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1 Introduction

In the last decade, many results on asymptotic expansions of option prices for stochastic volatility
models appeared in the literature. Such an expansion formula gives an approximation to theoret-
ical price of option and sheds light to the shape of theoretical implied volatility surface. See e.g.,
Gatheral [[13]] for a practical guide. The primary objective of this article is not to introduce a new
expansion formula but to prove the validity of an existing one which was introduced by Fouque et
al. [I8]]. We suppose that the log price process Z satisfies the stochastic differential equation

az, = {rt - %so(xf)z} de+ () [pO)AW] + /1= pxPaw?]

dX, = b(X,)dt + c(X,)dw}

(1)

under a risk-neutral probability measure, where (W', W?) is a 2-dimensional standard Brownian
motion, r = {r,} stands for interest rate and is assumed to be deterministic, and b, ¢, ¢, p are Borel
functions with |p| < 1. Under mild conditions on the ergodicity of X, we validate an approximation

E[f(Z1)] ~ DE[(1+ p(N))f (Z, — log(D) — £/2 4+ VEIN)] 2)

for every bounded Borel function f, where N ~ A4/(0,1), & =I1[¢?]T and

dx
e2s’(x)c(x)?’

'(x)= 2 ) b(w)d
s'(x) =exp{ — . W) wr,
ezzfoo dx

oo 8 ()R (%)’

T
D:exp{—J rsds},
0

p(z) = a{l —zz+i(z3 —32)},
VI

<P( )2 p(x)p(x)

Note that s(x) = fox s’(y)dy is the so-called scale function of X and that IT coincides with the ergodic
distribution of X. In particular, we have a simple formula

[(dx) =

(3)

E[(K — exp(Z;));] ~ Pys(K, %) — ady(K, T)DK$ (dy(K, )
for put option price with strike K, where Pgg(K, 22) is the Black-Scholes price of the put option

Pgs(K, %) = DK®(—dy(K, %)) — exp(Zo)®(—dy(K, Z) — V),
log(K) — Zy +log(D) \/_f
vz 2’

dz(K, E) =
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and ® and ¢ are the standard normal distribution function and density respectively. Notice that
if @ = 0 then the right hand side of coincides with the Black-Scholes price for the European
payoff function f o log with volatility I1[¢%]/2. The term with p is small if ¢ is large, so that in
such a case it should be regarded as a correction term to the Black-Scholes approximation. The right
hand side of is an alternative representation of the so-called fast mean reverting or singular
perturbation expansion formula and its validity has been discussed by Fouque et al. [[9]][[10], Conlon
and Sullivan [[5]], Khasminskii and Yin [[15]] and Alos [[1]] under restrictive conditions on the payoff
function f or on the coefficients of the stochastic differential equation (1)). Recently, Fukasawa [[12]]
gave a general framework based on Yoshida’s theory of martingale expansion to prove the validity
of such an asymptotic expansion around the Black-Scholes price for a general stochastic volatility
model with jumps, which in particular incorporates the fast mean reverting case with (I). This
paper, on the other hand, concentrates on the particular standard model to improve the preceding
results mainly in the following points:

i. conditions on the integrability of (Z) are weakened,

ii. precise order estimate of approximation error is given.

The framework of Fukasawa [[12] is too general to give such a precise estimate of order of error. A
PDE approach taken by Fouque et al. [9] [[10] gave order estimates which depend on the regularity
of the payoff f. The order given in this article is more precise and does not depend on the regularity
of f. We require no condition on the smoothness of f and a weaker condition on the coefficients ¢,
p, b and c. We exploit Edgeworth expansion for ergodic diffusions developed by Fukasawa [[11]].

The Edgeworth expansion is a refinement of the central limit theorem and has played an impor-
tant role in statistics. There are three approaches to validate the Edgeworth expansion for ergodic
continuous-time processes. Global(martingale) and local(mixing) approaches which were devel-
oped by Yoshida [20] and [21]] respectively are widely applicable to general continuous-time pro-
cesses. The third approach, which is called regenerative approach and was developed by Fuka-
sawa [[11]] extending Malinovskii [[16], is applicable only to strong Markov processes but requires
weaker conditions of ergodicity and integrability. The martingale approach was applied to the val-
idation problem of perturbation expansions by Fukasawa [[12]] as noted above. The present article
is based on the regenerative approach that enables us to treat such an ergodic diffusion X that
is not geometrically mixing. An extension to this direction is important because empirical studies
such as Andersen et al. [[2]] showed that the volatility process appears “very slowly mean reverting”,
that is, the autocorrelation function decays slowly. Our model under a condition of ergodicity
given later is a natural extension of the fast mean reverting model of Fouque et al. [[8][9] but does
not necessarily imply a fast decay of the autocorrelation function. It admits a polynomial decay of
a-mixing coefficient.

It should be noted that our approach in this article utilizes the fact that X is one-dimensional in
(1). See Fukasawa [[12] for multi-dimensional fast mean reverting stochastic volatility model with
jumps. In Section 2, we review the fast mean reverting expansion technique. The main result is
stated in Section 3 with examples. Basic results in the Edgeworth expansion theory are presented
in Section 4 and then, the proof of the main result is given in Section 5. The proof of an important
lemma used in Section 5 is deferred to Section 6.
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2 Fast mean reverting stochastic volatility

2.1 PDE approach

Here we review an asymptotic method introduced by Fouque et al. [|8], where a family of the
stochastic volatility models

ds;! =rs/'dt + (xS dw/”,

dx,?z{—(m —x")— ‘FA(X")}dtJr—fdw ®
n? n n

is considered, where W = (W,) and W” = (W/) are standard Brownian motions with correlation
(W,WP), = pt, p € [—1,1]. This is a special case of with p(x) = p, b(x) = (m — x)/n? —
vv/2A(x)/n, c(x) =v+/2/n, where m, v are constants and A is a Borel function associated with the
market price of volatility risk. For a given payoff function f and maturity T, the European option
price at time t < T defined as

P(t,5,v) =e " TOR[F(SPIS! =5,X] = V] (5)
satisfies ) .
(—2.5,”0 + -4+ .,sz) P"=0, PN(T,s,v)=f(s)
n n
where

2

8 2,2
0

% = \/Epvstp(v) — \/EVA(v)a—,
v

0 2282 0
37 — 4= tp(v) s +r(s— —-1).

