lla+1)j— (@t <Y j"[(@+1)j— (@ + )]

j=2 =2
where « >0,y € [-1,1), a+~v>0and n € N.
From F' € UT,(«,7), using Theorem 2.3, we have
Y M+ 1)j—(at+a;<1-7
=2

and thus from (6) we obtain the condition (5).

45

Theorem 3.2 If F € UCCT,(a,7), « >0,v€[-1,1),a+~v>0,n €N,
with respect to the function G € UT,(a,v) and f = IMNF), g = ING),
where I* is defined by (2), then f € UCCT,(a,7), a > 0, v € [—1,1),

a+v>0,neN, with respect to the function g € UT,(a,7) .

Proof. From the above Theorem we have g € UT,(«,7) .

For F(z) = 2= a;27 ,a; > 0,7 =2,3,...and G(z) = 2= b;jz7 , b;
i=2 i=2

00 ) 1
0,7 =2,3,.. we have f(z) = I’F)(z) = 2z — Y a;2, where a; = —
j J

7j=2
0,7 =2,3,... and g(z) = ING)(z) = 2 — Y B;2, where j;
j=2
0,7=2,3,....
From Theorem 2.4 we need only to show that:

(7) D i"la+ 1) oy =Bl + (1—7B] <1—7.

Jj=2

v

v
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It is easy to see that
. 1 .
8) (a+1)[ja; = Bl + (1 —7)B; = i [(+ 1) [ja; = bj[ + (1 = 7)b] <

< (a+1)lja; —bj| + (1 —7)b;
for A e R, A >0,a; >0,0; >0,j =23,...,aa >0, 7€ [-1,1) and
a+v>0.
From F' € UCCT,(«,7y), with respect to the function G € UT,(«a,7),
we have (see Theorem 2.4):
Y "+ D lja; = b+ (1= <1-~
=2

and thus from (8) we obtain the condition (7).

If we take v = 0 in Theorem 3.1 and Theorem 3.2 we obtain:

Theorem 3.3 If F € UT,(a), « >0, n € N and f = I*(F), where I is
defined by (2), then f € UT, (o), « >0, n € N.

Theorem 3.4 If F € UCCT,(«a), « > 0, n € N, with respect to the func-
tion G € UT, () and f = INF), g = ING), where I* is defined by (2), then
feUCCT,(a), a >0, n €N, with respect to the function g € UT,(a).

If we take v € [0,1) and o = 0 in Definition 2.6 we have UT,(0,v) =
T, () and thus from Theorem 3.1, with v € [0,1) and «a = 0, we obtain:

Theorem 3.5 If F' € T,,(v), v € [0,1), n € N and f = I*(F), where I* is
defined by (2), then f € T,(~), v €1[0,1), n € N.
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Remark 3.1 From Theorem 3.2 with v € [0,1) and o = 0, we obtain the
preserving property of the generalized Alerander operator on the subclass

UCCT,(0,7), v € [0,1), which is not the same with the class CCT, (7).

In a similarly way with the proof of the Theorem 3.2, using the condition

(3) instead of the condition (4), we obtain:

Theorem 3.6 If FF € CCT,(v), v € [0,1), n € N, with respect to the
function G € T,(0) and f = INF), g = I*(GQ), where I is defined by (2),
then f € CCT,(v), v € [0,1), n € N, with respect to the function g € T,(0).
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