Lo = +(m—v)

L=
Notice that % is the infinitesimal generator of the OU process
dx? = (m — X%)dt +vv2dw, (6)

and %, is the Black-Scholes operator with volatility level |¢(v)|. By formally expanding P" in terms
of ) and equating the same order terms of 7 in the PDE, one obtains

P" = Py + nP; + higher order terms of 1 (7)

for the Black-Scholes price P, with constant volatility ITy[ ¢2]/2, where I1, is the ergodic distribution
of the OU process X°, and

a%p, a3p,
PO + T)Pl = PO - (T — t) (stz 852 + V353 353 (8)

with constants V, and V5 which are of O(n).
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As a practical application, Fouque et al. [|8] proposed its use in calibration problem. They derived
an expansion of the Black-Scholes implied volatility ogg of the form

log(K/S) +b

O'Bs(K,T—t)Na (9)

from (7)), where K is the strike price, S is the spot price, T — t is the time to the maturity, a and b
are constants connecting to V, and V5 as

3
V,=6((6 —b)—a(r+ 562)), Vy =—a63, 5% =T,[p?]. (10)

The calibration methodology consists of (i) estimation of & from historical stock returns, (ii) estima-
tion of a and b by fitting (9) to the implied volatility surface, and (iii) pricing or hedging by using
estimated &, a and b via and (10). This approach captures the volatility skew as well as the
term structure. It enables us to calibrate fast and stably due to parsimony of parameters; we have
no more need to specify all the parameters in the underlying stochastic volatility model. The first
step (i) can be eliminated because the number of essential parameters is 2 in light of (2); by using
Hn[goz]l/ 2 instead of ITy[¢?]'/? for &, where II, is the ergodic distribution of X", we can see that
the right hand side of (8)) coincides with that of |I with V3 = —aHn[apz] and V, = 2V;.

It should be explained what is the intuition of n — 0. To fix ideas, let A = 0 for brevity. Then
X, :=X:;2t satisfies
dX, = (m—X,)dt +vV2dW,,

where W, = n_lwnzt is a standard Brownian motion, and it holds
ds{! =rs/dt + (X, ,2)S/dW/ .

Hence 7 stands for the volatility time scale. Note that

2

t t/n

@ (X;/y2)ds ~ HZJ @(X2)*ds — To[p*]t
0

(log(sM), = J

0
by the law of large numbers for ergodic diffusions, where X° is a solution of @ This convergence
implies that the log price log(S,') is asymptotically normally distributed with mean rt — Iy [p?]t/2
and variance IT,[ 2]t by the martingale central limit theorem. The limit is nothing but the Black-
Scholes model with volatility IT,[¢2]'/2. The asymptotic expansion formula around the Black-
Scholes price can be therefore regarded as a refinement of a normal approximation based on the
central limit theorem for ergodic diffusions.

2.2 Martingale expansion

Note that a formal calculation as in does not ensure in general that the asymptotic expansion
formula is actually valid. A rigorous validation is not easy if the payoff f or a coefficient of the
stochastic differential equation is not smooth. See e.g. Fouque et al. [9]]. A general result on the
validity is given by Fukasawa [[12]]. Here we state a simplified version of it. Consider a sequence of
models of type (I):

1
dz" = {rt = ELp(X?)Z} de + () [ p(XAW + /1= p(x72aw? |

dX! = b,(X1dt + c,(XNdW,,
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where b, and c,, n € IN are sequences of Borel functions.

Theorem 2.1. Suppose that for any p > 0, the L? moments of

-1

T T
f e(XM?2dt, { J ap(X?)Z(l—p(X?)z)dt} (11)
0 0

are bounded in n € N and that there exist positive sequences €,,, X, with €, — 0, L, :=lim,_,,, 2, > 0

such that
( M} (M) — %

/= et

in law with a 2 X 2 variance matrix V = {Vj;} as n — oo, where M" is the local martingale part of Z".
Then, for every Borel function f of polynomial growth,

”) — A (0,V) (12)

E[f(ZM)] = E[(1 + pa(N))f (Zo — log(D) — £,/2 + y/,N)1 + o(e,) (13)

as n — oo, where N ~ A(0,1), D is defined as in (3) and
V
Pu(®) = e {—VEE - D+ (- 32}

An appealing point of this theorem is that it gives a validation of not only the singular perturbation
but also regular perturbation expansions including the so-called small vol-of-vol expansion. It is
also noteworthy that the asymptotic skewness V;, appeared in the expansion formula is represented
as the asymptotic covariance between the log price and the integrated volatility. Our interest here
is however to deal with the singular case only. Now, suppose that b, and (1 + cﬁ) /c,, are locally
integrable and locally bounded on R respectively for each n € IN; we take R as the state space of
X" by a suitable scale transformation. Further, we assume that s,(IR) = R for each n € IN, where

[ 9 Vbn(W)d d
sp(x) = . expi — ) wtdv

is the scale function of X". This assumption ensures that there exists a unique weak solution of (I).
See e.g., Skorokhod [[18]], Section 3.1. It is also known that the ergodic distribution IT,, of X" is, if
exists, given by

dx

() = o et

with a normalizing constant eﬁ:
o0
2= j &
") e sn(x)c(x)
Theorem 2.2. Suppose that

i. for any p > 0, the LP boundedness of the sequences holds,

ii. €,—0asn— oo,
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iii. lim,,_,, I1,[?] exists and is positive,

. lim, o, M,[¢py,] and lim, ,,, II,[1)?] exist, where
'(/)H(X) = Zencn(x)s:l(x)f (90(71)2 - Hn[(pz])nn(dn):

v. the sequences
XTI
" pa(x)

xp Cn(X)

T
1
dX, ?J wn(X?)zdt - 1_[n [‘P,zl]
0
and
1 (7
;J Ya(XDp XD XAt — T, [ ,p ]
0
converge to 0 in probability as n — 0.

Then, the approximation @ is valid in that holds with %, = I1,[ 2] T and p,, = p defined as (E])
withb=b,, c=c,and 2 =2%,.

Proof: Let us verify with &, =1, [¢2] T and
V12 = -2 lim 253/21_[;1[90[)’4)71]-
n—oo

Notice that by the It6-Tanaka formula,

T
(M™)p —T1,[¢*]T =f (p(X")? -, [@*Ddt
0

T 4 (x)

bed cn(x)

:en

T
dx — enJ P (XMHAwW!.
0

It suffices then to prove the asymptotic normality of

T T
( J e(XT) [p(xy)dwtw,/1—p(xp)2dw3],J wn(xg)dwg).
0 0

This follows from the martingale central limit theorem under the fifth assumption. /1]

The conditions are easily verified in such a case that both IT,, and s,, do not depend on n € IN. The
model with A = 0 and 1 = 7,,, where 7, is a positive sequence with n,, — 0, is an example of
such an easy case.

3 Main results

3.1 Main theorem and remarks

Here we state the main results of this article. We treat with Borel functions ¢, p satisfying
o] <1, b being a locally integrable function on R and ¢ being a positive Borel function such that
(1+¢?)/c is locally bounded on R. We suppose that ¢ also is locally bounded on R and that there
exists a non-empty open set U C R such that it holds on U that
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i. ¢ and p are continuously differentiable,
ii. (1-p?)¢?>0and]|p’|>0.

If ¢ is constant, then the approximation is trivially valid. Since U can be any open set as long
as it is not empty, this condition is not restrictive in the context of stochastic volatility models. This
rules out, however, the case |p| = 1. We can introduce alternative framework to include such a case
although we do not go to the details in this article for the sake of brevity. We fix ¢, p, U and assume
(Zy,X) = (0,0) without loss of generality.

Define the scale function s : R — R of X and the normalizing constant ¢ > 0 as in Section 1.
It is well-known that the stochastic differential equation for X in has a unique weak solution
which is ergodic if € < oo and s(R) = R. The ergodic distribution IT of X is given as in Section 1.
See e.g., Skorokhod [18]], Section 3.1. Denote by 7 the density of II. Notice that X is completely
characterized by (7,s,€). In fact, we can recover b and ¢ by 1/c¢? = €2s’m and b = —c2s"/2s’.
Taking this into mind, denote by ¥ the set of all triplets (7,s, €) with 7 being a locally bounded
probability density function on R such that 1/7 is also locally bounded on R, s being a bijection
from R to R such that the derivative s’ exists and is a positive absolutely continuous function, and
€ being a positive finite constant.

For given y = (y,,y_) € [0,00)? and & € (0,1), denote by ¢(y,5) the set of 8 = (7,s,€) € €

satisfying Conditions below.
Condition 3.1. It holds that

(1+ @ ()*)m(x)s"(y) < exp{—1og(8) + y.x — (4y4 +8)(x — y)}
forall x > y > 0and

(1+ 9 (e))m()s'(y) < exp{—1og(8) — y_x + (4y_ +8)(x — y)}
forallx <y <0.

Condition 3.2. There exist x € U and a € [6,1/6] such that |x| <1/6, [x —a,x +a] C U, mis
absolutely continuous on [x — a,x + a] and it holds

(\/gsop)/(y)

Given 6 € €, we write n9,59,69,b9,c9,29 for the elements of 8 = (m,s,€), the corresponding
coefficients b, c¢ of the stochastic differential equations, and the log price process Z defined as
respectively.

1
v——<1/6.

vsSIvaIv s'(y)  n(y)

sup
y€[x—a,x+a]

Theorem 3.3. Fix y = (y,,7y_) € [0,00)? and & € (0,1). Denote by Bs the set of the Borel functions
bounded by 1/6. Then,

sup €5 [BELf(Z2)] = E[(1+ po(N))f (—log(D) — T /2 + \/E—QN)]’
FEB5,0€%(y,5)

is finite, where N ~ A(0,1), 3y = Iy [2]T, Hy(dx) = my(x)dx and D, p = py are defined by (E])
with ¥ = 2g, I1 =1ly, ¢ = cy.
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Remark 3.4. The point of the definition of ¢ (y,d) is that it is written independently of €. As a
result, if 6 € 6(y,0), then (7,,s,,€,) associated with the drift coefficient b, = bg/ n? and the
diffusion coefficient c,, = cg/n is also an element of €(y,0) for any n > 0. In fact 7, = 7y and
sy =5Sg. On the other hand, €, =TEg, SO that Theorem implies, with a slight abuse of notation,

E[f(Z)]=E[(+p,(N)f(Zo —log(D) — £,/2+ /Z,N)] + 0(n?) (14)
asn — 0.

Remark 3.5. Given 6 € ¢, Condition[3.2|does not hold for any 6 > 0 only when considering vicious
examples such as the case (/g /s’gcp p)’ is not continuous at any point of U; a sufficient condition

for Condition to hold with some & > 0 is that (/g /sy p}’ is continuous at some point of U.
If Condition holds with some & > 0, then it holds with any 6 € (0, 5] as well.

3.2 Examples
Lemma 3.6. Let O € 6. If there exist (y,y_) € [0,00)? such that

: 1+ ()
K4 > 2y4, limsup

votoo e'xlVlcy(v)?2 (13)

with

Kk, = —limsu bg_(v) K =liminfb9—(v)
+ v—»oop CQ(V)Z, B V——00 CQ(V)Z’

then there exists 6y > 0 such that for any 6 € (0,8, A 1), Condition holds for 6 = (m,s, €) with
y=(yy,y_)andé.

Proof: This is shown in a straightforward manner by (3). /11/

Example 3.7. Consider

1
dz, = {rt - EVt} dt + /V,(pdW} + /1 — p2dW?)
AV, = &En~?(u — Vo)dt + 07 |V [Ydw,!
for positive constants &,u,n >0, p € (—1,1) and v € [1/2,00). We assume Eu > 1/2 if v = 1/2.

Then, the scale function sV of V satisfies sV ((0,00)) = R, so that we can apply Ito’s formula to
X =1log(V) to have

d‘Xt = q’)_z(g‘ue_xt — g — e_z(l_V)Xt/z)dt + ,n—le_(].—V)Xtthl.

In this scale, p(x) = exp(x/2), so that we can take any open set as U € R. We fix &, u,v,p
arbitrarily. In the light of Remark [3.4] it suffices to verify Conditions [3.1] and 3.2 only when 1 = 1.
It is trivial that Condition 3.2/ holds with a sufficiently small § > 0. If v = 1/2, then also holds
with

1
K, =00, K_:gu—i, yr=2, y_=0.
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If v € (1/2,1), then it holds with
Ky=o00, Yy =3-2v, y_=0.

If v =1, then it holds with

1
K+:€+E> K_ =00, Y+:1: Y-=

provided that & > 3/2. Unfortunately, does not hold if v € (1,11/8]. If v > 11/8, it then holds
with 1

Ky =5, K_=00 Yy =0B—-2v),, y_=2v—-2.

Note that the case v = 1/2 corresponds to the Heston model. In this case, we have a more explicit
expression of the asymptotic expansion formula; we have with

pn(z)_ 2E {1—2 +W(Z —32)}, ZWZIU’T'

This is due to the fact that the ergodic distribution of the CIR process is a gamma distribution.

Example 3.8. Here we treat (4). In order to prove the validity of the singular expansion in the form
for Z;’ = log(Sg), it suffices to show that there exist y, 6 and 7y > 0 such that Conditions
and [3.2/hold for 6 = (7,s, €) € ¥ associated with

bo(x)=m—x —nvvV2A(x), co(x)=vV2

for any n € (0,m], in the light of Remark [3.4] Here we fix m € R and v € (0,00). Suppose that
there exists (y,,y_) € [0,00)? such that

limsup e "+¥p2(x) < 0o
x—+00

and that A is locally bounded on R with

A
Ao :=liminf —— > —oo0
|x|]—00 X

Then we have

be(v) e

co(v)? ’

as |v| — oo uniformly in n € (0,7,] with, say, ng = 1 A|1/(2vA, A 0)|. Hence, by Lemma
there exists & € (0, 1) such that Condition [3.1]holds for any 1 € (0,7,] with y = (y,,y_) and &. By,
if necessary, replacing (6,7,) with a smaller one, Condition also is verified for any 1 € (0,n,]
provided that there exists a non-empty open set U such that ¢ is continuously differentiable on U.
Consequently, by Theorem we have @ for if || <1 and |¢’| > 0 on U in addition. The
obtained estimate of error O(n?) is a stronger result than one obtained by Fouque et al. [9][[10] and
Alos [[1]].

—sgn(v)
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Example 3.9. Here we treat a diffusion which is not geometrically mixing. Consider the stochastic
differential equation

171 tanh(Y,) 1
dXx, =— ( +£) d

— | = —_— ———daw,
n? \ 2 cosh(Y,)? ncosh(X,) '
with £ > 1/2 and 1 > 0. Putting Y, = sinh(X,), we have

1 &Y, 1
- 2dt+—th
n-1+Y; 7

dy, =

This stochastic differential equation has a unique weak solution which is ergodic. A polynomial
lower bound for the a mixing coefficient is given in Veretennikov [[19]] which implies in particular
that X = sinh™}(Y) is not geometrically mixing for any £. Now, let us verify Conditions and
for (1)) with

b(x) = 1 /1 tanh(x) 11
()= n? (E + 5) cosh(x)?’ c(x) = 1 cosh(x)

for any n > 0. In the light of Remark [3.4] it suffices to deal with the case = 1. Since
b(x)

1
— i = +¢,
|x|121msgn(x)c(x)2 2 <

we have (15)) if there exists u > 0 such that

1
sup e‘“'xlgo(x)2 < 00, > +&>442u.

|x]—00

Condition also is satisfied with a sufficiently small 6 > 0 under the condition on ¢ and p stated
in the beginning of this section.

4 Edgeworth expansion

In this section, we present basic results of the Edgeworth expansion which play an essential role in
the proof of Theorem given in the next section. In Section 4.1, we give a validity theorem for
the classical iid case with a brief introduction to the Edgeworth expansion theory. The theorem is
applied to a non-iid case by the regenerative approach in Section 4.2 to establish a general validity
theorem for regenerative functionals including additive functionals of ergodic diffusions.

4.1 The Edgeworth and Gram-Charlier expansions

The Edgeworth expansion is a rearrangement of the Gram-Charlier expansion. Let Y be a random
variable with E[Y] = 0 and E[Y?2] = 1. If it has a density py with an integrability condition

fpy(Z)zcb(Z)_ldz < 00, (16)
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where ¢ is the standard normal density, then we have
21
pr/$ =2 EH (Y,
j=0
in L2(¢) with Hermite polynomials H ; defined as the coefficients of the Taylor series

e 2= H ()=, (t,x)€R?. 17)
j=0 t

This is an orthonormal series expansion of py /¢ € L?(¢) and implies that

e8]

1
Elf(Y)] :Zj_!E[Hj(Y)]Jf(z)Hj(z)d)(z)dz (18)

j=0

for f € L2(¢). The Edgeworth formula is obtained by rearranging this Gram-Charlier series. For
example, if Y = m~1/2 Z;.n:lX ; with an iid sequence X;, then the j-th cumulant K}/ of Y is of
O(m'77/2). This is simply because

07 log(ypy (1)) = md log(ypx (m™*/?u)),

where vy and vy are the characteristic functions of Y and X; respectively. Even if Y is not an iid

sum, K}/ = 0(m'~//2) often remains true in cases where Y converges in law to a normal distribution
as m — oo. Since E[Hy(Y)] =1, E[H,(Y)] =E[H,(Y)] =0 and for j > 3,

i/3 Y Y .
[j/3] Ky oKyt

EH,(]=),

] | kI
=1 rytot ), 123 ril...r! k!

by (17), it follows from that
J
ELf(¥)] =) m /2 f F(2)q;(2)¢(z)dz + o(m /%)
j=0

with suitable polynomials q;. Taking J = 0, we have the central limit theorem; in this sense, the
Edgeworth expansion is a refinement of the central limit theorem. This asymptotic expansion can
be validated under weaker conditions than ; see Bhattacharya and Rao [3]] and Hall [[14] for
iid cases. Here we give one of the validity theorems which is used in the next subsection.

Theorem 4.1. Let XJ” be a triangular array of d-dimensional independent random variables with mean

0. Assume that Xjr.l ~ X7 for all j and that

sup E[|X7]°] < 00
nelN

for an integer £ > 4,

sup  |[¥"(w)| <1, supf & (u)]|"du < oo,
Rd

|u|>b,nelN nelN
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for all b > 0 and for some 1) > 1 respectively, where
U"(u) = Elexpf{iu - X7}].

Then, there exists mg such that S| = m~1/2 Z;nzl X]’.l has a bounded density py. for all m > mg, n € IN.
Further, it holds that
sup m(1 + |x|*)|p}(x) — gt (x)] < oo,

erRk,msz,HEIN

where

1 d
ar(x) = § (300 — D K880 (x;0,v™)

i,j.k=1

with the variance matrix v"* of X7 and the third moment K?jk of X7.

Proof: This result is a variant of Theorem 19.2 of Bhattacharya and Rao [3]]. Although the distribu-
tion of X] depends on n, the assertion is proved in a similar manner with the aid of Theorem 9.10
of Bhattacharya and Rao [3]], due to our assumptions. For example, we have ( and use )

0< inf E[u-X/*1< sup E[lu-X!*] < co.
lu|=1,nelN lu|=1,nelN

/111

Remark that an Edgeworth-type result typically requires the existence of moments up to a sufficiently
large order and the smoothness of a distribution to hold. In an iid case, such conditions are verifiable
because they are usually given in terms of the identical distribution of the summands, as in the above
theorem. It is not the case when considering non-iid summands. The technique of the regenerative
approach presented in the next subsection is to decompose a sum or integral of a dependent process
into iid blocks.

4.2 Edgeworth expansion for regenerative functionals

We have seen that the fast mean reverting expansion gives a correction term to the Black-Scholes
price that corresponds to the central limit of an additive functional of ergodic diffusion in Sec-
tion 2.1. In order to prove the validity of the expansion, it is therefore natural to apply the Edgeworth
expansion theory for ergodic diffusions. Here we present a general result for triangular arrays of
regenerative functionals, which extends a result for additive functionals of ergodic diffusions given
by Fukasawa [[11]]. Let P" = (Q", Z", {IF}}, P") be a family of filtered probability spaces satisfying
the usual assumptions and K" = (K[') be an {I'} }-adapted cadlag process defined on IP". What we
treat in the proof of the main result is essentially of the form

K= ( f h(Xs)ds,f (X [p(X)dW,! + 1—p(Xs)2dW£])
0 0

with h = T2 — % for each n € IN, where X, ¢, p and T are the same as in Section 1. We however
work for a while in more general framework of regenerative functionals in order to clarify the
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essence of the argument. For a given sequence of increasing {IF'} }-stopping times {T}I} with 7 =0
H n __
and lim;_,, T} = oo, put

n __ n —_ n n n_ n ; —
A= (A o A=Kl =Kl U'=70 =7, j=0,1,2,...

We say that K" is a regenerative functional if there exists {T?} such that

(@) (", 1}) is independent of IF” foreach j =1,2,.
(i) (J{j”, M,j=1,2,... are 1dent1ca11y distributed.

Let K™ be a d-dimensional regenerative functional and put Ji’ = (% [M)forj=0,1,.... Theidea

l”’ Jj
of the regenerative approach is to use the fact that £, j > 1 is an 11d sequence and independent

of . Denote by E"[-] and Var"[-] the expectation and variance with respect to P" respectively.
Assume that Var” [ij"] exists and is of rank d’ + 1 with 1 < d’ < d for all j > 1. Without loss of

generality, assume that there exists a d’-dimensional iid sequence G?, j > 1 such that the variance
matrix of (G}’.l, l;l) is of full rank and that

- (GH’RSI’ Jn (19)

with a d — d’ dimensional sequence R?. Put
my = E"[1f], m}=E"[G}], mj=E"[R}],
p" = (uy) = (mg, mgp)/mj,

and

K} =(G},1}), Gj =G} —limg/mj, jeNN.

Due to the definition, it is not difficult to see a law of large numbers holds:
Kp/T —u"
in probability as T — oco. Further, a central limit theorem
VT(KE/T — ™) = A (0,V")

holds with a suitable matrix V". Our aim here is to give a refinement of this central limit theorem.
More precisely, for a given function A" : R? — R and a positive sequence T, — 0o, we present a
valid approximation of the distribution of

V TW(A" Ky /Ty) —AY(u™)
up to O(T, 1) as n — o0o. As far as considering this form, we can assume without loss of generality
that E"[|R|] =0 forall j > 1 in . Put
(pg) =Var"[G]]/m}, p"=(py)=Cov'[G],[]]
and
Hitm = (KL m = PEBLm = P i ke — Pk )/
where (x} ;) is the third moment of G].

We have decomposed (K7 , T,) into the blocks %7}.“. Notice that the number of blocks obtained up to
T, is random. To control its distribution, we put the following condition on m.
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Condition 4.2. It holds that
inf mz > 0.
nelN

The next condition corresponds to the assumption on the existence of moments of iid summands
that is required in the classical Edgeworth theory.

Condition 4.3. For £ = (d’ + 2) Vv 4, it holds that

nelN ?

2
sup {E”[I.)fonlzj +E”[|]K§‘|‘5] +E" {J |J{1’ft|2dt] } < o0.
T

Under Conditionsand 4.3] the sequences u", (), (g ,,) are bounded in n € IN. The next con-
dition corresponds to the assumption on the smoothness of the identical distribution of summands
in the classical Edgeworth theory.

Condition 4.4. Let ¥" be the characteristic function of K:
U"(u) = E"[exp{iu - K7}].
It holds
sup |¥"(uw)| <1

|u|>b,nelN

for all b > 0 and there exists 1 > 1 such that

supf & (u)|"du < oo.
nelN JRrd'+1

Note that under Conditions [4.3]and it holds

0< inf E'a-K'?1< sup E"[|la-K!?] < oo,
la|=1,nelN la|]=1,neN

that is, the largest and smallest eigenvalues of the variance matrix of K7 is bounded and bounded
away from O in n € IN.

Let B,({) = {x € RY;|x — u"| < {} for { >0,
a? = aiAn(‘un), aZJ = aiajAn(‘un), 1< l,] < d
for a given function A" : R? — R which is twice differentiable at the point u" and

d/
a"=(a;) e RY, v'= Z ,urk”la,’;al”.
k,[=1

We put the following condition on A".

Condition 4.5. There exists { > 0 such that

i. A":RY — R is four times continuously differentiable on B,,({) for all n,
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ii. all the derivatives up to fourth order are bounded on B,({) uniformly in n,
iii. it holds that

0 < inf v" < supv" < o0.
nelN nelN

Denote by ¢ the natural inclusion: RY 5y (v,0,...,0) e R4,

Theorem 4.6. Let M be a positive constant and 9B, be the set of Borel functions on R which are
bounded by M. Under Conditions 4.4 and it holds that

oo T E"[H(y/T,(A"(K}: /T,)) — A"(u"))] —fH(z)q"(z)dz <00,
where q" is defined as
-1/2 Aj
q"(2)=¢(z;v")+ T, / Alqy(z;v™) + gqg(z;v”) (20)

with ¢(z;v™) being the normal density with mean 0 and variance v",

qi(zv) = =090, qs(z;v™) = =3¢ (z;v"),

and
n/ on
Al = 1 a ,u, +a"-{ E"[K".] + LE" 2K”dt G
175 k1M1 ol T n t mt ([’

k=1 L T L

" 2D
Ag = analnan‘u’klm-i_3 Z ana;{la?m ]l‘ukm

k,l,m=1 Jj,k,l,m=1

Proof: The proof is a repetition of the proof of Theorem 4.1 in Fukasawa [[11]] with the aid of
Theorem [4.1]in the previous subsection and so is omitted. /]

5 Proof of Theorem [3.3

Here we give the proof of Theorem We formulate the problem in terms of the distribution of
a regenerative functional and verify all the conditions for Theorem to hold. We are considering
with ¢, p, U satisfying the condition stated in the beginning of Section 3. The initial value
(Zy,Xy) = (0,0) and the time to maturity T are fixed. Now, to obtain a contradiction, let us suppose
that the supremum in Theorem [3.3]is infinite. Then there exists a sequence 6, € 6(y, &) such that

“2|BLF(2)] — BI(1 + pp(N))f (— log(D) — £,/2 + \/z_nNn{ — o0 22)

as n — oo, where €, = €g , p, = pg,, Zp = Zg,. Put b, = erzlbgn, ¢y = €ncy, and denote by EY the
expectation operator with respect to the law of X" determined by the stochastic differential equation

dX} = b,(X])dt +&,(X])dW!, X§=x€R,
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where W1 is a standard Brownian motion. It is easy to see that the law of X = {X,} in is the
same as that of {X ;1/62} with Xg = 0. Hence, the law of Z" = Z% is the same as that of

1
—log(D) — EZH + 4/ 20/ TnA”(K¥n/Tn)

under IEf, where

T VTy —T2x/2
T, ==, A'(x,y)= \/2_ ., hy=Te*-%,, (23)
n n

K'= (J hn(&")ds,f p(X [P(Xsn)dWsl Tyl p(Xg)defD
0 0

and (W', W?) is a 2-dimensional standard Brownian motion. By the strong Markov property, K"
is a regenerative functional in the sense given in the previous section with the stopping times {T?}
defined as

n__ n — n,yn __ ..n vall n
To=0, i, =inf{t>THX=xg, sup X[ =x] ¢, (24)
se[’r?,t]

with an arbitrarily fixed point (x{,x}) € R? with xy < x7. Let us take x{ = x, x] = x + a with
(x,a) which satisfies Condition recall that 6, € €(y, 5), so that we can find such a pair (x,a)
for each n.

Puts, =sq , m, = Mg and II, =TIy . To verify all the conditions for Theorem to hold, we use
the following more-or-less known identities. The first one is that

1 ao
M,[g]l= WE [Jo g(X; )dt] (25)

for all integrable function g; see e.g., Skorokhod [[18]]. Section 3.1. The second one is Kac’s moment
formula [7]: for given a positive Borel function g, define

7(2)
k(y,. _on cnyk—1cypn.
G (yz) = El UO g6 (Xt,z)dr]

recursively for k € IN, where y,z € R, Gg( y;z)=1and

7(z) =inf{t > 0; X} = z}.

7(2)
f g(X?)dt
0

for any y,z € R. The third one is that

Then, it holds that
k

]En

y = kIGy(y:2) (26)

Z y
Gy(y;2) = ZJ (sn(2) = $,(x))g ()L, (dx) + 2(s,(2) —sn(y))f g(x),(dx)
y —00
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if y <z, and
00 y
Gy(y52) = 2(s,(y) — Sn(z))J g ()M, (dx) + ZJ (s2(x) — sp(2))g ()M, (dx)
y z

if y > z. See Skorokhod [18]], Section 3.1 for the details.

Lemma 5.1. Condition 4.2] holds.
Proof: By the strong Markov property and the above identities,
m} =E[t] —1]]= lEZg [7Cep)] +ES [7(xg)] = 205, () = 51.(xg))-
The result then follows from Condition /1]
Lemma 5.2. Condition 4.3 holds.

roojJ: the burkholder-Davis-Gun meqguali and the stron arkov property, it suftfices to
Proof: By the Burkholder-Davis-Gundy inequality and th g Markov property, it suffi

show
4

_I_

2

1(2) 7(2)
sup I} |7(2)|* + f |h,(XIdt f e(XM2dt| | <oo
nelN 0 0

for (y,2) = (0,xg), (¥,2) = (x5, x}) and (¥,z) = (x], x5). We only need to show

() 4
sup ] J (1+eXMHdt| | <oo. (27)
nelN 0
because h, = Tp? — %),
2 T o 2
X, =T, [p"] = —EL f p(X)dt
mp 70 | Jo

and inf, m} > 0 by Lemma By Condition 3.1} we have
1
sg(w)gk(v)rtn(v) < ge(k+1)Yi|V|_(4Yi+5)|"_w|)

for g(v) = (1 + ¢(v)?) exp(ky+|v]), k € Z if |[v| > |w| and vw > 0, where y4 = y, if v > 0 and
v+ = y_ otherwise. Hence, by Condition[3.2] there exists a constant C (independent of n) such that

10, (k+1D)ylul
ng(u,z) <Ce U

for any u € R as long as k < 3, where z = x| or z = x]. This inequality implies with the aid of
(26). /111

Lemma 5.3. Condition holds.

Proof: The proof is lengthy so is deferred to Section 6. /11
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Lemma 5.4. Condition holds.

Proof: Note that

O<infX,<supX, <oo
nelN nelN

by Lemmas and The first two properties are then obvious from (23)). To see the third,

notice that
T J I
yt = E ee(XMde
mis, - t

1

€

N ZE[ f an(X?)so(XDp(xr)dt} +0(e2) (28)

n
L

€, )
=1+ Z—Hn[wnsop] + O(e3)
n

and IT,[¢,¢p] = O(1), in the light of Lemma 5.2} where

y

Yo(y) = 25,’1(y)5n(y)f h,(w)II, (dw). (29)

—00
Here we used the fact that
Xﬂ Tn Tn
on X 2 R . 2 R
0= 2 113"—“d3c = J zpn(X?)thl +f h,(X)dt,
", En(x) an "

1

which follows from the It6-Tanaka formula. /1]

Now we are ready to apply Theorem[4.6] In the light of Lemma 3 of Fukasawa [11]] and Lemma
we have AT = O(e,). Further, by the It6-Tanaka formula and Lemma we obtain

(2 3
B {J p(X7) {p(XF)dW} +4/1- p(X?)thz}}
0

T o
=y fo P PEDAW + /1 p(Xaw? fo so(X?)ZdJ

n
T1

-
:3E§8 L cp(X?)p(X?)thlf

go(X?)zdr}
0

E;S[Trll] z, 2 R R .
=3 M, lepYn] + = B | 7] eXDpXHdW; ,
Exg[Tl] 0 0

where 1), is defined by (29). This implies

311, " 6an/ Ty
A= —% +0(e,) = —— +0(€,),
I, [p2]°/°T ol
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where a = a,, is defined as with ¢ =cg =¢,/€,, © =%, and Tl =1I,. Since

d
f 8(@)(z;v")dz =f 8¢ (x5 1)dz + T [9p] f 8@ 5@y _dz+0(ed)

=J g(2)¢p(z;1)dz — a,, J g(2)¢(z;1)(z* — 1)dz + O(e2)

for any Borel function g of polynomial growth by (28), we conclude

J g(2)q"(z)dz = f g(2)¢(z;1)(1 + p,(2))dz + O(€2),

where ¢" is defined by (20). By Theorem [4.6] we obtain a contradiction to (22).

6 Proof of Lemma

Here we prove that the characteristic function ¥"(u) of

(T’f:j 1hn(X?)dt,J lso(X?) [P(X?)th1+\/1—p(X?)2th2})
0 0

under Y, satisfies the inequalities of Condition By the strong Markov property, it suffices to

0
prove the same inequalities for the characteristic function ¥"(u) of

7(x7) T(x7)
(r(x?), J R (&1t f D) [ PRI +/1— p (R PaW? | )
0 0
under 7, instead of ¥"(u).
0

Note that Y" :=5,(X™) is a local martingale by the It6-Tanaka formula, so that there exists a standard
Brownian motion B" such that Y" = B?Yn> by the martingale representation theorem. Under I£7,,
0

B{ =s,(x(). Note also that

s o nr Sy oy n 1 -
dy =5/ (XMe,(XMdw} = ’/ n—n(Xt AW} = o (Yt”)dwtl’

where 0,(y) = /7,(s;1(¥))/ /5% (s (). It follows that

Y.

J g(X?)dt=J g(s, 1 (B (B]) du,
0

0
T <Yn>‘r
f g(X?)dW1=J g(s 1(BM)o,(BMdB"
0 0

for every finite stopping time T and locally bounded Borel function g. When considering the hitting
time 7 = 7(x}) of X", we have

(Y"), =1, :=inf{s > 0; B]' =s,(x])}. (30)
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Put y/' =s,(x!") fori = 0,1 and y", =s,(2x; — x]). Notice that by definition,
inf |y} = yg1>0, inf lyg —y"[>0, sup lyy = ¥l < oo
Lemma 6.1. Let B" be a standard Brownian motion with B = y and define 1, as @ Let A bea

set and g,(-,A) : R — R be a sequence of Borel functions for each A € A with

sup 182(v, A)] < o0. (31)
AeA,neN,vely" ¥

Then there exist positive constants a; and a, such that for all A € A and n € IN, the distribution of

TTl
f (B[, A)dt
0
is infinite divisible with Lévy measure L satisfying for all z > O,
as
L((—o00,—z]) V L((z,00)) < a; + —.
vz

Moreover,

e if there exists a sequence of intervals I,, C [y}, y1'] such that

inf |I,| >0, inf g,(v,A) >0,
nelN

AreA,nelNvel,

then there exist positive constants a; and a4 such that
+ <L < 1((z,00)
—a3+— < L((z,00
3T 2

holds for all z >0, A€ Aand n € I,
e if there exists a sequence of intervals I, C [y}, y'] such that

inf |I,| >0, sup g,(v,A) <0,
nelN nelN,AeA,vel,

then there exist another positive constants as and a, such that

aq

—as; + < L((00,2])

|=]
holds for all z < 0, A€ Aand n € IN.

Proof: This can be proved by the same argument as in the proof of Lemma 3 of Borisov [4]. ////

Lemma 6.2. Let (B", B") be a 2-dimensional standard Brownian motion with B{ = y{ and define %,
as (30). Let g, be a sequence of locally bounded Borel functions with

n

sup  [g,(V)] < oo, inf ~[g,(v)| >0.
ne]N,ve[yfl,y{l] ne]N,ve[yfl,yl]
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Then there exist positive constants ay, a,,as, a, such that the distribution of

Tn
f gn(B)dB{
0
is infinite divisible with Lévy measure L satisfying
a, ay
—a+ = < L((—00,—2]) = L((z,00)) < a3+ —
forallz >0, neN.

Proof: Put A, = y{ — y;. Let T/, 1 = 1,...,m be the times at which B" first attains the levels
Y¢ + Ani/m respectively. Put

m i/m
Jo= D Jm, gmt = J gn(BM)dB!.

' T(i-1)/m
Note that J;"i, i=1,...,m are independent by the strong Markov property. Besides, {J;”i}lsigm isa
null array for each n € IN since for all € > 0,

sup P[IJ,Ti| >e] < P[M’rl/mN2 > e?]+A,

1<i<m

which converges to 0 as m — oo, where M is a constant, N is a standard normal variable independent

of B", and
A P inf B < y" 1 1 (32)
= sup in <ym" = —- .
" i<i<mneN T 1ymSt<Tim ¢ ! minf e [y§ — ¥2,4 |

Hence, J,, is infinite divisible for each n € IN. Denoting by L its Lévy measure, it holds that for every
continuity point z > 0,

m

n}lglgo P[J’m > z] = L((z,00)) (33)
i=1

and for every continuity point 2 < 0 of L,
lim » PLJM < 5] = L((—00,2]), 34

m—00 4

for which see e.g., Feller [[6], XVIL.7. Observe that for z > 0,
PlIM<—z] =PI >z]

A, A2
SAm+ ¢(y;1)dy ———exps — 5 dt
z/F m4/ 2mt3 2tm
_ A2+m u? dt
B Z/r27'cmt2 xp du
=A, —I—J J exp{——{u +—}}dsdu
z/vVM 2mm

1f°° dv
=A,+
mz/(A, f)1+"
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where M is a constant. Hence, by U'Hopital’s rule and (33),

SUPpewN An VM
3z

L((—o0,—2])=L((z,00)) <a+

with a constant a > 0. By the same calculation, we have also

(=00, £]) = L(s,00) > —a + ne S/

with another constant M’ > 0. /1]

Lemma 6.3. Let (B",B") be a 2-dimensional standard Brownian motion with B{ = y{ and define %,
as @ Let A be a set, g,1(-,A) be Borel functions for each A € A, g, be Borel functions which are
absolutely continuous on [y, y'] respectively, and g, 5 be Borel functions with

sup 18,1V, DIV Ign (VI V g7 (VI V [ gn s(W)] V ——— < o0.
AeA,neN,vely",,y7] |gn,3(v)|

Assume that there exists a sequence of intervals I,, C [yg, y1'] with
inf |[I,| >0
nelN

such that

inf gn1(v,A)>0 or sup  g,1(v,A) <0 (35)
reA,nelNvel, A€A,neN,vel, ’

holds. Denote by g,(-;u, A) the characteristic function of J defined as
i, Ty

&Aﬂmw+wf g0 2 (BB,
0

%
J=u1f gn,l(B?;A)dt'i'uzf
0 0

where u = (uy,u;) € R? with |u| = 1. Then, there exists a constant C € (0,00) such that for every
t € R, it holds
sup  |g,(tsu, )| < CemVIC,
AeA,neEN,u;|ul=1

Proof: Put A, = y{' — yq and let 7/, i = 1,...,m be the times at which B" first attains the levels
¥§ + Ani/m respectively as in the previous proof. Put

Ti/m Ti/m
J:lm’l =U1J gn,l(B?:)L)dt+u2J gn2(Bf)dB,
T(i-1)/m T(i-1)/m

Ti/m
mi,2 __ nyAnn
Jn =Up J gn,B(Bt )dBt
T(@-1)/m

and J,Ti = J,’I"i’1 + Jr'l”i’z. By the same argument as before, we conclude that J is infinitely divisible
for each n € IN, A € A,, and u € R2. We have (33) and (34) with its Lévy measure L. Notice that

Ti/m )’S‘HAn/m 1 Ti/m
f 8n,2(B{)dB} = J gn2(y)dy — Ef g.2(B)dt (36)
T(i-1)/m Yo+(i=DA,/m T(i—1)/m
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on the set
inf B> y"
{T(i—l)/mffifi/m ' y_l}
by the It6-Tanaka formula. Since, for example,

PJ™ > z]
PJ™ > 2]

[Jm2 > 2z] — PJ! < 2],

>P
<P [JM? > z/2] + PLIT > 2/2],
there exist positive constants a;, i = 1,2,...,6 such that

as aglus|
-y ——=+——=<L((3,0)<ast+—=+

vz Z vz Z

(37)

forall z > 0 and | ]
a aq|u a dg|U

—ay - =+ 22 < L((~00,2]) S a4+ —= + =2

V2l |z

NER

for all z < 0 by Lemmas 6.1} [6.2]and (32)), (33), (34).
In case we have the first inequality in (35)), if

1 b1
vz " 2p,

with ; = ianeA,ne]N,veIn gn,l(v: A) and B, = SUPpeN,ver, |g:1,2(v)|, then

|u| < o =

inf U181 (viA) — uzg;’z(v)/Z

nelN,AeA,,vel,

> V1= upl*By — luglBa/2 2 1/4 >0,
so that by Lemma|6.1]and (36),

m ~
. a
lim Y PJ™!>z] > —d, + —

m—00 £ vz

for all z > 0, where d;,i = 1,2 are positive constants. In addition, we have
P Jmi > p Jmi .Jmi,l > 1P Jmi,l
(I > 2] =PI > 2,0 >z]_§ [ > 2]

for all z > 0. Hence, when |uy| < By, there exist another constants alf, i =1,2 such that

/

a as  aglu
—ad)+ -2 <L((z,00) S a4+ —= Golit|

vz vz

for all z > 0. Now, note that by the Lévy-Khinchin expression, there exists a constant 0 > 0 such
that

(38)

Relog(g,(t;u, 1)) = —0?t2/2 — ZJ sin®(zt/2)L(dz).
R
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Take z; > 0 such that z — sin?(z) is increasing on [0,z;/2]. Then, observe that for sufficiently small
2o € (0,27), it holds that

aé/\/z_o—as/\/z_1> az/«/_+a5/\/_

ag/z as/zo—as/#

Fix such a point 2, and take 33 such that

ay/ /%o — as/ /71 ay//Zo+as/z

> f3 >
ag/z as/zy— ag/%

Then we have for the case that |uy|v/t > B3,
J sin?(zt/2)L(dz)
R

> J sin®(zt/2)L(dz)
(20/ltl,21/1¢l]
> SinZ(Zo/Z)L((Zo/Itl,zl/ItID
> sin’(20/2) A e R
sin py) 70 2 Uy \/_ \/_ a, ay
> \/]t]/C —log(C)
for sufficiently large constant C by . Further, by , we have for the case that |uy|v/t < S,
sin®(20/2)L((zo/It],21/1¢]1)
a, a a
> qin2 2 2 5 tl— ) tl—a’ —
> sin?(zo/ ){(ﬁ_o ﬁ) Vit = Plugllel— a; ~
> 4/|t]/C —log(C).

(39)

The same conclusion is obtained also in the case that we have the second inequality instead of the
first in ll For example, we define 3, alternatively as f; = — Sup;ea e ver, &n,1(v, A) and observe

m ~
a
lim P[Jmll<z]>—&1+ 2

mmee i=1 V |Z|

for all z < 0 with positive constants d;, d, when |u,| < ;. Then use

. . . 1 .
P[JM <z]>P[J™ <gz;Jm! <z]> EP[J,’;”“’1 <z]

to obtain
as aglus|

f‘ “ e H

for all z < 0. The rest is a straightforward translation. /1]/

_al
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Now we are ready to prove Lemma By Petrov’s lemma (see Petrov [[17], p.10), it suffices to
prove that there exists a constant C € (0, 0c0) such that

[ (w)| < Ce™M/€,
where ¥" is what was defined at the beginning of this section. Put
gn1 (v, 2) = (Ag + Aol (s (Vo (v),
8n2(V) = 9 (s (M)p (s, (Mo (v),
8n3(M) = (s (V))y/ 1= p(s; (V)20 (v)

and
1

M) = sup 18,1 (Vs ANV g2V g7 (DI V Ign 3V
nelN,ve[y",,y7] |gn,3(v)|

for A = (A4, A9) € S, the 1-dimensional unit sphere. It is not difficult to see that for all A € $, we
have M(A) < co and that there exists a sequence of intervals I,,(1) C [y, y;'] with

inf [1,(2)] >0

such that

inf g,;(1,A)>0 or sup g,1(v,A)<O0
nelN,vel, (1) nelN,vel, (1) ’

holds. If the first inequality holds for A = A, put

m(Ay) = inf v, A
(A0) ne]N,veIn(Ao)gn’l( 0)

and

nelN,vel, (1,

A(Ag) = {A €Ss; inf )gn’l(v, A)>m(Ag)/2,M(A) < 2M(7L0)} .
If the second inequality holds for A = A, put

m(Ag) = sup gn,1(V, o)
nelN,vel, (1)

and

A(Ag) = {/1 €%, sup  g,1(v,A) <m(A0)/2,M(A) < 2M(7to)} :
nelN,vel, (1)

Now, notice that A(Ay),Ay € S is an open covering of $, so that it has a finite subcovering
A(Aq),+-,A(A;). For each A;, we can apply Lemma with A = A(2;) to obtain that there
exists C; > 0 such that

sup [ (tugAq, tug Ay, tuy)| < Cje—m/cj
AEA(A;),ueS,neN

for all t € R. Since J < 0o, we conclude that there exists C > 0 such that

sup |\ijn(tulkl, tulkz, tu2)| < Ce_‘tl/c
Ae$,usl,nelN

for all t € R, which completes the proof of Lemma [5.2
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